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Abstract

The well-posedness of nonsmooth differential-algebraic equations (DAEs) is investigated. More specifically, semi-
explicit DAEs with Carathéodory-style assumptions on the differential right-hand side functions and local Lipschitz
continuity assumptions on the algebraic equations. The DAEs are classified as having differential index one in a gen-
eralized sense; solution regularity is formulated in terms of projections of generalized (Clarke) Jacobians. Consistent
initialization is resolved via Clarke’s nonsmooth implicit function theorem. Existence of solutions is derived under
consistency and regularity of the initial data. Uniqueness of a solution is guaranteed under analogous Carathéodory
ODE uniqueness assumptions. The continuation of such solutions is established and sufficient conditions for continu-
ous and Lipschitzian parametric dependence of solutions are also provided. To accomplish these results, a theoretical
tool for analyzing nonsmooth DAEs is provided in the form of an extended nonsmooth implicit function theorem.
The findings here are a natural extension of classical results and lay the foundation for further theoretical and
computational analyses of nonsmooth DAEs.
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1. Introduction

Differential-algebraic equations (DAEs) provide a natural framework for the dynamic modeling and simulation
of a wide range of engineering applications found in network modeling, mechanical multibody systems, constrained
variational problems, and fluid dynamics (see [1, 2] and the references therein). Nonsmoothness is an inherent feature
of dynamic models of chemical processes [3]. For example, sources of nonsmoothness in campaign continuous phar-
maceutical manufacturing include thermodynamic phase changes (e.g., flash evaporation, liquid-liquid extraction),
flow transitions (e.g., laminar-turbulent-choked transitions), flow control devices (e.g., nonreturn valves, weirs), crys-
tallization kinetics that vary whether the solution is supersaturated or unsaturated, etc. [4-6]. Flash processes in
which a feed can be separated into liquid and vapor phases using pressure and/or heat can be dynamically modeled
using a nonsmooth reformulation [7].

Consider the closed rigid vessel being heated as depicted in Figure 1, modeled as the following dynamical system:
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U(t) = Q(t), (
Vr = Vi(t) + Vv (1), (1b
M; = Mp(t)x;(t) + My (t)y;(t), i=1,2, (

yi(t) = K;(T(¢t), P(t)xzi(t), i=1,2, (

Z M; = My (t) + My (t), (1e)

2

0 = mid <M,in(t) —Zyi(t),w —1), (1f)

Zi:l toj=1 i=1 Zi:lMi

where a number of algebraic equations (e.g., equations
of state and other thermodynamic relations) have been
omitted for brevity. Here x;(t), y;(t) correspond to the
mole fractions of the i*" species in the liquid phase and
vapor phase at time ¢, respectively. The equilibrium
ratios K; appearing in (1d) are the ratio of the mole
fraction of species ¢ in vapor phase versus liquid phase,
and depend only on the system’s temperature, T'(t), and
pressure, P(t), under Raoult’s law.

By conservation of energy, the internal energy of the
system, U(t), changes in time from an external heating

source according to (1a). The heat duty, Q(t), satisfies

Q(t) — hA(Tout - T(t))a

where h > 0 is the overall heat transfer coefficient, A > 0
is the total area for heat transfer, and Ty, is the ambi-
ent temperature outside the vessel. Since there are no
material flows into or out of the closed system, the total
hold-up M; of species 7 is constant in time. Equation
(1le) represents total mass balance between the species
hold-ups and the constituent liquid and vapor phase hold-ups, My (t) and My (t), respectively. Since the vessel is
rigid, the (constant) total volume Vr is equal to the sum of the liquid volume V(t) and the vapor volume Vi (%)
(Equation (1b)).

The source of nonsmoothness in this DAE model is found in (1f); the mid function selects the median of its three
arguments and is not differentiable everywhere. Equation (1f) enforces different algebraic constraints according to
the thermodynamic phase regime in the system as follows: if there is only a liquid phase present at time ¢ then
My (t) = 0. In this case, the first argument in the mid function is zero and the third argument is equal to minus one.
Furthermore, it can be shown via a Gibbs free energy minimization [7] that the nonphysical vapor mole fractions y;
need not sum to one but must satisfy Z?:l x;(t) > Z?:l yi(t). Hence, the middle argument is nonnegative and (1f)
enforces the algebraic constraint My (t) = 0 (i.e., the liquid-only phase regime). If there is no liquid phase present
at time ¢ then M (t) = 0 so that My (t)/(ML(t) + My (t)) = 1 and, by similar arguments, the mid function selects
the third argument in this case (i.e., (1f) enforces My, (t) = 0 representing the vapor-only phase regime). Lastly, if
both phases are present, then 25:1 xi(t) = Z?Zl yi(t) so that the second argument in the mid function evaluates to
zero. Since 0 < My (t), My (t) < (Mg (t)+ My (t)) in the two-phase regime, the first and third arguments are positive
and negative, respectively, and the mid function selects the second argument. In summary, (1) is a nonsmooth
DAE model of the rigid vessel which models dynamic transitions between the three phase regimes (i.e., vapor-only,
liquid-only, and two-phase).

In analyzing such nonsmooth dynamical systems, information obtained through sensitivity analysis is valuable for
nonsmooth equation-solving techniques (e.g., semismooth Newton methods [8, 9] and LP-Newton methods [10]) and
optimization problems (e.g., bundle methods for local optimization [11-13]). Until recent theoretical advancements

Figure 1: A closed rigid vessel with an external heat source and two
species distributed between liquid and vapor phases.



in tractable algorithms using lexicographic differentiation [14] to calculate lexicographic directional-derivatives [15],
theoretical and computational approaches in nonsmooth analysis (see, e.g., [16-18] for an overview of this area of
research) were lacking because of inherent difficulties in acquiring elements of some class of generalized derivative.
These recent theoretical advancements give computationally relevant generalized derivatives for parametric ordinary-
differential equations (ODEs) with nonsmooth right-hand sides [19], nonsmooth optimal control problems [20], hybrid
systems [21], and ODEs with linear programs embedded [22]. The extension of the aforementioned theoretical and
numerical generalized derivative treatments to nonsmooth DAEs requires a rigorous analysis of their well-posedness.
This serves as motivation for the present article.

There have been a number of studies related to the well-posedness of solutions of smooth DAE systems (see,
e.g., [23-29]). The literature on well-posedness of nonsmooth DAE systems is less extensive: DAE systems which
experience discontinuities have been studied (see, e.g., [30, 31]), linear DAEs with generalized inputs and discontin-
uous solutions of semilinear DAEs have been investigated [32], and the solvability of nonsmooth semistate equations
describing the dynamics of a circuit has been analyzed [33]. The methodologies and findings laid out in these works
are unamenable to the presently motivating dynamic modeling and simulation problems because of incompatible
smoothness assumptions, restrictive specializations (e.g., quasilinear form DAE systems, hybrid systems with fixed
mode sequences), or undesirable abstractions (i.e., generalized solutions which unnecessarily invalidate the generalized
derivative approach here).

Complementarity systems are special instances of nonsmooth dynamic systems for which treatments of systematic-
theoretic issues have been made [34-37]. Complementarity systems can be equivalently formulated as nonsmooth
semi-explicit DAEs using any suitable nonlinear complementarity problem (NCP) function [38]. Pang and Stewart
[39, 40] introduced and investigated differential variational inequalities (DVIs), which unify a number of classes of
problems (including complementarity systems). DVIs can be expressed as a class of nonsmooth DAEs by casting
the variational condition as nonsmooth equations (via the natural or normap maps [38]). The well-posedness re-
sults established in the highlighted works rely on particular structures of the problems. Pang and Stewart [39]
remarked that a recasting of DVIs as nonsmooth DAEs invalidates the established methodology of DAESs, except
under restrictive assumptions, and therefore is only of conceptual significance. However, this is no longer the case
thanks to the present article along with recent progress in nonsmooth analysis of computationally relevant generalized
derivatives (as detailed earlier). Nonsmooth semi-explicit DAEs of a general form (e.g., locally Lipschitz continuous
algebraic equations) are analyzed here in the spirit of the classical theory concerning well-posedness of Carathéodory
ordinary-differential equations (ODEs).

A number of nonsmooth extensions of the classical implicit function theorem have been developed (see, e.g.,
[16, 18, 21, 41-44]) but are local in nature. A semilocal implicit function theorem was provided by Neumaier (see
Theorem 5.5.1 and Corollary 5.1.5 in [45]) and has been used to compute bounds on reachable sets of semi-explicit
DAEs [29]. Nonetheless, a corresponding regularity assumption on the solution trajectory is too restrictive here. An
extended implicit function theorem found by Graves (see Chapter VIII, Section 4 in [46]) has been used in the DAE
literature (e.g., in studying power systems [47]) but requires prohibitive smoothness assumptions. The approach
here is to derive an extended nonsmooth implicit function theorem for locally Lipschitz continuous functions. In
doing so, some technical results regarding projections of Clarke Jacobians are proved which make it possible to
reformulate Carathéodory semi-explicit DAEs as equivalent Carathéodory ODEs on open and connected sets. Present
contributions include extensions of local existence, uniqueness, and continuous dependence results to Carathéodory
semi-explicit DAEs under regularity assumptions involving projections of Clarke Jacobians. Consistent initialization
of such nonsmooth DAE systems is also resolved here. The techniques provided in the present manuscript may also
find use in extensions to other Carathéodory-type DAEs. The findings here permit the calculation of computationally
relevant generalized derivatives of nonsmooth DAE systems, as accomplished in [48], for use in nonsmooth analysis
and optimization where classical methods fail.

The rest of this article is structured as follows. Necessary background is presented in Section 2: preliminaries
are outlined in Section 2.1 and pertinent theory regarding generalized derivatives is given in Section 2.2. In Section
3, technical results are derived, culminating in an extended nonsmooth implicit function theorem. The nonsmooth
semi-explicit DAE system of interest is formulated in Section 4: its consistent initialization is investigated in Section
4.1; results on existence and uniqueness of solutions are proved in Section 4.2; extended existence is studied in Section
4.3; and dependence of solutions on parameters is analyzed in Section 4.4. Conclusions and future directions are
given in Section 5.



2. Mathematical Background

This section presents necessary results from nonsmooth analysis.

2.1. Notation and Preliminaries
The following notational conventions are used. N, R;, R™ and R™*"™ denote the set of positive integers, the set

of nonnegative real numbers, the Euclidean space of n-dimensions (equipped with the Euclidean norm || - ||) and the
vector space of m x n matrices with real-valued entries (equipped with the corresponding induced norm), respectively.
Unless otherwise stated, sets are denoted by uppercase letters (e.g., H), matrices in R™*™ are denoted by uppercase
boldface letters (e.g., H), elements of R and scalar-valued functions are denoted by lowercase letters (e.g., h), and
vectors in R™ and vector-valued functions are denoted by lowercase boldface letters (e.g., h). The zero vector in R"
is denoted by 0,,, the m X n zero matrix is denoted by 0,,xn, and the n X n identity matrix is denoted by I,,. A
well-defined vertical block matrix (or vector):

H,

i

can be written as (Hj,Hz). The i*" component of a vector h is denoted by h;. Parenthetical subscripts may be

used to indicate the column vector of a matrix (e.g., the matrix H has the k™ column h;), whose i*? component is

h(k)’i), or to indicate a sequence of vectors or vector-valued functions.

The open ball of radius r > 0 centered at h € R™ is given by B,.(h) := {n € R™ : ||np — h|| < r}. A neighborhood
of h € R™ is a set of points Bs(h) for some § > 0. Given a set H C R", its closure and convex hull are denoted by
H and conv H, respectively. A neighborhood of H is a set of points Bs(H) := Uneg Bs(h) for some § > 0. A set of
matrices in R™*™ is said to be of mazimal rank if it contains no singular matrices.

Definition 2.1. Let ng,ny,n. € Nand W C R"* x R" x R". The projections of W onto R"* and R"> x R™ are
given by, respectively,
W= {n, € R"™ : 3(n,,n,,n.) € W} C R",
ToyW = {(Ng,ny) € R™ X R™ : I(ny,my,m.) € W} CR™ x R"™.

The projections m,W, 7, W, m, ,W, 7, .W are defined similarly. The shadows of W at'y € m,W with respect to R™=
and R™ x R™= are given by, respectively,

T (W3y) = 1o { (e, 0y, M) € Wiy =y} CR"™,
Wx,z(W;Y) = Wx,z{("lx;"lyanz) ew: ny = Y} C R"™ x R™=.

The shadow of W at (x,y) € mg W with respect to R™= is given by
(W5 (x,y)) == 7:A(Mz,my,m2) €W 2 (02,my) = (x,¥)} CR™.

The other non-vacuous shadows are defined similarly.

