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Abstract

Separation processes are used extensively in the chemical process industries and by far
the most common of these is distillation. Although several alternative strategies have
been developed, distillation will likely remain dominant particularly for the large-
scale separation of non-ideal liquid mixtures. A topic of particular interest in recent
years has been heterogeneous azeotropic distillation or heteroazeotropic distillation.
This technique is commonly employed to separate azeotropic mixtures by introducing
a heterogeneous entrainer that causes liquid-liquid phase separation. Although the
design and simulation of heteroazeotropic systems is far more complicated than its
homogeneous counterpart, heteroazeotropic distillation is often preferred due to the
ease of recovery of the entrainer and the crossing of distillation boundaries due to the
liquid-liquid phase split in the decanter.

The topic of this thesis is the analysis of heteroazeotropic systems. Specifically,
an algorithm has been developed which, under reasonable assumptions, will compute
all homogeneous and heterogeneous azeotropes present in a multicomponent mixture
predicted by the phase equilibrium model employed. The approach is independent of
both the particular representation of the nonideality of the mixture and the topol-
ogy of the liquid-liquid region. Furthermore, the approach can be readily extended
to handle any number of liquid and/or solid phases in equilibrium. Moreover, the
heteroazeotrope finding algorithm can be extended to explore the phase equilibrium
structure of a multicomponent mixture under system and/or property model param-
eter variation, including the detection of incipient homogeneous and heterogeneous
azeotopes and the determination of the bifurcation values of the parameters where
they appear, disappear, or switch between each other. The ability to predict the in-
cipient homogeneous and heterogeneous azeotropes that may appear under different
conditions or property parameter values can be incorporated into design algorithms
to expand the number of alternative designs. Furthermore, the ability to systemati-
cally and efficiently explore the phase equilibrium structure is a valuable tool when
fitting property model parameters, allowing the experimentalist to rapidly explore
the capabilities and limitations of the phase equilibirum model.

The techniques mentioned above are useful when analyzing heteroazetropic sys-



tems for design purposes. The second product of this thesis improves the efficiency of
the actual simulation of the heteroazeotropic system (or any system for that matter).
Specifically, a new class of automatic differentiation methods, known as ‘subgraph
reduction methods’, have been developed that offer substantial improvement over ex-
isting techniques both in the increase in speed of the derivative evaluation and the
reduction in memory required to store and evaluate the Jacobian matrix of a sparse
system of equations. Furthermore, a variant of the subgraph reduction approach
has been custom-tailored for use within an interpretive simulator architecture that
dramatically increases speed and reduces memory requirements compared to other
techniques commonly employed in this environment.

Thesis Supervisor: Paul I. Barton
Title: Assistant Professor of Chemical Engineering
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Chapter 1

Heteroazeotropic Distillation

This thesis is divided into three parts. The first part, Analysis of Heteroazeotropic
Systems (chapters one through four), presents topics associated with the analysis
of heteroazeotropic systems. In particular, a new homotopy continuation based ap-
proach for the computation of the heteroazeotropes present in a multicomponent
mixture and the efficient analysis of changes in phase equilibrium structure under
system and/or property model parameter variation is discussed. The second part,
Computational Differentiation (chapters five through eight), presents topics associ-
ated with the simulation of heteroazeotropic systems, in particular, the generation of
analytical derivatives. This thesis concludes with a chapter describing a technique for
the optimization of problems exhibiting multiple local optima, based on the combined

application of computational differentiation and homotopy continuation.

1.1 Overview

Separation processes are used extensively in the chemical process industries. Virtu-
ally every chemical process involves the separation of products from byproducts and
unreacted raw materials, the recovery of solvent from waste streams, and possibly
the purification of feed stocks prior to processing. By far the most common of these
processes is distillation, and although many new technologies are being developed,

distillation is likely to remain dominant, especially for the large-scale separation of

20



thermodynamically nonideal liquid mixtures. This argument in convincingly pre-
sented by Fair [40].

Azeotropy is the condition where a vapor and liquid in equilibrium have the same
composition. Azeotropes are characterized by extrema in the equilibrium surfaces of
the mixture. Figure 1-1 contains a schematic of a Try-diagram for a binary mixture

exhibiting a maximum boiling azeotrope. As will be shown later in this chapter, the

A

|
0 X1Az 1

Figure 1-1: Schematic of a binary mixture exhibiting a maximum boiling azeotrope.

presence of azeotropes effectively divides the composition space into different regions
characterized by the separations possible with distillation.