Lemma 2.2. Given ng,ny € Nand W C R"* x R"v open, 7,W and m,W are open. Given x € m,W and y € 7, W,
7 (W;y) and m,(W;x) are open.
Proof. Choose any x* € m,W. Choose any y* € m,(W;x*), which is nonempty since x* € m,W. Since W is open,
there exists § > 0 such that Bs(x*,y*) C W. It follows that 7, Bs(x*,y*) C m,W. Choose any X € Bs(x*). Then
(X,¥*) € Bs(x*,y*) since

1 y") — 5yl = [lx = x| <é.
Hence, X € my;Bs(x*,y*) by definition. It follows that Bs(x*) C m;Bs(x*,y*) C my;W. Therefore, there exists a
neighborhood of x* in m, W. m,(W;y) can be shown to be open in a similar fashion: choose any X. Theny € 7, (W;X)
and, by openness of W, there exists p > 0 such that B,(X,y) C W. Therefore,

T (Bp(X,¥);¥) = mel(Mzsmy) € Bo(X,¥) 1y = ¥} C me{(0zymy) € Wimy =y} = ma(Wiy).
Choose any x! € B,(X). Then
I y) = (x',y)] = % —x"|| < p,

from which it follows that (x',y) € B,(X,y). Thus, x' € m,(B,(X,y);y) C m(W;y). Consequently, B,(X) C
o (Bo(X,y);y) C me(W3y). The proofs for m,W and m,(W;x) are similar. O



Definition 2.3. Let ng,ny,n, € N, W C R™ xR™, X C 7,W, Y C m,WW, (x,y) € W, and f : W — R". The
cross-section of £ at x and at y are given by, respectively,

£ :m,(W;ix) — R™ 1, = f(x,1,),

fy : 7T$(W,y) — R™= My f(n$7y)

Definition 2.4. [49] Let 7' C R be connected and f : 7' — R™. f is said to be absolutely continuous on T'if for every
compact subinterval 7" C T" and every € > 0, there exists § > 0 such that whenever a finite sequence of pairwise
disjoint subintervals {[ax,bx] : k =1,...,q,q € N} of T satisfies Y 7_, (by — a) < & then Y 7 _, [|f(by) — f(ar)| < e

Lemma 2.5. Let T C R be connected and X C R™. Let h: T — X be absolutely continuous on 7" and g : X — R™
be Lipschitz continuous on X. Then the mapping f = goh : T — R™ is absolutely continuous on 7.

Proof. By Lipschitz continuity of g, there exists Ly > 0 such that ||g(x2) — g(x1)|| < Lg|lx2 — x1|| whenever
X1,X2 € X. Choose any € > 0 and any compact subinterval T C T. Absolute continuity of h implies the existence
of § > 0 such that whenever a finite sequence of pairwise disjoint subintervals {(ax,bx) : kK = 1,..., ¢} of T satisfies
St (b —ar) < & then Y f_, ||h(bx) — h(ax)|| < €/Lg. It follows that

D lEOR) = flar)| =D llg(h(br) — g(h(ar))l| < Lg Y [h(br) — hax)] < e.
k=1 k=1

k=1
O

Definition 2.6. Given an open set X C R™ and a function f : X — R™, f is said to be (Fréchet) differentiable at
x € X if there exists a matrix A € R™*" that satisfies

0, — lim f(x+a)— (f(x) + Aa)
a—0, llee]

In this case, the matrix A is uniquely described by the above equation and is called the Jacobian matriz, denoted
by Jf(x) € R™*™. The function f is said to be differentiable on X if it is differentiable at each point x € X.

Definition 2.7. Given an open set X C R™ and a function f : X — R™, f is said to be continuously differentiable
(C*) at x € X if f is differentiable on a neighborhood N(x) C X of x and Jf : N(x) — R™*" is continuous on
N(x). The function f is said to be continuously differentiable (C*) on X if f is C! at each point x € X.

Definition 2.8. [18] Given an open set X C R™ and a function f : X — R™, f is said to be piecewise differentiable
(PC') at x € X if there exist a neighborhood N(x) C X of x and a finite collection of C'! functions on N(x),
{fa), .-+, fx)}, such that f is continuous on N(x) and

f(n) € {foy(m) i € {1,...,k}}, Vpe N(x).
f is said to be PC! on X if f is PC' at each point x € X.

Remark 2.9. Let X C R” be open and f : X — R™. If f is PC' at x € X then f is Lipschitz continuous on a
neighborhood of x. If f is PC' on X then f is locally Lipschitz continuous on X.

Equivalent to the well-ordering theorem, Zorn’s Lemma can be stated as follows (see [50, 51]).

Definition 2.10. Given a set A, a partial order in A, denoted by =, is a relation between elements of A satisfying
reflexivity (a < a for all @ € A), antisymmetry (¢ < b and b < a imply a = b), and transitivity (a < ¢ for any
a,b,c € A satisfying a < b and b < ¢). A total order in A (or chain in A) is a partial order in A which also satisfies
comparability (a < bor b <a for all a,b € A) . A partially ordered set is a set with a partial order. A totally ordered
set is a set with a total order.

Definition 2.11. Let A be a partially ordered set and B C A. The element u € A is called an upper bound on B
if b < u for every b € B. The element m € A is called a mazimal element of A if m = a for every a € A satisfying
m =< a.

Lemma 2.12. (Zorn’s Lemma) A nonempty partially ordered set in which every nonempty totally ordered subset
has an upper bound contains maximal elements.



2.2. Generalized Derivatives

Let X C R™ be open and f : X — R™ be locally Lipschitz continuous on X. It follows that f is differentiable
at each point x € X \ Z¢, where Zf C X has zero (Lebesgue) measure, by Rademacher’s Theorem. Clarke [16]
established the following definitions and results concerning generalized derivatives.

Definition 2.13. The B-subdifferential of f at x € X is defined as

BBf(X) = {‘lim Jf(X(i)) : lim Xi) =X, X € X \ Zg N1 € N}.

1—00 i—00
Definition 2.14. The Clarke (generalized) Jacobian of f at x € X is defined as 9f(x) := conv dpf(x).

Remark 2.15. For a point x € X, dgf(x) is necessarily nonempty and compact, while 9f(x) is necessarily nonempty,
compact, and convex. If f is differentiable at x € X then Jf(x) € Ofg(x). If f is C' at x then 9f(x) = Ipf(x) =

{JE(x)}-

Definition 2.16. Let ng,ny,n.,nq € N, W C R" x R™ x R" be open, and g : W — R™ be Lipschitz continuous
on a neighborhood of (x,y,z) € W. The Clarke (generalized) Jacobian projections of g at (x,y,z) are defined as

m0g(x,y,z) := {M ER™ ™ . 4M N; Njy| € 8g(x7y,z)},
mo0g(x,y,2) == {M e R"*™ : 3N, M N, € dg(x,y,z)},

T2,308(X,y,2z) 1= {[M1 M,] € RMX(4n:) . N M; M, € 8g(x,y,z)},

with m30g(x,y,2), m1,208(x,y,2), and m 30g(x,y,z) defined similarly.

Remark 2.17. The Clarke Jacobian projections of g at (x,y,z) are equal to the projections of the Clarke Jacobian
onto the appropriate subspace. The notation conventions in Definition 2.16 are chosen since the arguments of g
eliminate any ambiguity. If g is C! at (x,y,z) then the Clarke Jacobian projections simplify to the partial derivatives

[16]; for example, m0g(x,y,2) = {%(x,y,z)} and

matg(xya) = { | Exya) Py}

3. Nonsmooth Implicit Function Theorems

Lemmata pertaining to generalized Jacobian projections are set out, culminating in a nonsmooth extended implicit
function theorem.

3.1. Generalized Jacobian Projections of Mazimal Rank

Intermediate results are provided for use in constructing nonsmooth implicit functions from nonsmooth inverse
functions.

Lemma 3.1. Let W C R™ x R™ be open, g : W — R™ be Lipschitz continuous on a neighborhood N C W of
(x*,y*)eW,and f: W = R" x R™ : (x,y) — (X,8(%,y)). Then mdg(x*,y*) is of maximal rank if and only if
Of (x*,y*) is of maximal rank.

Proof. Let Zg C N denote the zero-measure subset of N on which g is not differentiable, which is equal to the set
on which f is not differentiable and has zero measure by Rademacher’s Theorem. First suppose that mo0g(x*,y™*) is
of maximal rank. If the result were not true, then there exists

k k
H* S 3f(x*,y*) = {Z /\sz ke N,Z)w = l,Hz € 3Bf(x*,y*),/\7; > O}

i=1 i=1

such that H* is singular. That is, there exist k* € N, Ay,..., A= > 0, and Hy,... , Hy € Opf(x*,y*) such that
Zle A; =1 and Zle AH; = H* is singular. By definition of the B-subdifferential, for each i € {1,...,k*}, there



exists a sequence of vectors {(X(;,),¥(,))} such that (x(;,),y@,)) € N\ Zg for each j € N, lim; ,(X,),¥(,)) =
(x*,y*) and

I 0
lim JF(x(i,),y(i,) = lim | " ) nm =H,.
—00 —00
’ ! Ti(x(ij)’y(ij)) ﬁ(x(lj)’y(i]‘))
Thus,
k* k*
I"L On m ITL OTL m
H :Z’\iHi:ZAi = & k™ ’
=1 =1 Az B’L Zi:l >\1A1 Zi:l )\1B1
where 9 9
— Lim 2B(x.. . o lim ZB(x. . ; *
A= Jli)ngo ax(x(lj)7y(lj))7 B;: jli)ngo ay (X(’l]‘)7y(1j))7 Vi e {17 s 7k }

Since H* is singular, it must hold that Zle \;B; is singular. However, Zle AiB; € mdg(x*,y*) since [A; By €
Opg(x*,y*) for each i € {1,...,k*} implies that

-
Z)\i[Ai B;] = € 0g(x*,y").
i=1

k* k*
Z NA; Z \B;
=1 i=1

This contradicts the assumption that mdg(x*,y*) is of maximal rank.

Next, suppose that Of (x*,y*) is of maximal rank. If the result is not true, then there exists B* € ma0g(x*,y*) and
A* € R™*™ guch that B* is singular and [A* B*] € 9g(x*,y*). It follows that there exist k* € N, A\y,..., Ag« >0,
and [A; Bi],[Az Bg],...,[Ap By+] € Opg(x*,y*) such that Zf;l A; =1 and

-
[A* B]=) \[A; Bj.

The definition of the B-subdifferential implies that, for each ¢ € {1,...,k*}, there exists a sequence of vectors
{(x(ij)7y(ij))} such that (x(ij),y(ij)) € N\ Zg for each j € N, liInj%w(x(ij),y(ij)) = (x*,y*) and

_ [og Og
[A; B = Fm, [&i(x(ij)’y(ij)) @(X(ij)’y(ij))
Therefore,
lim Jf li I, Onxm fn O
Jggo (X(i,): ¥ (i) = jggo g oL ) |

e (X(i,): () 32 (X Y(iy) A; B,

from which it follows that

In On><7n In 0n><m
o L = € of(x*,y").
21:1 AiA Zi:l ;B A* B*

This contradicts the assumption that of (x*,y*) is of maximal rank. O

For our purposes, an abridged restatement of Lemma 7.5.2 in [17] is given.

Lemma 3.2. Let X C R" be open and I' be a compact-valued, upper semicontinuous set-valued mapping from X
to R™*". Let x* € X and suppose that I'(x*) is of maximal rank. Then there exist p > 0 such that B,(x*) C X and
I'(x) is of maximal rank for all x € B,(x").

The above finding is extended to the constructions in Lemma 3.1 as follows.



Lemma 3.3. Let W C R” x R™ be open, Q2 C W be compact, and g : W — R™ be locally Lipschitz continuous
on W. Let f: W = R” x R™: (x,y) — (X,8(x,y)). Suppose that m0g(x,y) is of maximal rank for all (x,y) € Q
or Of(x,y) is of maximal rank for all (x,y) € Q. Then there exists p > 0 such that mdg(x,y) and 9f(x,y) are of
maximal rank for all (x,y) € B,(Q2) C W.

Proof. For any (x,y) € Q, m20g(x,y) is of maximal rank if and only if 9f(x,y) is of maximal rank by Lemma 3.1.
Suppose then, without loss of generality, that mo0g(x,y) is of maximal rank. Since W is open and {2 is compact, there
exists n* € N such that By /,-(£2) C W. If the claim does not hold, then for each n € N such that n > n*, there exists
(X(n)»Yn)) € B1/n(Q) \ © and By,,) € m20g(X(n), ¥ (n)) such that By, is singular. The sequence {(x(y),y(n))} must
have an accumulation point of the form (x*,y*) € Q. Lemma 3.2 implies the existence of 6 > 0 such that 0f (x,y)
is of maximal rank for all (x,y) € Bs(x*,y*) € W. By application of Lemma 3.1 to each point in Bs(x*,y*),
m20g(x,y) is of maximal rank for all (x,y) € Bs(x*,y*). However, there exists n € N such that n > n* and
(X@),Y@)) € Bs(x*,y*), implying that Bz € m0g(X), ¥(#)), a contradiction. Therefore, there exists p > 0 such
that m20g(x,y) is of maximal rank for all (x,y) € B,(2) C W. 0f(x,y) being of maximal rank for all (x,y) € B,(Q2)
follows by repeated application of Lemma 3.1 to each point in B,(€2). O

3.2. Lipschitzian Extended Implicit Functions

Extending the classical local inverse and implicit function theorems (see, e.g., [52]), Clarke showed that a Lips-
chitzian function has a local inverse near a point if its Clarke Jacobian is of maximal rank at said point (Theorem
7.1.1 in [16]).

Theorem 3.4. Let f : R — R"™ be Lipschitz continuous on a neighborhood of x* € R™ and suppose that of(x*) is
of maximal rank. Then there exist neighborhoods N(x*) C R"™ and N(y*) C R™ of x* and y* := f(x*), respectively,
and a function f=! : N(y*) — R" that is Lipschitz continuous on N(y*) and satisfies f~1(f(x)) = x for every
x € N(x*) and f(f~!(y)) = y for every y € N(y*).

Theorem 3.4 illustrates that the maximal rankness of the Clarke Jacobian is a sufficient condition for a function to
be a local Lipschitz homeomorphism at a point. However, it should be noted that such a condition is not necessary
(a counterexample was provided by Kummer [41]). As a corollary to Theorem 3.4, Clarke also provided a local
nonsmooth implicit function theorem (Corollary to Theorem 7.1.1 in [16]), which is restated slightly here by virtue
of the proof of Theorem 7.1.1 in [16] and Lemma 3.3 (with €2 equal to a singleton).

Theorem 3.5. Let W C R™ x R™ be open and g : W — R™ be Lipschitz continuous on a neighborhood of
(x*,y*) € W. Suppose that g(x*,y*) = 0,, and mdg(x*,y*) is of maximal rank. Then there exist neighborhoods
N(x*) C m,W and N(x*,y*) C W of x* and (x*,y*), respectively, and a Lipschitz continuous function r : N(x*) —
R™ such that m0g(x,y) is of maximal rank for all (x,y) € N(x*,y*) and, for each x € N(x*), (x,r(x)) is the
unique vector in N (x*,y*) satisfying g(x,r(x)) = O,,.

Drawing upon the idea of patching together local implicit functions, along the lines of [46] for the C'-case, an
extended nonsmooth implicit function theorem is derived.

Theorem 3.6. Let W C R™ x R™ be open and g : W — R™ be locally Lipschitz continuous on W. Let Q C W
be a compact set such that each point x € 7,Q is the projection of only one point (x,y) € Q. Suppose that
m20g(x,y) is of maximal rank for each (x,y) € 2 and g(©?) = {0,,}. Then there exist d,p > 0 and a function
r: Bs(m,Q) C m,W — R™ that is Lipschitz continuous on Bjs(m;2) such that m20g(x,y) is of maximal rank for all
(x,¥) € B,(2) C W and, for each x € Bs(m,), (x,r(x)) is the unique vector in B,(2) satisfying g(x,r(x)) = 0,.

Proof. We claim that there exists £ > 0 for which B () is such that Be(2) C W and if g(0z,7y,) = 8(02.My,) = Om
for some (Mz,My,); Mz:My,) € Be(Q), then n,, = n,,. Since W is open and 2 is compact, there exists n* €
N such that Bj/,-(2) € W. If the claim does not hold, then for each n € N such that n > n*, there exist
(X(n), Y (n))s (x(n),y?n)) € By, (Q) \ Q such that y,,) # y(*n) and g(X(n),Y(n)) = g(x(n),yz‘n)) = 0,,. The sequences
{(X(n),¥(n))} and {(X(n),yz‘n))} must have accumulation points of the form (X,y),(X,y*) € Q, respectively. By
assumption, X € 7w, is the projection of a unique point in Q, that is, y = y*.

By Theorem 3.5, there exist neighborhoods N(x) C m,W and N(X,y) C W of X and (X,¥), respectively, and
a Lipschitz continuous function rz : N(X) — R™ such that, for all x € N(X), (x,rx(x)) is the unique vector in
N(x,y) satisfying g(x,rz(x)) = 0,,. However, by the above arguments, there exists 7 € N such that 7 > n* and
(X(ﬁ), y(ﬁ)), (X(ﬁ), yz‘ﬁ)) S N(i, y) satisfy g(X(:ﬁ),y(ﬁ)) = g(X(ﬁ), y?ﬁ)) =0, with y(ﬁ) 7é y?ﬁ)’ a contradiction.



Since m0g(x,y) is of maximal rank for each (x,y) € Q and g(2) = {0,,}, Theorem 3.5 can be applied to
each point in Q to furnish the collection of functions {ry : x € m,Q} and neighborhoods {N(x) C m,W : x € w,Q},
{N(x,y) CW:(x,y) € Q}. Foreach x € 7., there exists {(x) > 0 such that Bg(y)(x, rx(x)) C N(x,rx(x))NBe(2).
In addition, it is possible to choose a(x) > 0 sufficiently small such that B,x)(x) C N(x) and (1;,rx(n;)) is the
unique vector in B (x)(X,rx(x)) satisfying g(n.,rx(n.)) = 0, for all n, € Byx)(x).

Define the set

U:= U BO.Sa(x) (X) C W,
XETLN
which is an open cover of 7). Since €2 is compact, its projection onto R” is also compact. Therefore, U has a finite
subcover: there exist ¢ € N, ay,..., a4 >0, X(1),...,X(y) € T2 such that

mQC  |J  Bosa(x@) = U CmW.
i€{1,...,q}

Since . is compact and 7, W is open, there exists a € (0,0.5 min{ay, ..., a4}] such that B, (m,Q) C m,W. Choose
any point x* € B, (7). Then x* = X 4 x, for some X € 7, and x, € {9, € R" : ||n.|| < a}. Since 7,Q C U*,
there exists a nonempty index set P C {1,..., ¢} such that

% € | Bosa, (x)-
i€EP
For any ¢ € P,
[x" = x@) | = X+ %xa = %) | < X =x@) [ + [Xal <050 +a < oy,

and so
x* € U Ba, (%(:))-
icP
Furthermore, for each i € P,
0,, = g(x", Tx() (x*)),
and (X", rx, (x*)) € Be(2). Hence, rx, (x*) = rx, (x*) for all 4,j € P. It follows that the mapping

r: Bo(m:Q) = R™ imy = rx, (02), i 0e € Ba, (X)),

is well-defined.

Let X € By(m:Q). Then x € Ba,(x(;)) for some i € {1,...,q}. Since r = rx, on Ba,(X@)) N Ba(m:),
r is Lipschitz continuous on a neighborhood of x and (%,r(X)) = (X,rx, (X)) is the unique vector in B¢(Q2) C W
satisfying g(X,r(x)) = 0,,. Hence, r is locally Lipschitz continuous on B, (7,€2), and is therefore Lipschitz continuous
on the compact set B sq(m,2). By Lemma 3.3, there exists v > 0 such that mdg(x,y) is of maximal rank for all
(x,y) € B,(©2) C W. The result holds by choosing § := 0.5 and p := min{&,v}. O

Remark 3.7. The openness of the set Bs(m,2) outlined in the statement of Theorem 3.6 is of importance: first,
Theorem 3.5 is recovered from Theorem 3.6 when € is a singleton. Second, the implicit function r is furnished with
an open domain of definition, which is of value for results in the present paper detailing equivalence of DAEs and
ODEs on open and connected sets and potential application in other works (e.g., the openness is a requirement for
its lexicographic smoothness [48]).

The next lemma is motivated by the need to demonstrate uniqueness of projections of sets for application of
Theorem 3.6.

Lemma 3.8. Let ny,ny,n, € N, X CR™, f: X - R", and g: X — R". Then each point in {(x,f(x)):x € X}
is the projection of a unique point in {(x,f(x), g(x)) : x € X}.

Proof. Let (x*,f*) € A := {(x,f(x)) : x € X}, which implies that x* € X. Then, by construction, f* = f(x*) and

{5 ) = {5 (X))} = mep { (37, £(x7), 8(x7))}



where (x*,f(x*),g(x*)) € Q := {(x,f(x),g(x)) : x € X}. That is, each point in A is the projection of at least one
point in 2. Suppose that there exists (X, f,g) € Q\ {(x*, f(x*),g(x*))} such that

{1} = mey {(X,1,8)}-

Then x* = x and

(x%.f,8) = (x,£(x),8(x)) = (x", f(x7), 8(x")),

which is a contradiction. O]

4. Carathéodory Index-1 Semi-Explicit Differential-Algebraic Equations

Let np,ng,ny € N and n; = 1 to make the exposition more intuitive. Let D C R™ x R" x R"* x R" be open
and connected. Let f : D — R", g: D — R", and fy : 7,D — 7, D. Given ¢y, € D, consider the following IVP in
semi-explicit DAEs:

x(t,p) = £(t,p,x(t,p). (£, p)), (2a)
Ony = g(t’pax(tvp)v}I(tvp))? (2b)
x(to, ) = fo(p), (2¢)

where t is the independent variable and p € 7, D is a vector of the problem parameters. The following assumptions
are made regarding the right-hand side functions in (2b) and (2c).

Assumption 4.1. Suppose that f; is locally Lipschitz continuous on m,D.
Assumption 4.2. Suppose that g is locally Lipschitz continuous on D.

Under Assumption 4.2, notions of consistent initialization and generalized differential index of (2) are captured
as follows (motivated by the C''-case analogues found in [29]).

Definition 4.3. The consistency set, initial consistency set, and reqularity set of (2) are given by, respectively,

Ge = {(t,p,nmny) eD: g(tpmmﬂy) = Ony}a
GC,O = {(tap7nzany) €Go:t=ty,n: = fO(p)}7
Gr :={(t,p,Nz,ny) € D : m40g(t, P, Nz, My) is of maximal rank}.

Using the concept of regularity of a solution to DAEs introduced in [29], the following definitions are made
regarding (2).

Definition 4.4. Let T' C D be a connected set containing ¢ty and P C m,D. A mapping z = (x,y) : T X P — my 4D
is called a solution of (2) on T x P if, for each p € P, z(-,p) is an absolutely continuous function which satisfies
(2a) for almost every t € T, (2b) for every t € T, and (2¢) at t = to. If, in addition,

{(t,p,x(t,p),y(t,p)) : (t;p) € T x P} C G,
then z is called a regular solution of (2) on T' x P.

Remark 4.5. If g is C! on D then Gr = {(t,p,0:,m,) € D : det g—i(t,p,nm,ny) # 0} and the property that (2) has
differential index equal to one (see [1, 2]) for all (¢,p) € T x P is implied by regularity.

Example 4.6. Consider the following IVP in semi-explicit DAEs:

i(t, p) = sign(t — 0.5) + (1.5]1 — n,|5 — 1H(t — 1),
0= |zt p)| + [yt p)| — 1, (3)
:L‘(to,p) = min{07p}7

10



where the signum and Heaviside functions are defined as follows:
1, if ¢t >0,

0, ift=0,
—1, ift<0,

sign : R — {-1,0,1} : t —

The right-hand side functions are given by

1
and H:R—>{O,1}:t»—>{’

if t >0,
0, ift<O0.

FiRY S R (72, ny) > sign(t — 0.5) + (L5|1 —ny|5 — 1) H(t — 1),

g:R* = R: (t,p,02,my) = |0l + [0yl — 1,
fo:R—=R:p+— min{0, p}.

Given (t,p,ng,ny) € R?,

{-1}, ifn, <0,
m40g(t,p, ey my) = { [-1,1], if n, =0,
{1}, if ny, > 0.

The consistency, initial consistency, and regularity sets are given by

Ge = {(t,p, e my) € R* 2 | + [y — 1 =0},

GC,O - {(tap7 7]377’,]1/) € GC 1= thnx = mln{oap}}a

GR = {(t7p7 77m777y) € R4 My 7é 0}

Suppose that tg := 0.5. There are two solutions of (3) on [0.25,0.75] x {—0.5}:

(_ta 1- t)a

7" = (¢%,y") :[0.25,0.75] x {~0.5} - R? : (t,p) — {<t ~1,1),

and
(_t7t - 1)7
(t—1,-1),

Z,

(T4, ) : [0.25,0.75] x {—0.5} — R?: (,p) {

if + € [0.25,0.5],
if t € (0.5,0.75],

if ¢ € [0.25,0.5],
if t € (0.5,0.75).

z* and z, are both regular; y*(¢,p) > 0 for all (¢,p) € [0.25,0.75] x {—0.5} and y.(¢,p) < 0 for all (¢,p) € [0.25,0.75] x

{—0.5}. See Figure 2 for an illustration.