A topic of particular interest in recent years has been heterogeneous azeotropic
distillation or heteroazeotropic distillation. This technique is commonly employed to
separate azeotropic mixtures by introducing a heterogeneous entrainer that causes
liquid-liquid phase separation. Heteroazeotropy is the condition where the tempera-
ture, pressure, and overall liquid composition of a mixture of two or more immiscible
liquid phases is equal to that of the equilibrium vapor phase. Heteroazeotropy is
characterized by strong positive deviations from Raoult’s law and occurs when the
azeotropic point on the vapor-liquid equilibrium surface intersects the multiple lig-

uid region. Figure 1-2 contains a schematic of a Try-diagram for a binary mixture

21



exhibiting a heteroazeotrope. Heteroazeotropic distillation is often preferred over the

A A

T

TAZ_ o

|
0 xl,Az 1

Figure 1-2: Schematic of a binary mixture exhibiting a heteroazeotrope.

more traditional homogeneous distillation due the ease of recovery of the entrainer
and the crossing of distillation boundaries due to the liquid-liquid phase split in the
decanter (see Figure 1-5). Although heteroazeotropic systems are primarily studied
with regard to methods for separating azeotropic mixtures, these systems are also
important from the viewpoint of separation system integration [3] within a chemical
plant where various process streams may form heterogeneous liquid mixtures when
combined, and also from the viewpoint of design and simulation of heterogeneous
reactive distillation systems.

This chapter discusses some of the key issues associated with the analysis, design,

and simulation of heteroazeotropic systems.

1.1.1 Computation of Homogeneous and Heterogeneous

Azeotropes

Obviously an important task when analyzing homogeneous and heterogeneous azeo-

tropic systems is the a priori determination of the homogeneous and heterogeneous

22



azeotropes present in the mixture of interest. Several approaches have been developed
in the past for the computation of homogeneous azeotropes. A few of them are
discussed below.

Teja and Rowlinson [111] developed an algorithm based on corresponding states
and an equation of state to compute the binary azeotropes present in a mixture. Given

a binary mixture, the following equations are satisfied at the azeotropic conditions:

A'(V) =AY V) = 0 (1.1)
A(zy) — Al(zy) = 0 (1.2)
A 4 20 AV (1) — VVAY (V) — Al — 2y Al(zy) + VIAY(V) = 0, (1.3)

where A” and A' are the Helmholtz free energy of the vapor and liquid phases, re-
spectively, V, V?, and V' are the total molar volume, the vapor molar volume, and
the liquid molar volume, respectively, and (xq,23) is the composition of the liquid
and vapor phase, equal at the azeotrope. The authors use Powell’s method [90] to
minimize the sum of the squares of the right-hand-side of equations (1.1)-(1.3) with
respect to the partial molar volumes of each phase, V” and V', and composition,
1y = 2y = 2. At constant temperature and volume, the azeotrope corresponds to a
global minimum of the Helmholtz free energy of the mixture, which is not guaranteed
using a local search strategy such as Powell’s method. Therefore, solutions obtained
will have to be checked for stability (see following section).

Wang and Whiting extended the work of Teja and Rowlinson to multicompo-
nent mixtures [116]. The authors compute azeotropes at constant pressure (or tem-
perature) using a nested iteration. The outer iteration adjusts the composition by

performing a secant update with the following system of equations,

m(@y@):o i=1,....n (1.4)

where gEf and qgﬁ are the mixture fugacity coefficients of the vapor and liquid phases,

respectively, for an n component mixture. The inner iteration adjusts temperature
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(or pressure) by performing a secant update with the following equation,
A" — Al =PV -V, (1.5)

Equation (1.5) is simply an expression for the equality of the Gibbs energy between the
vapor and liquid phases. This approach has been applied successfully to several binary
and one ternary mixture. Like the approach of Teja and Rowlinson, the solutions
obtained satisfy only the necessary conditions for azeotropy and must be checked for
stability. Although the approach can be applied to multicomponent mixtures, there
are no guarantees that all azeotropes, if any, will be computed.

An approach developed by Fidkowski et al.[45] computes the homogeneous azeotropes
present in a multicomponent mixture using homotopy continuation. Higher dimen-
sional azeotropes are obtained through a series of bifurcations from lower dimensional
homotopy branches. This approach provides the basis for an algorithm developed in
this thesis for the computation of heteroazeotropes and is thus described in more de-
tail in the following chapter. Fidkowski et al. conjecture that all azeotropes present
in a multicomponent mixture will be computed but present no proof. A detailed anal-
ysis in this thesis provides conditions under which all azeotropes will be computed
using this method. Implementation improvements also result from this analysis.

A second approach guaranteeing the computation of all homogeneous azeotropes
has been developed by Harding et al. [55]. The authors enclose all solutions to the
necessary conditions for azeotropy using global optimization. The use of convex un-
derestimators within a branch and bound framework partitions the search space into
rectangles of decreasing size containing the solutions. In this work, the vapor phase
is treated as an ideal gas and the liquid phase nonideality is modeled with activ-
ity coefficients computed through the NRTL, UNIQUAC, and UNIFAC equations.
These activity coefficient models satisfy the convexity requirements of the global op-
timization algorithm employed. By employing the aBB-method [2], this method
can in principle be extended to any twice continuously differentiable model for phase

equilibrium. As with Fidkowski’s method, this approach only computes solutions
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satisfying the necessary conditions for azeotropy, which must be checked for stability.

Less attention has been given to the more difficult heterogeneous case. One ap-
proach has been developed by Chapman and Goodwin [22]. In this work, the authors
use the Levenberg-Marquardt method to find multiple solutions to the necessary con-
ditions for azeotropy. Solutions are then checked for stability using the Gibbs tangent
plane analysis (see following section). Unstable solutions are used as starting points
for a new search to find the heteroazeotropes. There are several problems with this
approach. First, the solution procedure used to find homogeneous azeotropes does
not guarantee any, let alone all, solutions will be obtained. Second, an unstable
homogeneous solution corresponding to an actual heteroazeotrope does not neces-
sarily exist in the physical composition region (i.e., the regular simplex defined by
{feeR | > x;=1landax; >0 i=1,...,n}). In this thesis, it is shown that
homogeneous azeotropes corresponding to heteroazeotropes (referred to as spurious
homogeneous azeotropes) will exist and very often lie outside the physical region, and
are thus of little use to the algorithm described above.

Another approach has recently been briefly described by Harding et al.[54] for
the computation of heteroazeotropes. This approach is very similar to the global
optimization approach described above.

A new approach has been developed in this thesis for the computation of the ho-
mogeneous and heterogeneous azeotropes present in a multicomponent mixture. The
approach is independent of the liquid-liquid region topology and phase equilibrium
model. Furthermore, this approach is capable of predicting incipient homogeneous
and heterogeneous azeotropes and computing the bifurcation values of system and/or
property model parameters at which they appear, disappear, or switch between each
other.

All of the approaches described above find solutions satisfying the necessary con-
ditions for homogeneous and heterogeneous azeotropy. The necessary and sufficient
conditions as well as several phase stability tests are described in the following sec-
tion. Once the homogeneous and heterogeneous azeotropes have been computed, the

set can be tested for topological consistency [124, 45]. As will be shown later in this
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chapter, the pure components and homogeneous and heterogeneous azeotropes are
the fixed-points of a certain dynamical system. Furthermore, the compositions on
the trajectories associated with these dynamical systems are confined to lie within
the compact physical composition region. Consequently, the fixed-points of an n
component mixture are subject to the Poincaré-Hopf Theorem and their indices must

satisfy the following constraint,
- =(-1)" 41 (1.6)
k=1

where [[" and I, are the number of fixed-points with & nonzero mole fraction ele-
ments that have indices +1 and -1, respectively. If the set of computed homogeneous
and heterogeneous azeotropes do not satisfy this constraint, then either one or more
solutions were not computed or one or more additional spurious solutions were com-

puted.

1.1.2 Phase Stability Analysis

Necessary conditions for a nonreacting mixture of n components and 7 phases to be

in equilibrium are

TIZTZZ _ g
P*=pP? = = P", and
Wi =t = = i=1...,n

where uf denotes the chemical potential of species ¢ in phase j. For a mixture satis-
fying the conditions above to be a stable equilibrium state, at constant temperature
and pressure, the Gibbs free energy of the mixture must be at a global minimum.
Determining solutions satisfying the necessary conditions is equivalent to finding a
tangent plane to the Gibbs energy of mixing surface of the mixture. Sufficient con-
ditions correspond to finding a supporting hyperplane, that is, a tangent hyperplane
that lies completely below the Gibbs energy surface (see Figure 1-3). This equiv-
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Figure 1-3: Schematic of hyperplanes to the Gibbs energy of mixing surface for a
binary mixture with overall composition z.

alence between a global minimum of the Gibbs free energy of the mixture and the
tangent plane criteria was presented by Baker et al. [8] and an algorithm for phase
stability testing based on this criteria was subsequently developed by Michelsen [77].

Michelsen derives a tangent plane distance function,
F(z) = Z%(Mz(@ — i), (1.7)
=1

which is equal to the vertical distance from the supporting hyperplane at composition
x°, (where p? = p;(x°)), to the Gibbs energy surface. Hence, a mixture at conditions

(x°,T, P) is unstable if for any x,
F(z) <0. (1.8)

At such a point, the tangent plane lies above the Gibbs energy surface. It is shown
in [77] that F'(x) will be non-negative for all x in the physical composition space if it

is non-negative at all stationary points in the physical composition space. Stationary
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points of (1.7) are defined by the following n equations:

am)_<am) _(m)+(8_m> =0 i=1,....n—1
<3xi o ), 9 dzn ) (1.9)

Z?:l T; — 1= 0,

where m(x) = AgM/RT is the Gibbs free energy of mixing (scaled by RT') and the
subscript o denotes the quantity is evaluated at the test composition £°. The number
of stationary points indicates the potential number of phases the liquid will split into
and provide a good initial guess to the composition of each of the resulting phases.