2 T T T T T T T 25 T T T T T
] |—a"(t,=0.5) =y (t, —0.5) ] | —{(z,y) : gz, y) = 0} |
! - - {z*(t,—0.5) : t € [0.25,0.75]}
ol | 15k —{z.(t,—0.5) : t €[0.25,0.75]}| |
L L L L L L L L L 1k
025 03 035 04 045 05 055 06 065 07 075
3 > 05)
2 . . . . . . . ol
—a.(t,—0.5) ==y, (t, —0.5)|
i i 0.5+
ol
A
-(1).25 o.‘3 o.és 0.‘4 o.‘45 o.‘s 0.135 0.‘6 0.‘65 017 0.75 -15 - - - : - : -
p -1.5 -1 0.5 0 05 1 15 2 25
x

(a) z*(t,—0.5) and z«(t,—0.5) vs. t.

Figure 2: Graphs of Example 4.6.
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The ambiguity apparent in Example 4.6 with respect to initialization is resolved through the next definition.

Definition 4.7. Let Qy C Gc. 2z is said to be a (regular) solution of (2) on T x P through Q if z is a (regular)
solution of (2) on T' x P and, in addition,

{(thp7X(thp)5y(t0,p)) pE P} = QO-
Example 4.8. Counsider (3) and the mappings z* and z, outlined in Example 4.6. By inspection, z*(0.5,—0.5) =
(—0.5,0.5) and z.(0.5,—0.5) = (—=0.5,—0.5). That is, z* is a regular solution of (3) on [0.25,0.75] x {—0.5} through

{(0.5,—0.5,—0.5,0.5)} while z, is a regular solution of (3) on [0.25,0.75] x {—0.5} through {(0.5, —0.5, —0.5, —0.5)}.
There exist two solutions of (3) on [0, 1] x {—0.5} through {(0,—0.5,—0.5,0.5)}:

(=t —0.5,0.5—1¢), ifte0,0.5],
(t—15,t—05), ifte(0.5,1],

zt (xT,yT) [0,1] x {=0.5} = R%: (t,p) — {

and
(=t —0.5,0.5 —t), ifte]0,0.5],

2 = (@p) : 0,1 x {-0.5} = R (.p) = {(t ~15,05—1), ifte(0.51]

Neither z' nor z; are regular since y'(0.5,—0.5) = y;(0.5, —0.5) = 0. See Figure 3 for an illustration.

2 ‘ ‘ ‘ ‘ ‘ ‘ ‘ 25 ‘ ‘ ‘ ‘ ‘
A |—ai(t,=0.5) -~y (1, -05)| | | —{(z,y) : g(x,y) = 0} |
L ] - - {z'(t,—0.5) : t € [0.25,0.75]}

S e e SR L i 15t —{z:(t,—0.5) : t € [0.25,0.75]}| |

1 K ___.—————r""‘_'_—_‘——_—- b
0 01 02 03 04 05 06 07 08 09 1
t > 05
2 : : : : : : ol
A [—=1(t,=05) ==y (t, ~0.5)] |
(S 05+
of e 1
_______________ al
x ——-—’-’\_——_—\_—-—\—_—-—
_lo 01 02 03 04 05 06 07 08 09 1 -15 ; . : ; . ! !
¢ 15 1 05 0 05 1 15 2 25
(a) zf(t, —0.5) and zt(t, —0.5) vs. t. (b) Algebraic constraint and solution trajectories.

Figure 3: Graphs of Example 4.8.

The following convention is used for highlighting augmented solution codomains.

Definition 4.9. Let N C D. z is said to be a (regular) solution of (2) on T X P (through ) in N if z is a (regular)
solution of (2) on T x P (through ) and, in addition,

{(t,p,x(t,p),y(t,p)) : (t,p) €T x P} C N.

Uniqueness of solutions is characterized as follows.

Definition 4.10. Let z be a solution of (2) on T x P through Q. Then z is said to be unique if, given any other
solution z* of (2) on T* x P* through Qf satisfying T NT* # {to}, PN P* # ), and

{(to, p,2(to,p)) : p € PN P} = {(to, P, 2" (to,p)) : p € P NP7},
z(t,p) = z*(t,p) for all (¢,p) € (T NT*) x (PN P*).

The sets T' and T™* outlined in Definition 4.10 both contain ¢y by definition of a solution (Definition 4.4).
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Example 4.11. Consider (3) and the mappings z* and z' outlined in Examples 4.6 and 4.8, respectively. z* is
the unique regular solution of (3) on [0.25,0.75] x {—0.5} through {(0.5, —0.5,—0.5,0.5)}. z' is a solution of (3) on
[0,1] x {—0.5} through {(0,—0.5,—0.5,0.5)} but is not unique.

Define the following mappings:

(—t,141), ifte[—0.5,0],
w:[-0.5,1] = R*:t s { (—t,1—1t), ifte(0,0.5],
(t—1,t), ifte(0.5,1],
t) if t € [-0.5,1]
O = (50 y©) : [£0.5,2] x {0} = B2 : (t,p) s { VD T
z) = (z,y") : [-0.5,2] x {0} (t,p) (t—1)3,1— (¢ — 1)), ifte(1,2],
t), ifte[-0.5,1]
M) = (20, y0) : [20.5,2] x {0} = B2 : () > 4 O T
z (@,y) : [-0.5,2] x {0} (t.p) 0,1), ifte (1,2,
and, for each A € (0,1),
wi(t), if t € [-0.5,1],
2N = (N yNy : [-0.5,2] x {0} = R?: (t,p) — < (0,1), if t € (1,14 )],
(t—1=XN2,1—(t—1-X\)2), ifte(1+A2.

There are an uncountable number of regular solutions of (3) on [—0.5,2] x {0} through {(0,0,0,1)} (namely, each
function in {z™ : X € (0,1]}). 29 is also a solution of (3) on [~0.5,2] x {0} through {(0,0,0,1)} but is not regular
since y(?(2,0) = 0. See Figure 4 for an illustration.

1.5 T T T T 2.5 T T T T T
| —{(=,v) : g(a,y) = 0}] |
1 3 N
A RRESSSNNRS 15}
Rl ., L \:\*\ RNV,
-~ . -~ RN
N, N
e ’\\ ,/' N 1k
0.5 i
= 051
0r ol
-0.5
05 b
A
—zW(t,0) al
=y V(t,0)
. ‘ ‘ ‘ : s ‘ ‘ ‘ ‘ ‘ ‘ ‘
-0.5 0 0.5 1 15 2 -1.5 -1 -0.5 0 0.5 1 1.5 2 25
t T

(a) 2N (t,0) vs. t for various values of 0 < X < 1. (b) Algebraic constraint and solution trajectories {z(M (¢,0) :

—0.5 < ¢ < 2} (the lightest shade of red corresponds to A = 0
while the darkest shade corresponds to A = 1).

Figure 4: Graphs of Example 4.11.

4.1. Consistent Initialization
Recalling that ¢ty € m D is given, consider the nonlinear equation system associated with (2) at initialization:
Xinit = fto (P, Xinits Yinit )
Ony = 8o (p7 Xinit, yinit)a (4)
Xinit = f(](p)v

where fi, = f(to,-,-,-) and g, = g(to,",",-). Equation (4) admits n, degrees of freedom for specification of the
problem parameter p since it consists of 2n, + n, equations with n, + n, + n, + n, variables (p, Xinit, Yinit, and
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Xinit, respectively). The nonemptiness of G¢ g is a necessary and sufficient condition for the solvability of (4): if
(to, Po, X0,¥0) € Gc,0, then (po, X0, Yo, fi, (P, X0, ¥0)) is a solution of (4). On the other hand, if

(po,X(Lyo,).(o) S 7Tp$z’y(D;t0) x R Cc R™ x R™ x R™ x R"=

is a solution of (4), xo = fo(po) and g, (Po,X0,y0) = 0, must be satisfied. Moreover, given a parameter value and
an associated solution of (4), the unique solvability of (4) in a neighborhood of said parameter is guaranteed under
regularity.

Assumption 4.12. Suppose that there exists an open and connected set N C D for which ¢y, € mN and the
mapping f;, is locally Lipschitz continuous on mp, 5 ,(N; o).

Theorem 4.13. Let Assumptions 4.1, 4.2, and 4.12 hold. If (¢9, po,X0,¥0) € Gc,o N Gr N N, then there exist
a neighborhood N(pg) C m,N of pg and a Lipschitz continuous function ro : N(pg) — R™ such that, for each

P € N(po),
(P, fo(p), ro(P), £, (P, fo(P), To(P)))

is the unique solution of (4) in a neighborhood of (po, X0, Yo, fz, (Po, X0, ¥o)) and

{(t7p77’x7"7y) = thp € N(Po)a"h = fO(p)any = rO(p)} - GC,O N GR NN.

Proof. Equation (4) is equivalently written as F(t, P, Xinit, Yinits Xinit) = On,+n,tn,+1 Where

fio (P, 02y My) — M
g(tvpanT7ny)
fO(p) — Nz
t—1to

F: Dp — R tnatl (4 pom.ny,me) —

and
Dp = (DN (R X mpzy(D;tg))) x R C D x R"

is open by Lemma 2.2. Let X¢ := f;, (Po, X0, ¥y0) and wo := (to, Po, X0, Yo, Xo). Since (to, Po, X0, ¥0) € Gc,0, Flwo) =
0y, +n,+n,+1 Dy inspection. Let Zr C Dr denote the zero-measure subset on which F is not differentiable.
It is claimed that 7 3 4 50F(wp) is of maximal rank. If not, there exist P* € R("sFnv+na+1)xnp apq

[T* X* Y* X*]€ms3450F(wo)
such that [T* X* Y* X*|is singular and
[T* P* X* Y* X*]e€dF(wp).
By definition of the Clarke Jacobian, there exist k* € N, A\1,..., Ag« > 0, and
T, Py Xy Yy Xq],...,[Ter Pre Xpe Yo Xpe] € 98F(wo)
such that Zle A; =1 and
-
T* P* X* Y X =) MT P X; Y, X
i=1
By definition of the B-subdifferential, for each i € {1,...,k*}, there exists a sequence of vectors {w(ij)} such that

w(i;) = (L) Piy)» X(i)» Y(iy)» X(i;)) € D \ Zr, Vj €N,
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hmj*)OOLU(h) = (tO;pOaX07y07}.{0)7 and

T, P, X; Y, X]
OF OF OF OF OF

—lim | S Wi ) Swe) (W) ———(w) —— (W
]ggo ot @@) op @) OXinit @) OYinit @) OXinit @)
i of, of, Ay
0n, (P X010, Y(05)  Fmr (Pl X(0): Y(0) Gy (PG XG5) Y ) I,
0, 0. O 0,
i |2 Y6)) 8 (Vi) e V(i) Fyea V(i) On,xn,
Jmree Na %ﬁg(p(z])) _Inz Onzxny Onzxnz
L 1 lenp 01><n$ Ol><ny lenw
0,, P X1 Y1 -1,

Tio P,o X2 Yi2  On,xn,
b

Onx Pi,S _Inm Onzxny Onzxnz

1 lenp 01><nﬂc 01><ny lenm

where Y(iy) = (t(ij)7p(ij)ax(ij)7Y(ij)) for all j € N.
Observe that Zle A\Y; o is singular since [T* X* Y* X*] is singular and

0y, Zle AiXi1 Zle XY =L,
T X* Y~ X*} = i N[T X Y, Xz] = Zf;l AT zf;l AiXi Zf;l AiYi2 0n, xn,
i—1 0,, -I,, On, xn, 0y, xn,

1 01xn, 01xn, O1xn,

It is also true that Zle AiY 2 € my0g(to, Po, X0, Y0) as

o
ZM[Ti,z P;» Xi2 Y;2] €conv <{]11>I§O Jeg(ng)) fjli{goﬂ(j) = (to,Po,X0,¥0), M) € D\ Zg,Vj € N}) ;
=1

= 8g(t07 p()vXanO)a

since, for each i € {1,...,k"}, w(;,) € Dp \ Zp for all j € N implies that y(;;) € D \ Zg for all j € N, where Zz C D
is the zero-measure subset on which g is not differentiable. However, m40g(to, Po, X0, yo) is of maximal rank since
(to, Po, X0,¥0) € Gr. Therefore 7 3 4 50F (wo) is of maximal rank by contraposition.
Theorem 3.5 can therefore be applied to yield the following: there exist d;,p > 0 and a Lipschitz continuous
function
¢0 = (qO,UQ, I‘O7VQ) : B51 (po) C 7TpN — Ritnetnytne

such that m1 34 50F (t, P, N, My, M:) is of maximal rank for all (¢,p,9:,1y,m:) € By(wo) C N and, for each p €

B51 (p )7
' (@(p). P 10(p), o (p). vo(p))

is the unique vector in B,(wo) satisfying

F<q0 (p)7 P, uo(p)’ I'o (p)’ Vo (p)) = Onm+ny+nw+1~

By inspection, ¢o(p) = to, uo(p) = fo(p) and vo(p) = £, (P, fo(p),ro(p)) for all p € By, (po). Therefore, for each
p € Bs, (po), (to,p,fo(p),ro(p), fi, (P, fo(P), ro(p))) is the unique vector in B,(wo) satisfying (4). It follows from the
discussion preceding this theorem that

{(to, P, fo(p),r0(P)) : P € Bs,(po)} C Geoo- (5)
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By maximal rankness of m40g(to, Po, X0,¥0), there exists a > 0 such that 7,0g(t, p,ns,ny) is of maximal rank
for all (t, p,n2,My) € Ba(to, Po,X0,¥0) C N by Lemma 3.3. Since By (to, Po, X0, yo0) is open and the mapping p
(to, p, fo(p), ro(p)) is continuous on By, (po), there exists & € (0,01] such that (¢g, p, fo(p),ro(p)) € Ba(to, Po,Xo0,¥0)
for all p € Bs(po). Hence,

{(to,p,fo(p),ro(P)) : P € Bs(Po)} C GrR N N. (6)
The result holds with N(pg) := Bs(po) by virtue of (5) and (6). O

Example 4.14. Consider (3) with ¢y := 0 at initialization:
Tinit = —1,
0 = |Zinit| + |Yinie| — 1, (7)
Tinit — mm{(),p}

Assumptions 4.1, 4.2, and 4.12 hold with IV := R*. In this case,

Geoo NGr = {(t,p,nz,1y) : t = to,m, = min{0,p},ny # 0, [nz| + [ny| = 1}.