It is important that any phase stability test distinguish an absolutely stable state
from a metastable or unstable state. Metastable states are effectively unstable from
the viewpoint of heteroazeotropic distillation. The tangent plane criteria correctly
classifies metastability as being unstable.

Several phase stability tests have been developed in the past that attempt to
solve equation system (1.9) for all stationary points and then check to make sure non-
negativity of F'(x) is satisfied at all solutions. Unless the test is capable of computing,
with certainty, all stationary points or at least the stationary point corresponding to
the global minimum of (1.7), stability cannot be guaranteed. Of course, only one
stationary point satisfying F'(z) < 0 is required to correctly conclude the phase is
unstable (with respect to the phase equilibrium model assumed to formulate F'(x)).
Solution procedures based on sophisticated initialization strategies and homotopy
continuation have been developed to make the solution procedure robust, however,
only few have been developed that can guarantee either all stationary points or the one
corresponding to the minimum value for F'(x) will be obtained. One such approach,
developed by McDonald and Floudas [76], applies to a certain class of models used to
compute the Gibbs free energy and computes the global minimum value for F'(x) using
global optimization. Obviously, if F'(x) > 0 at the global minimum, the test phase is
stable. Another approach, developed by Stadtherr et al. [105], computes all stationary
points using interval Newton/generalized bisection techniques. This approach applies

to any model used to compute the Gibbs energy. If F(x) is non-negative at every
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stationary point then it is non-negative everywhere within the physical composition
space and the test phase is stable. Both McDonald’s and Stadtherr’s approaches
guarantee correct determination of the stability of the phase, however, they are very
computationally costly.

When the nonideality in multiple phases is represented with the same model, one
possible solution to the phase equilibrium problem is the trivial solution. At the trivial
solution, the composition, temperature, and pressure in all phases (associated with
the same model) are equal. For the vapor-liquid-liquid equilibrium (VLLE) problem
or the liquid-liquid equilibrium (LLE) problem, the trivial solution is the correct
solution outside the liquid-liquid region and incorrect within the liquid-liquid region.
Unfortunately, this trivial solution has a large region of convergence and unless a phase
stability test is employed, there is no way to determine if it is the correct solution.
Pham and Doherty [86] developed an algorithm for a limited class of mixtures that
provides conditions whether or not the trivial solution should be rejected or not. The
algorithm applies to liquids that may potentially split into at most fwo immiscible
liquid phases and have liquid-liquid binodals characterized by either an upper critical
solution temperature (UCST) or a lower critical solution temperature (LCST). For
the UCST case, the algorithm is based on finding a maximum temperature, 71}, for
which a given liquid of composition x° and at pressure P will split into two stable
liquid phases. This temperature is used during a phase equilibrium calculation to
determine if a VLE calculation or a VLLE calculation should be performed. If a
VLLE calculation is performed, the trivial solution can be confidently rejected. In
the case of mixtures exhibiting a LCST, a minimum temperature, T},;,, is computed
and a similar procedure is applied. The disadvantage with this approach, aside from
being applicable to a limited class of problems!, is that the test simply indicates
whether or not the trivial solution should be rejected but not how to obtain the
actual solution. Furthermore, due to the possibility of multiple nontrivial liquid-

liquid solutions, stability is not guaranteed.

!The class of problems may be limited, but many liquid mixtures, particularly those of industrial
importance, fall into this category.
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1.1.3 Residue Curve Maps and Distillation Lines

As mentioned above, azeotropes limit the separation possible with distillation. The
presence of azeotropes effectively divides the composition space into regions charac-
terized by the separations possible using a single distillation column. The analysis of
these regions is very often carried out through the use of residue curve maps. Residue
curve maps have been used since the turn of the century to characterize the behav-
ior of binary distillation [101, 102]. The analysis of residue curve maps was greatly
extended in the work of Matsuyama and Nishimura [75] and Doherty and Perkins
[35, 36, 37|, including the application of the analysis to the separation of homoge-
neous mixtures. In addition, residue curve maps have been the basis for many column
sequencing algorithms [38, 87] and entrainer selection rules [34, 106].