Let (po, o, yo) := (0,0,1). Then (to, po,z0,%0) € Gc,o N Gr N N. For each p € N(py) := (—0.5,0.5),

. ,p,1—1p|,—1), if p e (-0.5,0],
(p’ xinit(p)vyinit(p)v-Tinit(p)) = {(p p |p\ ) P ( ]

(0,0,1, 1), if p € (0,0.5),

is the unique solution of (7) in B 5 5(0,0,1,~1), in accordance with Theorem 4.13. The Lipschitz continuous
function

1—1p|, ifpe (-0.5,0],

1, if p € (0,0.5),

rO:N(pO)—>R:p|—>{
satisfies
{(t,p, 0z my) 2 t = to,p € N(po),n = min{0,p},ny = ro(p)} C GeoNGrNN.
Highlighted in the next example, Theorem 4.13 is sufficient but not necessary.
Example 4.15. Consider (3) with ¢y := 1 at initialization:
. 1
Tinit = 1.5]1 — yinit| 3,
0 = |Tinit| + |Yinie| — 1, (8)

Tinit = mln{ovp}

Assumptions 4.1, 4.2, and 4.12 hold with N := {(¢,p,nz,ny) € R* : , < 1}. Let (po,zo,y0) := (0,0,1). Then
(to, Po, 0, Yo) € Ge,o N Gr but (to, po, o, yo) ¢ N. However, for each p € N(pg) := (—0.5,0.5),

. pap71_p715p%a lfpe —0.570,
(Ps Tinit (D), Yinit (), Tinit (p)) = {( Ipl, 151p[) ( ]

(0,0,1,0), if p € (0,0.5],

is the unique solution of (8) in B 5 5(0,0,1,0).

Remark 4.16. There is no solution of (3) on T' x {—2} for any connected set T C R; a consequence of inconsistent
initialization for the parameter p := —2 because Gc o N {(t, p, Nz, ny) : p = —2} = 0.
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4.2. Existence and Uniqueness of Solutions

If fis C' on D, g is C! on D, and (to, po,X0,¥y0) € Gc,o N Gr, then there exist a neighborhood N (ty) of g
and a regular C''-solution of (2) through {(to, po,Xo0,y0)} on N(to) x {po} (see Theorems 4.13 and 4.18 in [1]).
Here, existence of a solution of (2) is demonstrated under regularity and consistency of initial data, local Lipschitz
continuity of g, and the following Carathéodory existence conditions on f (see, e.g., [53, 54]).

Assumption 4.17. Suppose that there exists an open and connected set N C D for which the following Carathéodory
conditions hold:

(i) the mapping f(-, p, 9z, 1my) : (N (P, M2,My)) — R is measurable on its domain for each (p,9z,1y) € Tp 2.y N;

(ii) the mapping f(t,-,-,-) : Tpzy(N;t) — R™ is continuous on its domain for each ¢t € m N \ Z¢, where Z¢ is a
zero-measure subset;

(iii) there exists a Lebesgue integrable function mg : mN — Ry U {400} such that
||f(tapal”:c7ny)|| S mf(t)a v(t7p7l”wv"’y) 6 N

Remark 4.18. The composition of a (Lebesgue) measurable function with a measurable function need not be
measurable. Though the reverse is true, even the composition of a measurable function with a continuous function
need not be measurable (see, e.g., Page 241 in [55]); the possible nonmeasurability stems from the fact that the
preimage of a measurable set under a continuous mapping need not be measurable. However, a composition of
a function satisfying the Carathéodory conditions with a measurable function on a connected and compact set is
Lebesgue integrable, and therefore measurable (see Lemma 1 in Chapter 1, Section 1 [53], which originally appears
in [56)).

By completeness of the Lebesgue measure, the almost everywhere pointwise limit of a measurable function is
a measurable function (see, e.g., Proposition 21 in Chapter 3, Section 5 [57]). Consequently, a composition of a
function satisfying the Carathéodory conditions with a measurable function is measurable (see, for example, Lemma
8.2.3 in [58]). This result is restated in the following useful form.

Lemma 4.19. Let Assumption 4.17 hold. Let h: T C R — 7, , ,/NV be measurable on T and satisfy {(¢,h(t)):t¢ €
T} C N. Then the mapping ¢t — f(¢,h(¢)) is measurable on 7.

Sufficient conditions for local existence of regular solutions are now given.

Theorem 4.20. Let Assumptions 4.2 and 4.17 hold. Suppose that (to, pPo,Xo0,¥0) € Gco N Gr N N. Then there
exist & > 0 and a regular solution of (2) on [ty — «, tg + a] X {po} through {(to, Po,X0,y0)} in N.

Proof. Since (to, po,Xo0,y0) € Gc,o N Gr N N and g is locally Lipschitz continuous on N, Theorem 3.5 implies
the existence of §,p > 0 and a Lipschitz continuous function r : Bs(to, Po,X0) C 7¢p/N — R™ such that, for
each (t7P>"’lm) S B5(t0up07x0)a (t7p7nz7r(t7p7nm)) is the unique vector in Bp(t07p07x03y0) CN satisfying Ony =

g(ta PNz, I'(t, P»"?:v))a and 7T48g(t7 PNz, "71;) iS Of maXimal rank fOI' au (ta p, "7177’1}) S Bp<t07 Po; X0, yO)
Define the mappings

q: B5(t03p0aX0) — 7Tp7z7yN : (tapanw) = (P777z71'(t7p777x)),

i 0
£ : Bs(to, po, xo) — R™* " : (£, p, 1) > " :
5(to, PosX0) (t, P, 1) {f(t,q(hpvnx))]

Then
{(LQ(t,paﬂz)) : (tapanr) € Bﬁ(t07p03X0)} C Bp(t03p07XOaYO) C N. (9)

Since Bs(to, po,Xo) is open, it is possible to choose a*,b* > 0 such that
W :={(t,p,n.) € RxR™ x R"™ : |t — to| < a*,p = Po, Mz — Xo|| < b*} C Bs(to, Po,Xo)-

For each (¢,p,n.) € W, -
£t pyma)ll = [I£(E Pynes vt Pyma)) || < me(t),
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by (9). For each t € mW \ Z¢ = [to — a*, to + a*] \ Z¢, the mapping

f = Onp . . Np+ng
€)= g, ) e Bl pox0)it) € N > B

is continuous on 7, ,(Bs(to, Po, X0);t) D mp W by continuity of r on Bs(to, Po,Xo), (9), and the fact that f(¢,-,-,-)
is continuous on m, 4 ,(N;t) for each t € m N \ Z¢ D [to — a*,to + a*] \ Z¢. For each (p,n,;) € 7, W, the mapping

= 0
f P Nz) = it s my(Bs(t ) , X0)3 sz CWN—)R”FJrnJE
( p n ) {f(wpﬂ')m,r(wpv"?x))] t( 5( 0 pO O) (p n )) ¢

is measurable on [tg—a*, tg+a*] C m(Bs(to, Po,X0); (P, M=) by Lemma 4.19 since the mapping ¢t — (p, 1z, r(t, P, Nz))
is continuous (and thus measurable) on the open (and therefore measurable) set 7 (Bs(to, Po,X0); (P;1z)) D [to —
a*,to + a*] and f satisfies the Carathéodory existence conditions on

N D B,(to,Po;X0,¥0) D {(t,;P,Na, x(t, P:1M2)) : € [to — a™, 1o +a™]}

by assumption.
Letting ¢o := (po,Xo), the right-hand side of the ODE system

u(t) = f£(t,u(t)),
u(ty) = co, (10)

satisfies the Carathéodory existence conditions on W by the above arguments. By Theorem 1 in Chapter 1, Section
1 [53], there exist « € (0,a*] and an absolutely continuous mapping u defined on [ty — «, tg + ] such that

¢
ut) =co+ [ f(s,u(s))ds, Vte€ [tg—a,to+a],
to

and {(t,u(t)) : ¢t € [to — a,to + a]} C W. Let
(p,x) : [to — o, to + ] X {po} = W : (t,p) — u(t).
By inspection, p(t,po) = po for all ¢t € [ty — a, ty + a] and the mapping x(-, po) satisfies

t
x(t, po) = fo(po) +/ (s, P0o,x(5,P0), (s, Po,x(5,P0)))ds, VteE [to—a,to+ al,

to

and is therefore absolutely continuous by Lebesgue integrability of mg on mN D [tg — «a,to + a].
Define the mapping

v :[to—a,to+a] x {po} = R™ : (t,p) — r(t,p,x(¢, p)).
Observe that
Bs(to, po,x0) D W D {(t,u(t)) : t € [to — a,to + |} = {(t, po, x(¢, Po)) : t € [to — o, tg + af}
implies that
{(t,po,x(t, o), ¥(t, o)) : t € [to — v, to + o} = {(£,a(t, po. (¢, o)) : t € [to — a,to + al},

- Bp(t07p07X07YO)a
C N.

Since 7T46g(t, pa’?x»’?y) is of maximal rank for all (t7p77’1any) € Bp(t07p07X07YO),
{(ta P07X(t7po)»Y(taPO)) 1te [to - O[ﬂf() + Oé]} C GR'

By absolute continuity of (p(-,po),x(-,pPo)) on [t — a,to + «] and Lipschitz continuity of r on Bj(tg, po,Xo), it
follows from Lemma 2.5 that y(-,po) = ro (-, p(-, pPo), X(-, Po)) is an absolutely continuous mapping on [tg — «, to + .
Moreover,

Ony = g(ta Po, X(ta p0)7 I'(t, Po, X(t7 pU))) = g(t7 p07x<t7 pO)a y(ta pO))7 vVt e [tO —Q, tO + Oé]. (11)
Hence, (x,y) is a regular solution of (2) on [ty — «, tp + ] x {po} through {(¢9, Po, X0,y0)} in N. O
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Given a regular solution, its uniqueness is ascertained under an analogous Carathéodory-style uniqueness condition
(see, e.g., Theorem 2 in Chapter 1, Section 1 [53]) for nonsmooth DAEs.

Assumption 4.21. Suppose that there exist an open and connected set N C D and a Lebesgue integrable function
ke : m N — Ry U {400} such that, for any t € 7N and any (p1,Mz,,My,); (P2:Mass Mys) € Tpz.y (N 1),

Hf(t7p17n117ny1) - f(tvp%nwzﬂnyz)ll < kf(t>||(p1’na:17ny1) - (annwzﬁnyz)”'

Theorem 4.22. Let Assumptions 4.2 and 4.21 hold. Suppose that z is a regular solution of (2) on T' x P through
Qo in N. Then z is a unique regular solution of (2) on 7' x P through Qg in N.

Proof. Let Z = (X,¥) be another solution of (2) on T x P through Qg such that TNT # {to}, PN P # 0, and

{(to,p,z(to,p)) : p € PN P} = {(to,p,Z(to,p)) : p € PN P}.