The residue curves of an n component homogeneous mixture are defined by the

following system of n — 1 ODEs:

d.’L'Z'
dg

= x; — yi(x) i=1,...,n—1, (1.10)

where ¢ is a dimensionless “warped time” (see Appendix A for derivation of (1.10)).
According to the Gibbs phase rule, at a specified, constant pressure (or tempera-
ture), the equilibrium vapor composition, y, is uniquely defined by n — 1 liquid mole
fractions, x;. It is shown in [35] that the pure components and azeotropes are ex-
actly fixed points of the dynamical system (1.10) and can either be stable or unstable
nodes, saddle points, or non-elementary arm-chair fixed-points. Moreover, they are
subject to the topological constraints described above. The presence of azeotropes
often introduces stable and unstable separatices and the projection of these separatri-
ces onto the physical composition space defines simple distillation regions; a residue
curve starting in one simple distillation region remains in this region for all £. These
separatrices define simple distillation boundaries. It is generally assumed that the
trajectories of (1.10), the residue curves, approximate the composition profiles of an
actual distillation column at total reflux. Consequently, the simple distillation bound-

aries mentioned above are assumed to restrict the separations possible with a single
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distillation column. There are two problems with this. First, the residue curves only
approximate the column profiles at total reflux. Second, it is possible for a column
profile to cross the convex side of a curved simple distillation boundary due to the
fact that near the boundary, the vapor composition associated with the residue curve
lies in the simple distillation region adjacent to the boundary [115]. This has led
several authors in the past to report distillation ‘anomalies’. The correct tool to em-
ploy in this type of analysis are the distillation lines which are the column operating
lines at total reflux [119]. The behavior of both the residue curves and distillation
lines are identical in the immediate vicinity of the fixed-points of the system (pure
components and homogeneous and heterogeneous azeotropes) and, like the residue
curves, the distillation lines often introduce distillation-line boundaries that divide
the composition space into distinct regions. Even though the residue curve maps are
only approximations to the distillation lines and column profiles at finite reflux, they
have proven to be invaluable in the analysis of distillation and have been successfully
applied in several column sequencing and entrainer selection algorithms.

Residue curve map analysis is extended to heterogeneous systems in [74] and [88].

The residue curves of an n component heterogeneous mixture are defined by

da°
= mu) =l (L11)

where x° denotes the overall liquid composition (see Appendix A for derivation of
(1.11)). For a heterogeneous mixture with n; liquid phases in equilibrium, there
are ny additional liquid compositions and n; — 1 phase fractions embedded in the
equilibrium calculation used to compute y. The heteroazeotropes are fixed points of
(1.11), which like the homogeneous case, are restricted to stable and unstable nodes
and saddles. Non-elementary arm-chair fixed points are found in systems exhibiting
positive and negative deviations from Raoult’s Law. Since heteroazeotropy is charac-
terized by strong positive deviations from Raoult’s Law over a range of composition,
the non-elementary fixed-points are not likely to be found in heterogeneous mixtures.

Furthermore, it is shown in [74] that the presence of multiple liquid phases further
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restricts the number of different types of fixed points of (1.11) to n —ny + 1. The
residue curves of a heterogeneous mixture are smooth and continuous as they move
through the boundary of the heterogeneous liquid boiling surface, at which point
(1.10) correctly describes their behavior. The crossing of the heterogeneous residue
curve into the homogeneous liquid region is illustrated in the schematic in Figure

1-4. Figure 1-5 contains a schematic of a two column distillation sequence used to

vapor line

heterogeneous
[~ liquid boiling
surface

projection of
\ heterogeneous
\ liquid boiling surface
\
projection
of vapor line

projection of \

residue curve L.
continuity at boundary

of heterogeneous liquid
boiling surface

Figure 1-4: Schematic of a heterogeneous Txy-diagram showing the residue curve
moving into the homogeneous liquid region.

separate components A and B (which form a binary homogneous azeotrope) using
C as a heterogeneous entrainer. The addition of C causes a liquid-liquid phase split
and introduces an additional binary BC homogenous azeotrope, a binary AC hetero-
geneous azeotrope, and a ternary heterogeneous azeotrope. This figure illustrates the
partitioning of the composition space into different regions by separatrices and the
use of the liquid-liquid phase split in the decanter to move the feed compositions into

different distillation regions. Heterogeneous residue curve maps have been employed
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Figure 1-5: Schematic of a two column distillation sequence used to separate com-
ponents A and B using C as an entrainer and the associated residue curve map. Mass
balance lines associated with the columns, decanter, and mixing, as well as distillation
boundaries are illustrated in the Gibbs composition triangle.

in the column sequencing algorithm described in [87].

1.1.4 Simulation of Heteroazeotropic Distillation Columns

The discussion above presents topics that are important when analyzing hetero-
azeotropic systems for design purposes. Once the preliminary designs for a distillation
system have been developed (e.g., entrainer selection, column sequencing, etc.) the
next step is to simulate the process. Several approaches have been developed for the
steady-state and dynamic simulation of heteroazeotropic distillation systems, some of
which are discussed below. Heteroazeotropic distillation is far more complicated than
its homogeneous counterpart. Often, the liquid-liquid phase is not restricted to the
decanter and can appear on as much as seventy percent of the trays. The appearace
of a second liquid phase on the trays results in singularities and multiple solutions
in the model [120]. Furthermore, a large temperature gradient is associated with the
movement of the liquid-liquid front within the column. Heteroazeotropic columns are
also characterized by multiple steady-states and extreme parametric sensitivity. Like

a homogeneous azeotropic column, a heterogeneous tower exhibits a maximum reflux
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ratio, above which separation deteriorates.

Steady-state Simulation

The steady-state simulation of heteroazeotropic columns has been studied extensively
in the past [15, 96, 44, 62, 109, 7, 17, 18, 19].

An algorithm employing homotopy continuation has been developed by Kovach
and Seider [62] for the steady-state simulation of a three phase distillation tower and
associated phase separator. This approach uses homotopy continuation to avoid limit
points when multiple liquid phases appear on some of the trays and to compute the
liquid-liquid phase equilibrium. This approach uses homotopy continuation to avoid
the trivial solution (improving the robustness of the LLE calculation), however, it
does not employ a proper phase stability test and thus correct column profiles cannot
be guaranteed.

Another algorithm for the steady-state simulation of heteroazeotropic towers has
been developed by Cairns and Furzer [17, 18, 19]. The authors employ the modified
Naphthali-Sandholm approach of Furzer [46] to express the MESH (material balance,
equilibrium, summation of mole fractions, and heat balance) equations and solve them
using Newton’s method. A phase stability test is employed each time the activity
coefficients are computed to ensure the phase is stable, however, the authors do not
employ an implementation that guarantees correct results (e.g., the two approaches
described in the phase stability section above). Consequently, very little can be said

on the correctness of the column profiles.

Dynamic Simulation

Several approaches have been developed for the dynamic simulation of heteroazeotropic
distillation columns [93, 122, 121]. In contrast to the steady-state models above which
simply contain the MESH equations, the dynamic models of heteroazeotropic columns
must be very detailed (e.g. including tray hydraulics, geometry, etc.) in order to ac-
curately predict the dynamic behavior under various conditions such as the response

to process disturbances.
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Rovaglio and Doherty [93] developed a dynamic model for a heteroazeotropic distil-
lation column and examined the effect of disturbances in a column used to dehydrate
ethanol using benzene as an entrainer. The model predictions are consistent with
previous work in that these columns exhibit multiple steady-states, complex behav-
ior, extreme parametric sensitivity and that the liquid-liquid region is not confined
to the decanter and can be found on as much as sixty percent of the trays. Further-
more, they show that small perturbations in pressure can lead to separation failure
over the course of a 24-hour period. Rather than performing a phase stability test
at each time step and on every tray, the authors fit a spline to the boundary of the
heterogeneous liquid boiling surface in order to check whether or not the overall liquid
composition lies inside or outside the liquid-liquid region. As shown in [121], the loca-
tion of the liquid-liquid region within the column is sensitive to small perturbations.
Furthermore, sharp temperature gradients are associated with the movement of the
liquid-liquid region through the column. Consequently, accurate determination of the
point at which a second liquid phase appears or disappears is crucial for accurately
predicting the column dynamics. Although the approach based on the spline fit of
the heterogeneous liquid boiling surface boundary is a very rapid way of checking
whether or not the overall liquid composition is stable, a better approach may be to
use the spline to determine if the overall liquid composition is ‘near’ the liquid-liquid
boundary (based on the interpolation error of the spline) and if it is, use a more
robust, but computationally expensive, phase stability test to accurately locate the
point at which liquid-liquid phase splitting occurs.

In [122], Wong et al.solve a dynamic model using a semi-implicit Runge-Kutta
integrator to simulate a tower to dehydrate ethanol using benzene as an entrainer. At
each time step, a phase stability test is performed on every tray to determine stability.
The authors employ the phase stability algorithm based on the tangent plane criteria,
but do not describe how they compute all stationary points or the global minimum of
the tangent plane distance function. Judging from the computational times reported,
they are probably not using a method such as that of McDonald or Stadtherr and,

thus, stability cannot be guaranteed.
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A similar approach is described in [121]. Here, the authors solve a dynamic model
using DASSL [16], a differential-algebraic equation (DAE) integrator based on the
backwards differentiation formula (BDF) method. After each successful time step
and on every tray, a phase stability test is employed. The authors address the prob-
lem of accurately detecting the real bifurcation occurring at the point where a second
liquid phase appears or disappears and develop a branch switching algorithm to cor-
rectly reinitialize the system on the correct branch, thereby avoiding the problem of
converging to the trivial solution outside the heterogeneous liquid region. The au-
thors employ the phase stability test of Michelsen as implemented in the UNIFLASH
program [78, 79]. Unfortunately, this algorithm does not guarantee stability, leaving

the computed column profiles in question.