Suppose, without loss of generality, that 7N T N [to, +00) # 0 and z(t, p*) # z(¢, p*) for some t € T'N TN [to, +00)
and some p* € PN P. Define the set

H:={t e TNTN[ty, +0) : ||z(t,p*) — Z(t, p*)|| > 0},

which is nonempty and bounded below. Hence, t* := inf H exists. By continuity of z(-, p*) and z(-, p*), z(t*, p*) =
z(t*,p*). By consistency,

0,, =g(t*,p", x(t", p*),y(t",p")) = g(t*, p*, x(t", p"), y(t*, p")).
By regularity, B B
m0g(t*, p*, x(t", p*), y(t*, p*)) = mog(t", p*, x(t*,p*), ¥y(t*,p"))

is of maximal rank.

Let z* := z(t*,p*), x* := x(t*,p*), y* := y(¢t*,p*). Note that (t*,p*,x*,y*) € N since {(¢,p,x(¢,p),y(t,p)) :
(t,p) € T x P} ¢ N. Theorem 3.5 implies the existence of §,p > 0 and a Lipschitz continuous function r :
Bs(t*,p*,x*) C mp N — R™ such that for all (¢, p,n,) € Bs(t*, p*,x*), (¢, P, Nz, r(t, p,Ne)) is the unique vector in
B,(t*,p*,x*,y*) C N which satisfies 0,,, = g(t,p, 0., r(t,P,n.)). By continuity of z(-,p*) and z(-, p*), there exists
v > 0 such that _

{t,p",x(t,p"),y(t,p")) : t € (t" —7,t" +7)NTNT} C B,(t", p*,x",y")

and
{(t,p", X(t,p"),y(t,p")) st € (t* =7, t" +y)NTNT} C B,(t",p", x",y").

Let T := (t* —v,t* +v)NTNT N [to, +00). It is claimed that
H*:={teT:|x(t,p")—x(tp")| >0}
is nonempty. Otherwise,
y(t,p*) = r(t,p",x(t,p*)) = r(t,p", X(t,p")) = y(t,p"), VieT.

This implies that z(¢t, p*) = z(¢t, p*) for all t € T, which contradicts the definition of ¢t*. Hence, H* must be nonempty.
By definition, the mappings x(-, p*) and X(-, p*) satisfy

x(t,p*) = £(t, p*, x(t,p"), r(t,p*, x(t,p*))), ae teT

and
x(t,p*) = f(t,p*,x(t, p*),r(t,p",x(t, p*))), ae. te T,

respectively. We proceed as in the proof of Theorem 2 in Chapter 1, Section 1 [53]: define the mapping

VT =Ry ot ||x(t,p*) — X(t,p")|%
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Then, almost everywhere on T,

b(t) = (£(t, p*, x(t,p*),x(t, ", x(t, p*))) — £(t, p*, X(t,p*),x(t, p*, X(t, p")))) " (x(t,p*) — X(t, p*)).

Since r is Lipschitz continuous on Bs(t*, p*,x*), there exists k. > 0 for which

Hr(t17 p17n11) - I'(tQ, p277’z2)H S er(tl, planxl) - (t27 P2777:c2)Ha v(tla p177’z1)7 (t27 P2a”712) S B6(t*7 p*7 X*)'
Then, by Assumption 4.21 and the Cauchy-Schwarz inequality,
(f(t7 P*7 X(t7 P*)7 I'(t, P*7 X(t7 p*))) - f(ta p*a )’Z(t7 p*)a I'(t, P* ) i(ta P*))) T(X(ta P*) - i(t P*))
< [If(t, p*, x(t, p*), x(t, p", x(£,p%))) — £(£,p%, x(t, p*), x (¢, p", X(£, p7)) [ % (¢, p) — x(t, p")],
< ke(8) (1 + ko) [Ix(t, p*) — X(t, p%) 1%,
forall t € 7. Hence,

B(t) < ke())(1+ k) [x(t,p7) — (6, D)2 = k(D)1 + ke)wt), ace. t €T,

implying that ¢(¢) — ke(t)(1 + kx)¥(t) < 0 almost everywhere on 7'. Thus, the absolutely continuous mapping

t — 1p(t) exp (—(1 + k) /t kf(S)dS)

to

is nonincreasing almost everywhere on 7'. Since U(tg) =0, ¢¥(t) =0 for all ¢t € T. This implies that H* is empty,
which is a contradiction. O

Remark 4.23. A unique solution of (2) that exhibits regularity is distinct from a solution of (2) which is the only
regular solution. Theorem 4.22 gives conditions for the former (i.e., there cannot exist another solution, regular or
not).

Example 4.24. Consider (3) and let Ny := (—1,1) x (=1,1) x (=1,1) x (0,2). For any (p,n,ny) € TpzyN1 =
(=1,1) x (-1,1) x (0,2),

FCpmemy) = —X(=1,05) () + X(0.5,1)(t)
is measurable on 7 (N1; (p, 72, 1y)) = (—1,1), where x denotes the usual indicator function. For any ¢ € mN; =
-1,1),
( ) -1, ifte(-1,0.5),

f@eses) s 0wy my) = 0, if £ =0.5,
1, ifte€(0.5,1),

is continuous on 7, 5 ,(N1;t) = (—1,1) x (—1,1) x (0,2). For any (¢, p, 1z,1y) € N1,
. 1
|f(t,p,nzymy)| < |sign(t —0.5)| + [(1.5]1 —ny|3 —1)H(t —1)] < 1.
For any (taplanxunm)v (tvp%nxmnyz) € N17

|f(t7p177721777y1) - f(t7p27n12777y2)| = 0

fo and g are PC' (and therefore locally Lipschitz continuous) on 7, Ny = (—1,1) and Nj, respectively.

Let (to,po, o, yo) = (0.5,—0.5,—0.5,0.5) € G, N Gr N Ni. There exists a unique regular solution of (3) on
[0.5— ,0.5+ a] x {—0.5} through {(0.5,—0.5,—0.5,0.5)} for some o > 0 by Theorems 4.20 and 4.22; the mapping
z* as defined in Example 4.6 is such a solution (with a = 0.25).

Example 4.25. Consider (3) and let Ny := R x (—1,1) x (=1,1) x (—=2,2). For any (p,ns,ny) € TpuyN2 =
(7171) X (7171) X (72a2)a

1
FCopme,my) = =X (—00,0.5) () + X(0.5,1) () + 151 — 1y |3 X [1,4.00) ()
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is measurable on 7 (Na; (p, 1z,1y)) = R. For any t € m;N» = R,

~1, if t <0.5,

0 ift=20.5

ta'a'a' : s Mo = ’ i ’
St ) ey = 4 if t € (0.5,1),

151 —n,l5, ift>1,
is continuous on 7, 5 4 (Na;t) = (—1,1) x (—1,1) x (=2,2). For any (¢,p,nz,ny) € Na,

. 1
[f(t. .1, my)| < | sign(t — 0.5)] +[(1.5]1 = ny[5 — 1) H(t —1)],
<14 151—n,)5 +1,
< 4.5.

fo and g are PC' (and therefore locally Lipschitz continuous) on 7, N2 = (—1,1) and Na, respectively.

Let (to, po,*0,y0) := (1,0,0,1) € Gc,o N Gr N Na. Then Theorem 4.20 is satisfied but Assumption 4.21 does not
hold. Consequently, existence of a solution is guaranteed but its uniqueness need not hold as Theorem 4.22 is not
applicable. Indeed, for each A € [0,1], z(") as defined in Example 4.11 is a regular solution of (3) on [0.5,1.5] x {0}
through {(1,0,0,1)} in Ns (i.e., & = 0.5).

Remark 4.26. Non-uniqueness of z', as outlined in Example 4.8, on [0, 1] x {—0.5} through {(0.5,—0.5,—0.5,0.5)}
is a consequence of loss of regularity at ¢t = 0.5. Non-uniqueness of z(!), as outlined in Example 4.11, on [—0.5,2] x {0}
through {(0,0,0,1)} is a consequence of the right-hand side function f.

4.8. Continuation of Solutions

Extended existence of solutions of (2) is detailed here. Analogous ODE system results can be found for the
classical case (see Chapter 1, Section 3 in [59] and Chapter 1, Section 4 in [54]) and the Carathéodory ODE system
case (see Chapter 2, Section 1 in [54] and Chapter 1, Section 1 in [53]).

Definition 4.27. Given a (regular) solution z of (2) on T x {pg} through {(¢o, po,X0,¥0)} in N, a mapping z is
called a (regular) continuation of z on J in N if Z is a (regular) solution of (2) on J x {pg} through {(¢o, Po,x0,y0)}
in N, J C mN is a strict superset of T, and z(¢,po) = z(¢,po) for all t € T'.

By virtue of regularity, solutions can be extended.

Theorem 4.28. Let Assumptions 4.2 and 4.17 hold and ¢;,t, € mN such that ¢; < t,,. Suppose that there exists a
regular solution z of (2) on [t;,¢,] X {po} through {(¢o, Po,X0,y0)} in N for some (¢o, po,X0,y0) € N. Then there
exist o > 0 and a regular continuation z of z on [t; — a, t, + o] in N.

Proof. Define the following sets:
A= {(ta vax(tvPO)) 1t e [tlatu]} C ’/Tt,p,:nNa
Q= {(ta vax(t7p0)aY(t7p0)) ite [tlatu]} CN.

The set € is compact since t — (¢, po, X(t, Po), ¥(t, Po)) is a continuous mapping on [t;, t,]. Note that 7,0g(t, p,10z,1y)
is of maximal rank for all (¢,p,n.,n,) € Q by regularity and g(2) = {0,,} by consistency. Each point in A is the
projection of a unique point in 2 by Lemma 3.8.

Theorem 3.6 implies the existence of §, p > 0 and a mapping

r:Bs(A) Cmp N — R

that is Lipschitz continuous on Bs(A) such that, for all (¢,p,n,) € Bs(A), (¢, p, N, r(t, P,Mz)) is the unique vector
in B,(Q2) C N satisfying 0,,, = g(t, p, 0z, r(t, p,n.)) and m40g(t, P, Nz, My) is of maximal rank for all (t,p,n.,n,) €
B, (). Then y(t,po) = r(t, po,x(t,po)) for all t € [t;, t,].

Define the following mappings:

q: B5(A) — ’/TP,%Z}N : (t7p’nﬂ?) = (poanm’r(tvpanx))v

z , 0

f:Bs(A) = R : (t, p,ng) — fed ,
s(4) (t:p.1s) L@qumdﬂ
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and note that
{(t,a(t,p,n2)) : (t,p,m:) € Bs(A)} C B,(Q) C N. (12)

Let ¢co := (po,Xo) and consider the following ODE system:

u(t) = f(t, u(t)),

u(to) = Cop. (13)

It follows from the Carathéodory existence conditions of f on N and (12) that, for each (¢,p,n:) € Bs(A),

1E(t, P2 || = £t P, M2, T (8, P, 12)) || < me(t).

For each t € mBs(A) \ Zg = (t; — 6, ¢y + 9) \ Z¢, the mapping

f On Np+ng
f(t7 ; .) - |:f(t) ] rIEty K )):| : ﬂ-p’z(Bé.(A),t) C ’n—paIN — R P+

is continuous on its domain by continuity of r on Bs(A), (12), and continuity of the mapping f(¢, -, -, ) on 7, 4 (N;t) D

Tp.ay(Bp(Q);t) for each t € m N \ Z¢ D (t; — 6,t, +6) \ Z¢. For each (p,n.) € mp »Bs(A), the mapping

= 0
f(-,p,n.) = "p s (Bs(A); (p,mg)) C mN — Retne
(2 p:1a) [f(up,nx,r(up,nx))} m(Bs(A); (prme)) © e

is measurable on 7, (Bs(A); (P, M) by Lemma 4.19 since the set m(Bs(A); (p,7ns)) is open (and therefore measurable)
by Lemma 2.2, the mapping ¢ — (p, Nz, r(t, p,N:)) is continuous (and thus measurable) on m(Bs(A); (p,n.)), and f
satisfies the Carathéodory existence conditions on

N> BP(Q) o {(tapanxvr(tvpvnm)) ite ,’Tt(B(;(A); (P,ﬂz))}

by assumption.
Therefore, f satisfies the Carathéodory existence conditions on Bs(A), which is open by construction and con-
nected since it is path connected. Equation (13) admits the solution

. Np XNy pO
u: [ty t,] = R"X" {x(t,po)] ’

such that {(t,u(t)) : t € [t;,t,]} C Bs(A) C mypoN. By virtue of Theorem 1.3 in Chapter 2, Section 1 [54], there
exists @ > 0 and absolutely continuous mapping u : [t; — o, t, + o] — R™*"= which is a continuation of u on
[ti — a,ty + @] in N:

t
(1) = co +/ B(s,Ti(s))ds, Vit € [t — by + 0,
to
and {(t,u(t)):t € [ti — o, ty + @]} C Bs(A) C 1y p o N. Define the mappings

(p,X) : [t — a,ty +a] x {po} — R™ ™ (¢, p) > u(t),
y:lti—atuta] x{po} = R™ : (t,p) = r(t,p(t, p),X(t, P))-
By inspection, p(t,p) = pg for all (¢,p) € [t; — o, t, + @] X {po} and the mapping X(-, pg) is absolutely continuous

on [t; — a,t, + @] and satisfies

t
i(ta PO) = fO(p()) + / f(Sa p03§(87 pO)vr(Sap(hi(Sa pO)))dS7 vVt € [tl - Ot,tu + a]'
to

From

{(t,po,X(t,po)) :t € [ti —a,ty, +a]} ={(t,u(t)) : t € [ti — o, tu + ]} C Bs(A) C 7wy p N,
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it follows that

{(tvp()ai(tap())vy(ta pO)) e [tl —a,ty + O[]} = {(taq(tvp()vi(t?pO))) S [tl —a,ty + a}}a
C BP(Q)a
C N.