1.2 Challenges

Although the topic of heteroazeotropic distillation has been studied by many re-
searchers in the past, there are still several issues that remain to be addressed. First,
there are limited tools available for the systematic analysis of heteroazeotropic sys-
tems. Robust and efficient procedures are required for the computation of all homo-
geneous and heterogeneous azeotropes present in a multicomponent mixture. These
tools should be independent of the model used to represent the nonideality of the
system and should be capable of dealing with complex liquid-liquid topologies, as
well as systems containing three or more liquid phases in equilibrium. Furthermore,
operation of a heteroazeotropic column is very sensitive to perturbations in process
parameters, leading to complex dynamics and multiple steady-states. Greater under-
standing of the phase equilibrium structure will improve interpretation of simulation
results as well as improve the understanding of how the column should be operated.

Several models and algorithms have been developed for both steady-state and
dynamic simulation of heteroazeotropic columns. None of the approaches described
apply a phase stability test that guarantees stability. However, the phase stability

tests employed are far better than not performing any test at all (i.e., assuming if
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a solution to the VLLE model can be found then the overall liquid composition is
unstable and if no solution can be found the liquid is stable). These approaches are
fast (relative to the approaches of McDonald or Stadtherr) and provide satisfactory
results, particularly if the system is well understood (e.g., number of possible phases
that can form and which components they are rich in), however, conclusions based
on the results of such simulations should bear in mind the results may be incorrect.

A better approach would be to employ a hybrid phase stability test such as that
described above. With the developement of appropriate tools, the liquid-liquid region
can be rapidly determined a priori and enclosed within a collection of convex sets.
During the simulation, the location of the temperature, pressure, and overall liquid
composition relative to these sets can be used as a basis for deciding whether or not
a robust phase stability test should be performed.

The remainder of this part of the thesis addresses the first deficiency described
above. Chapter 2 describes a new approach for the computation of homogeneous and
heterogeneous azeotropes present in a multicomponent mixture. Theoretical analysis
is performed, resulting in conditions under which all homogeneous and heterogeneous
azeotropes will be computed as well as several algorithmic improvements. The fol-
lowing chapter describes how this approach can be extended to compute efficiently
changes in phase equilibrium structure under system and/or property model param-
eter variation, including the bifurcation values of the parameters where homogeneous
and heterogeneous azeotropes appear, disappear, and switch between each other. This
part of the thesis is concluded with a chapter containing several numerical examples

illustrating the approaches developed in chapters 2 and 3.
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Chapter 2

Computation of Heteroazeotropes

2.1 Introduction

Azeotropes and heteroazeotropes of an n component system satisfy the following

system of nonlinear equations:

r—y = 0 (2.1)
feq(x,y, T,P) = 0 (2.2)
iyi—1 = 0 (2.3)
- zy > 0 (2.4)
T,P > 0 (2.5)

where z € R" is the liquid composition, y € R" is the vapor composition, and f,
is some equilibrium relationship between the liquid and the vapor. If the system
is heterogeneous (two or more liquid phases in equilibrium), z is the overall liquid
composition and there are Ny additional liquid compositions and Ny — 1 liquid phase
fractions embedded within the equilibrium relationship, where Ny is the number of
distinct liquid phases present. It should be noted that the equations above are a
necessary but not sufficient condition for azeotropy. As described in the previous

chapter, the solution to equations (2.1)-(2.5) corresponds to a tangent hyperplane to
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the Gibbs energy of mixing surface at a temperature 7" and pressure P where the
liquid composition is equal to the vapor composition (overall liquid composition in
the heterogeneous case). The sufficient condition for stability is that the composition,
temperature, and pressure minimize the Gibbs free energy of the mixture or equiva-
lently, the tangent hyperplane supports the entire Gibbs free energy surface. Figures
2-1 and 2-2 contain schematics of the supporting hyperplanes to the Gibbs free energy
surface for a binary homogeneous azeotrope and a binary heterogeneous azeotrope,

respectively. Solutions satisfying the necessary conditions must be further examined

Composition

£

Gibbs Free Energy

Gy

Figure 2-1: Schematic of supporting hyperplane to the Gibbs free energy surface for
a binary homogeneous azeotrope.

to determine if they are stable using a phase stability test such as those described in
the previous chapter [77, 76, 105].

This chapter describes a systematic approach developed in this thesis for com-
puting the homogeneous and heterogeneous azeotropes present in a multicomponent
mixture containing any number of liquid phases in equilibrium and with any liquid-
liquid region topology. For example, liquid-liquid binodals exhibiting an upper crit-
ical solution temperature (UCST), or a lower critical solution temperature (LCST),
or both an UCST and a LCST, disjoint liquid-liquid regions, etc. The approach is
an extension of a method developed by Fidkowski et al. [45] for the computation

of homogeneous azeotropes. Other approaches for the computation of homogeneous
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Figure 2-2: Schematic of supporting hyperplane to the Gibbs free energy surface for
a binary heterogeneous azeotrope.

and heterogeneous azeotropes are reviewed in the previous chapter. Our approach has
the advantage of being able to compute efficiently changes in the phase equilibrium
structure under system and/or property model parameter variation including the ca-
pability of detecting incipient homogeneous azeotropes and heterogeneous azeotropes
that may exist under different conditions. This extension of the algorithm is discussed
in detail in chapter 3 of this thesis.