Since m40g(t, P, N, 1My) is of maximal rank for all (¢,p,n.,1my) € B,(2),

{(t,po,X(t, o), y(t,po)) : t € [t; — v,y + ]} C GR.

Lemma 2.5 implies that y(-, po) is an absolutely continuous mapping on [t; — «, t,, + «]. Furthermore,

O”y = g(tvp07§(t7p0)7r(t7p07§(ta Po))) = g(t, pmi(t,po),?(hpo)), vt € [tl — o,y + a]'

Then, by maximal rankness of m40g(t, p,02,1my) for all (t,p,n.,my) € B,(Q), (X,¥) is a regular solution of (2) on
[ti — a, ty +a] X {po} through {(to, Po,X0,¥0)} in N. By continuation, u(¢, pg) = u(t, po) for all ¢ € [t;,t,]. It follows
that x(t, po) = X(t, po) for all ¢ € [t;,t,]. Moreover,

y(t,po) = r(t,po, x(t,Po)) = r(t, Po,X(t, Po)) = y(t,Po), V€ [ti,tu].

Therefore, since [t; — a,t, + a] C mN is a strict superset of [t;,t,], Z = (X,y) is a regular continuation of z on
[ti —a,ty, +a] x {po} in N. O

Regular solutions can be continued to a maximal regular continuation, proved using Zorn’s Lemma along the
lines of Section 1.7 in [60].

Definition 4.29. Let z be a (regular) solution of (2) on T x {po} through {(to, Po,X0,¥0)} in N and zna.x be a
(regular) continuation of z on Tyyax in N which has no (regular) continuation for any superset of Ty,ax contained in
mN. The mapping Zmax is called a mazimal (regular) continuation of z and Tyax is called a mazimal horizon of
(regqular) existence of z in N.

Theorem 4.30. Let Assumptions 4.2 and 4.17 hold and ¢;,t, € 7N such that t; < ,,. Suppose that there exists a
regular solution z of (2) on [t;,t,] X {po} through {(¢o, Po,X0,y0)} in N for some (¢g, Po,X0,y0) € N. Then there
exist t;, € RU{—o0} and ty € RU {+oo} satisfying ¢, < t; < t,, < ty and a maximal regular continuation zy.x of
z on (tg,ty) in N.

Proof. Define the set of augmented graphs of regular continuations of z as follows:
Cext == {{(t,P0,Z(t, o)) : t € T} : Z is a regular continuation of z on 7 in N}, (14)

which is nonempty by Theorem 4.28. Define the generalized inequality < as follows: for any &, ¥ € T'eyy, @ <X U if
and only if ® C W. Let Q1,5, Q3 € Text. Reflexivity and antisymmetry are trivially satisfied. Suppose that 0 < €5
and Qy <X Q3. Then Q; C Qs C Q3, implying transitivity is satisfied since 2y < €23. Hence, < is a partial order on
Fext-

Let I'% := {Qq) : i € A} be any nonempty totally ordered subset of I'cy, where A is an index set (possibly
uncountable). For each i € A, let T(;) := mQ;). For each i € A and each (¢,p) € T(;) X {pPo}, Tay(Qiy;t) is a
singleton by construction of I'ey. For each i € A, let

z¢y : Ty X {Po} = Ty N,

denote the function which maps (t,p) € T(;) x {po} to the single element of 7, ,(2;);t). Then z;) is a regular
continuation of z on T(;) D [t;, t,] in N by definition of I'eyx¢. Since I'; is a totally ordered set, comparability implies
that either

Qi) = {(t,po, 2 (t,Po)) : t € T} C {(t, Po, 2 (t,P0)) i t € Ty} = Qi
or
Q) = {(t,Po, Z(x)(t, P0)) : t € T(x)} C {(t,Po,2()(t, Po)) 1 t € Ty} = Q)
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holds for each k,j € A. Then for any j € A,

{(t. Po,z(j) (. o)) : t € Ty} € (J{(t Po. 2(s) (. Po)) 1 1 € Tiy} = | Qqiy =2 Qu € T
€A €A

*

By construction, Q;y C €2, for all i € A, from which it follows that €2, is an upper bound on I'},;. By Zorn’s Lemma
(Lemma 2.12), Tyt contains maximal elements. Let Q,.x be one such maximal element. Let Tyax := Tt Qmax and

Zmax * Tmax X {PO} — ﬂ-w,yN

denote the function which maps (t,p) € Tmax X {Po} to the single element of 7, ,(Qmax;t). Then, by construction
of Text, Zmax is @ maximal regular continuation of z on T, in N.

It is claimed that Ti,.x is open. If not then suppose, without loss of generality, that it includes its right endpoint:
Tinax = (t«,t*] for some ¢, < t* satisfying t.,t* € m:N. Then (t*, po, Zmax(t*, Po)) € Gc NGr NN and Theorem 4.20
may be applied to assert the existence of & > 0 and a regular solution z* of (2) on [t* — a,t* + a] x {po} through
{(t*, Po, Xmax (t*, P0), Ymax (t*, Po)) } in N. Concatenate zy,.x and z* to construct a new solution; let

Zmax(t, D), ift € (ti,t¥],

T * .
z': (te, " + af X — e qN : (t,p) —
( Ix{po} v (t.p) {z*(t,p), ift e (t*,t* + al.

It follows that z' is a regular continuation of Zyayx on (t,t* + a] in N, contradicting the fact that z,,x is a maximal
regular continuation of z in N. Therefore, it must be that Tyax =: (t,ty) is open.
O

Remark 4.31. Elements of the set of augmented graphs eyt defined in (14) need not be comparable under the
partial ordering outlined in the proof of Theorem 4.30. However, augmented graphs of any nonempty totally ordered
subset of eyt are comparable by definition.

Remark 4.32. Since uniqueness of z is not demanded in Theorem 4.28, any continuation depends on the original
solution of interest and need not be unique itself. This is also true in Theorem 4.30; both the maximal regular
continuation and maximal horizon of existence depend on the original solution and any subsequent continuations.
This can be seen in the proof of Theorem 4.30 since zmax and (t1,ty) both depend on the choice of Qyax-

Example 4.33. Consider (3) and the regular solution z* of (3) on [0.25,0.75] x {—0.5} through {(0.5,—-0.5,—0.5,0.5)}
as outlined in Example 4.6. Observe that

[0.25,0.75] x {—0.5} x z*([0.25,0.75] x {—0.5}) C Ny :=R x (—1,1) x (—1,1) x (-2,2),
and note that Assumptions 4.2 and 4.17 hold on Ny (see Example 4.25). Theorem 4.28 is applicable; the mappings

(—t,1+1), ifte[-0.5,0],

2 . [-0.5,1.5] x {—0.5} = R?: (¢ |
z"7 | , 1.5 x { b= (t,p) = zO(t,0), ift e (0,1.5],

(—t,1+1¢), ifte[-0.5,0],

ZM : [=0.5,1.5] x {—0.5} = R?: (t,p) —
z [ ,1.5] x { } (t,p) zM(t,0), ift € (0,1.5],

where z(®) and z(!) are outlined in Example 4.11, are regular continuations of z* on [—0.5,1.5] in Ny (i.e., a = 0.75).
Moreover, in accordance with Theorem 4.30, the mappings

(—t,1+1), ifte (1,0

70 (19 —0.5Y = R%: (¢,p) —
Zmax ( ’ ) x { } ( ’p) Z(O)(tao)a if ¢ € (072)a

(—t.1+1), ifte(—1,0]

szr(‘ia)xx : (—17+OO) X {_05} — RQ : (t7p) = z(l)(t70)7 ift e (072]7
(0,1), ift> 2,
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are maximal regular continuations of z* in Ny with associated maximal horizons of regular existence given by
T, = (—1,2) and T = (=1, +00), respectively. Z9), has no regular continuation for any superset of T, by
loss of regularity;

lim (t,—0.5,2) (t,—0.5)) = (-1,-0.5,1,0) ¢ Gr

t——1+
and
lim (¢,—0.5,29) (t,—0.5)) = (2,-0.5,1,0) ¢ Gg.
t—2—
Similarly,
lim (t,—0.5,Z}) (t,—0.5)) = (—1,—0.5,1,0) ¢ G,
t——1+
while

lim (t,—0.5,Z{") (t,—0.5)) ¢ N.

AN
t——+o00 max

The continuations of z* in this example are illustrated in Figure 5.

2r —ZO(t,—0.5) —=2'(t,—0.5)| | 2r \_zggg,,(t, —0.5) —2*(t, —0.5) \ |
R e T §
0\/—/
-1 L L L L L L L L L L -1 L L L L L
-04 -0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 -1 -0.5 0 0.5 1 1.5 2
t t
2r |— 2 (t,—0.5) — 2" (t,—0.5)| ] 2r \-zﬁ}tgr(t, —0.5) —2"(t, —0.5) \ ]
1 e ~tminipmememtTmmmmmmm——— = 1 . 7
_______ — I X V'
0\/,_ ok
0.4 0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1 0 1 2 3 4 5 6 7 8 9 10
t t
(a) z*(t, —0.5), 29 (t,-0.5), and z()) (¢, —0.5) vs. t. (b) z*(t, —0.5), Zookx (£, —0.5), and Ziax(t, —0.5) vs. .

Figure 5: Graphs of Example 4.33; solid and dotted lines correspond to the differential and algebraic variables associated with a solution,
respectively.

4.4. Parametric Dependence of Solutions

Continuous and differentiable dependence of solutions of classical ODEs on initial values and parameters is sum-
marized in [54, 59]. For a review of pertinent results regarding continuous dependence of solutions of Carathéodory
ODEs, see Chapter 2, Section 4 in [54], or, more recently, Chapter 1, Section 1 in [53]. Theorem 4.13 establishes the
consistent initialization of (2) in a neighborhood of a parameter value, given regularity and consistency of a point.
To address existence of solutions and their behavior with respect to parameters in said neighborhood, the following
continuous dependence result is provided.

Theorem 4.34. Let Assumptions 4.1, 4.2, and 4.17 hold. Let ¢t; € R such that t; > ¢, and [to,tf] C mN.
Suppose that there exists a unique regular solution of (2) on [to,t¢] x {po} through {(to,po,*0,y0)} in N for
some (to, Po,Xo0,Yyo0) € N. Then there exist a neighborhood N(pg) C 7, N of py, Qo C Gco N Gr NN containing
(to, Po, X0,¥0), and a regular solution z of (2) on [tg,ts] X N(po) through Q¢ in N. Moreover, for any € > 0 there
exists a > 0 satisfying B, (po) C N(po) such that for any t € [to, ¢/],

||Z(t7 p) - Z(t7p0)|| <€, vp S Ba(pO)a

and therefore, for each t € [to,t¢], the mapping z; = z(t,-) is continuous at po.
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Proof. Let z = (X,y) denote the unique regular solution of (2) on [to,tf] X {po} through {(to, po,x0,y0)} in N.
Following the proof of Theorem 4.28 with ¢; and ¢, replaced by ¢y and t¢, respectively, define the following mappings:

q: st(A) - Wp,z,yN : (t?pan$) = (p7n$ar(t7p7nw))7

i 0
£: Bs(A) = R™™™ : (1, p,m,) o '
s(A) (t, p,n2) |:f(t7(](t7pa"7x)):|

It can be shown that f satisfies the Carathéodory existence conditions on the open and connected set Bs(A). The
absolutely continuous mapping

Po
te |
|:X(t7 pO):|
is the unique solution of the ODE system

u(t,c) = f(t,u(t,c)), ae. te€ to,ts],

u(tp,c) = c, (15)

at ¢ := (po,Xo). By Theorem 4.2 in Chapter 2, Section 4 [54], there exist £ > 0 and a mapping u : [to,tf] X
Be(po,xo) — R™*"= such that Be(po,Xo) C 7px(Bs(A);to) C mp N since (po,xo) € mp N and for each ¢ €
Be(po,%0), u(-, c) is an absolutely continuous mapping which satisfies

¢
u(t,c)=c+ [ f(s,u(s,c))ds, VtE€ [to,ts],
to

and
{(t,u(t,c)) : (t,c) € [to,tf] X Be(po,%x0)} C Bs(A) C 7 paN.

By local Lipschitz continuity of fj, there exists kg, > 0 such that

Ifo(p) — xoll < kg, [lp — Poll, VP € Bo.se(po) C mpN C Dy (16)
Letting 3 := 0.5¢/(kg, + 1), it follows that Bg(po) C Bo.75¢(po) and

(P, fo(p)) — (Po;x0) || < [P = Poll + [[fo(P) — xol],
< Q(kffﬂ) + kg, lp = poll,
<&, Vp € Bs(po).

Therefore, {(p,fo(p)) : P € Bs(Po)} C Be(po,Xo). Let

(p.x) : [to, ] x Bg(po) = R"™ : (t,p) = u(t, (p. fo(p)))-

By inspection, p(t,p) = p for all (¢,p) € [to,ts] X Bg(po) and for each p € Bg(po), the mapping x(-, p) is absolutely
continuous and satisfies

x(t,p) = fo(p) + / £(s, p.x(5, D), 25, . x(5, p)))ds,  VE € [fo,t].

to
Define the mapping
y : [to, tg] X Ba(po) = R"™ : (¢, p) = r(t, p, x(t, p))-

Since y(t,p) = r(t, p(t, p),x(¢,p)) for all (¢,p) € [to,tf] X Bg(po), Lemma 2.5 implies that y(-, p) is an absolutely
continuous mapping on [to,t¢] for each p € Bz(py). Furthermore,

Ony = g(tv | o X(ta p)7 I‘(t, | o X(ta p))),
= g(t7 P, X(ta p)? y(tv p))7 V(t, p) € [to, tf] X B/B(pO)v
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and recall m,0g(t, P, Nz, Ny) is of maximal rank for all (¢,p,n.,ny) € B,(2). Hence,

{(t,p,X(t, p)aY(t7p)) : (tvp) € [t()vtf] X Bﬁ(po)} C BP(Q) C GR mN,

and (x,y) is a regular solution of (2) on [tg,ts] X Bg(po) through

Qo = {(t;P.Nw,my) : t = to, P € Bs(Po), N = fo(p),my = r(to, P, fo(P))} C GcoNGrRNN

in N. The first conclusion of the theorem holds with N(po) := Bs(po)-
Choose any € > 0. By virtue of Theorem 4.2 in Chapter 2, Section 4 [54], there exists £* € (0,¢] such that for

any t € [to,ty],
€

[u(t, €) —u(t, co)|| < Ve € Be-(po, Xo),

2(1+ ky)’
where ¢g := (po,Xo). Let o* :=0.5¢*/(kg, + 1). Then Bgy-(pg) C 30,755* (po) C 30,755(p0) and
g* *
S — (Po, < ——+k - <&, Vp € By .
(P, fo(P)) — (Po, %0)l e 7 1) £ [P — Poll < ¢ P (Po)

Hence, {(p,fo(p)) : P € Ba+(Po)} C Be-(po,Xo) and it follows that, for any t € [to,t¢],

1x(t, p) = x(t, po)ll < [[(P,x(¢, P)) = (Po, x(Z, Po)) |,
= [[u(t, (P, fo(p))) — u(t, (o, x0))ll;

€

Syt k)

Then for any ¢ € [to, ],

. % €
I~ poll < as= min { ", 5}

implies that

12(t, p) — 2(t, po)|| < [Ix(t, p) — x(¢, o)l + ly (£, ) — ¥ (£, Po)l,
= [x(t,p) — x(t, po) || + l[r(t, p, (¢, p)) — r(t, o, x(t, Po))l,
< [[x(t, p) — x(t, po)ll + kx (/P — Pol| + [[x(t, p) — x(t, Po)l]),
= (L4 ko)l[x(t, p) = x(t, po) | + k[P — poll,
< €.

Behavior of DAE solutions along a fixed parameter value is characterized as follows.

Proposition 4.35. Let the conditions of Theorem 4.34 hold and z be a corresponding regular solution of (2) on
[to,tf] X N(po) through Qp in N. Then for any € > 0 there exists a > 0 such that for any ¢* € [to,¢] and any

p € N(po),
llz(t,p) — z(t",p)l| <€, V¥t Bu(t") N [to,ty].

Proof. This result is shown along the lines of the proof of Lemma 2 in Chapter 1, Section 1 [53]: define the mapping

t
¢ [to,tr] > Ry ot »—)/ me(s)ds,
to

which is absolutely continuous (and therefore uniformly continuous) on [to,ts] since m¢ is Lebesgue integrable on
[to,tf]. By the proof of Theorem 4.34, {(¢,p,x(t,p)) : (t,p) € [to,tf] X N(po)} C Bs(A) and y(t,p) = r(t, p,x(t,p))
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for all (t,p) € [to,tf] X N(po), where r is a Lipschitz continuous function on Bs(A), with Lipschitz constant k. > 0.
For any p € N(po) and any closed interval [t1,t2] C [to, ],

|z(t2, p) — z(t1, P)|l
< Ix(t2, p) — x(t1, )|l + lly(t2, p) — ¥ (t1, P,

:‘ 2f(87p7X(8,p)yr(s7p7X(s7p)))ds
< / 165, . x(5, D), £, P, X(5, D))l ds + ke | (t2: s X(t2, B)) — (£1, D, x(t1, D))

t1

+ ||I‘(t2, P, X(t27 p)) - r(th P, x(th p))||7
t1

t2 t2
< / I£(s, P, x(5, P), 25, B, x(5, p))) | ds + ke (tg . / ||f<s,p,x<s,p>,r<s,p,x<s,p>»ds) 7
t t

1 tz 1

< (14 k) me(s)ds + ke (ta — t1),

= (14 Ee)(p(t2) = @(t1)) + k(2 — t1).

By uniform continuity of ¢, for any € > 0 there exists a* > 0 such that for any t* € [to,t¢],

[0(t) = ()] < g gye Y€ Bar () N lto, ],

SR
Hence, for any t* € [tg,ts] and any p € N(po),

It p) — 2(t°, )| < (1+ Ke)l(t) — o) | + elt — '] < €, ¥t € Ba(t*) 1 [to, ],
where a := min{a*, 0.5¢/(1 + ky)}. O

Solutions inherit uniqueness and Lipschitzian dependence in parameters under an additional Carathéodory-style
uniqueness assumption.

Theorem 4.36. Let Assumptions 4.1, 4.2, 4.17, and 4.21 hold. Let ¢; € R such that ¢t; > t¢ and [to,tf] C
mN. Suppose that there exists a regular solution of (2) on [ty,tf] x {po} through {(¢9, Po,%0,y0)} in N for some
(to, Po,X0,Y0) € N. Then there exist a neighborhood N(pg) C mN of pg, o C Gco N Gr N N containing
(to, Po,X0,¥0), and a unique regular solution z of (2) on [to,tf] X N(po) through Qq in N. Moreover, for each
t € [to,ts], the mapping z, = z(t, -) is Lipschitz continuous on a neighborhood of pg, with a Lipschitz constant that
is independent of ¢.

Proof. Let z denote the regular solution of (2) on [to,ts] X {po} through {(¢o, Po,X0,¥0)} in N. By Theorem 4.22,
z is a unique regular solution of (2) on [tg,tf] X {po} through {(t0, Po,%0,¥y0)} in N. By Theorem 4.34, there exist
a neighborhood N (pg) C m,N of pg, Qo C Gcoo NGr NN containing (to, Po, X0, Yo), and a regular solution z of (2)
on [to,tf] X N(po) through Qy in N. Another application of Theorem 4.22 yields that z is a unique regular solution
of (2) on [tg,tf] x N(po) through Qg in N.

It is possible to show that x; is Lipschitz continuous on N(pg) similarly as in the proof of Theorem 4.1 in [19]:
for any t € [to,ts] and any p1,p2 € N(po),

fo(p1) + / £(s, x(s, p1), x(5,%(5, p1)))ds — fo(p2) — / £(s, x(s, p2), 25, ¥ (5, p2)))ds

to tO

[x(t, p1) — x(t, p2)l| =

9

=< HfO(Pl)—fo(m)HJr/t ke(s)(1+ ke )[[x(s, p1) — x(s, p2) s,

< lfaton) ~fopa) o ([ Cke(s)(1 + ke)ds).

to
< ke kx|P1 — P2l
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where kx := exp((1 + k;) f:ﬂf ke(s)ds) by the version of Gronwall’s Inequality outlined in [61], and kg, > 0 is a
Lipschitz constant for fy on N(pg) as outlined in (16). Then, for any ¢ € [to,tf],

||y(t7p1) - y(ta p2)|| = ||I'(t,p1,X(t,p1)) - I‘(t, p27x(t7p2)>Ha
kell(p1,x(t, P1)) — (P2, %(t, P2))|;
Ky

<
< ke(1+ kg kx)lP1 — P2ll,  VP1, P2 € N(po).

Hence, for any t € [to,tf], [|z(t, p1) — z(t, P2)|| < max{kg, kx, ke (1 + kg, kx) }HP1 — p2f| for any p1,p2 € N(po). U

Example 4.37. Consider the following semi-explicit DAEs with explicit parametric dependence:

x(t,p) = 0.5sign(1 — ¢) max{0, p}y(t, p),
0=z, p)| + [y(t,p)| — 1, (17)
x(0,p) = arctan(p).

The right-hand side functions are given by

f:RYSR: (t,p, Mz, my) — 0.5sign(1 — t) max{0, p}ny,

g :RY = R (t,p,00,my) v [0a] + |0yl =1,
fo:R =R :p— arctan(p),

fois C* on R, g is PC! on R?*, and f satisfies Assumptions 4.17 and 4.21 on N := R*.
Let [to,ty] :=[0,2] and (po, Zo,¥o0) := (0,0,1). The mapping

z=(T,9): [to,tg] x {po} = R*: (t,p) = (0,1)

is a unique solution of (17) on [tg,ts] x {po} through {(t, po, zo,yo)} in N. This solution is regular as

m0g(t,p, Z(t,p), y(t.p)) = {1}, V(¢ p) € [to, tr] X {po}

since y(t,p) > 0 for all (t,p) € [to,tf] x {po}. By Theorem 4.36, there exist a neighborhood N(py) C mpN of
Po, 0 C Goo N Gr N N, and a unique regular solution of (17) on [tg,ts] x N(po) through €y in N. Indeed, let
N(pp) :=(—0.5,0.5) and 8 :(0,0.5) — (0,1) : p — (arctan(p) — 1) exp(—0.5p) + 1, then

(arctan(p) — 1) exp(—0.5pt) + 1

I (1 — arctan(p)) exp(—0.5pt)

(B(p) — 1) exp(0.5p(t — 1)) +1
(1 — B(p)) exp(0.5p(t — 1))
arctan(p) ]

1+ arctan(p)

, if (t,p) €0,1) x (0,0.5),

z = (z,y) : [to,tf] X N(po) — R? : (t,p) , if (¢,p) € [1,2] x (0,0.5),

if (,p) € 0,2] x (=0.5,0],

is a unique regular solution of (17) on [to,t¢] X N(po) through

Qg := {(tapa nxany) :t=0,pe (*0'570'5)77& = arCtaH(P)aﬁy =1- |arctan(p)|}

in N. Moreover, for each ¢ € [to,ty], the mapping z; = z(t,-) is indeed Lipschitz continuous on a neighborhood of
po (with a Lipschitz constant independent of ¢) since z is PC' on [t,ts] X N(pg) and therefore locally Lipschitz
continuous on [tg,tf] x N(po). See Figure 6 for an illustration.

5. Discussion

Existence, uniqueness, and parametric dependence of solutions of nonsmooth DAEs have been analyzed using
generalized derivatives. For these efforts, an extended implicit function theorem has been developed for locally
Lipschitz continuous algebraic equations. A Carathéodory ODE system, which is equivalent to the Carathéodory
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Figure 6: Graphs of Example 4.37.

DAE system of interest on an open and connected set, is formulated using this extended implicit function theorem.
The right-hand side function of said equivalent Carathéodory ODE system is shown to inherit the Carathéodory-style
conditions. In doing so, the theoretical groundwork has been laid for future theoretical (e.g., sensitivity analysis [48])
and numerical investigations. Consistent initialization and local existence of solutions have been ascertained in terms
of consistency and regularity of the DAFE system at initialization. Given a regular solution on a finite horizon and
at one parameter value, a regular solution is immediately furnished on a neighborhood of said parameter value and
the solution’s parametric dependence has been shown to be continuous or Lipschitzian. Directions for future work
include extensions of the above work to DAEs with discontinuities with respect to the independent variable appearing
in the algebraic equations and “high-index” nonsmooth DAE systems.
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