The first section of this chapter describes Fidkowski’s approach followed by some
previously unreported analysis of the method. The following section describes our
extension for the computation of heteroazeotropes. This section also includes an
analysis of our approach. The effectiveness of the method is illustrated through
several numerical examples contained in chapter 4. In the remainder of this part of
the thesis, azeotropes will refer to homogeneous azeotropes and heteroazeotropes will,
obviously, refer to heterogeneous azeotropes. The homogeneous qualifier will only be

used where necessary to avoid confusion.
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2.2 Computation of Homogeneous Azeotropes

Fidkowski’s approach for computing homogeneous azeotropes is based on solving the
necessary conditions for azeotropy using homotopy continuation. The homotopy map

is given by
hi(z, \) = Mz — yi(2)) + (1 = N (2 — yi(z)) i=1,...,n—1 (2.6)

where x € R" is the liquid composition, y*¢ € R is the vapor composition in equilib-
rium with the liquid computed using Raoult’s Law, y € R" is the vapor in equilibrium
with the liquid computed using some nonideal vapor-liquid equilibrium model, and
A € R is the homotopy parameter. The summation of mole fraction constraint is han-
dled implicitly by removing x,,, y,, and yfld. At a given pressure, system (2.6) isn—1
equations in terms of n unknowns (n — 1 independent mole fractions and \). By set-
ting this underdetermined system equal to zero, a homotopy path is defined that can
be tracked numerically using standard continuation methods [4, 117, 95]. At A = 0,
the homotopy map reduces to h(x,0) = 2 —y'¥(x) = 0 and since Raoult’s Law cannot
predict azeotropy, there are precisely n solutions to this system of equations, the pure
components. Provided the pure component boiling temperatures are distinct at the
specified pressure, these n solutions correspond to n pure component branches. If the
pure component boiling temperatures are not distinct, then more than n branches
may exist at A = 0. This is discussed in detail in chapter 3. The basic idea of the
approach is to start with A initialized to zero and x initialized to each of the pure
components and track these n paths to A = 1 where the homotopy map reduces to
h(z,1) = x — y(x) = 0, the necessary conditions for azeotropy. Along some of these
pure component branches bifurcation points appear that correspond to intersections
with binary branches (branches with two nonzero mole fraction elements). These
binary branches result in points satisfying the necessary conditions for azeotropy for
a binary mixture at A = 1. Similarly, along some of the binary branches, bifurca-
tion points are identified that correspond to intersections with ternary branches from

which solutions satisfying the necessary conditions for azeotropy of ternary mixtures
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are obtained at A = 1. In general, k-ary azeotropes are obtained from branches that
bifurcate off (k—1)-ary branches. Figure 2-3 contains a bifurcation diagram (7" versus
A) for the acetone, chloroform, methanol, ethanol, and benzene system at a pressure
of one bar. The six binary azeotropes, two ternary azeotropes, and one quarternary
azeotrope present in the mixture are computed.

Temperature versus homotopy parameter for the ACMEB system. P=1.0bar
355 T T T T T T T T T

350 ~ b

345} NS B

=~ ~|EB

Temperature (Kelvin)
w
B
o
T
Il

—-{CA

— = _ .| CAE
335 e b

= - - —|CE

T~ Tt -l MB
~ - - CMA
330 =L ~ "< CMAB

= AM

T~ |CM

325 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Homotopy parameter
Figure 2-3: Bifurcation diagram for the acetone, chloroform, methanol, ethanol, and

benzene system at one bar.

Although the bifurcation points correspond to intersections between branches of
different dimension, the term intersection point will refer to a specific intersection

discussed in section 2.4.
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2.2.1 Analysis

The homogeneous homotopy map, equation (2.6), can be expressed in the following

alternative form:

*

x—y
yi — [NK1+ (1 = A\)Pf/P)ay
F(x,y*,T,\) = : (2.7)
vt — [\K, + (1= \)P?/P]x,

2y =1

where y* € R" is the perturbed vapor composition and the term K; = AK; + (1 —
A)P? /P is a pseudo K-value. In this form, the summation of mole fraction constraint
is handled explicitly. The perturbed vapor composition can be removed from (2.7)

using the first n equations:

21 (1= [AKy + (1= AP/ P])

F(a,T,\) = : . (2.8)
(1= [NK, + (1= M) P2/ P))

Z?:l ri—1

Setting system (2.8) to zero defines a l-manifold in (x, T, A)-space. Alternatively,
temperature can be fixed in which case setting (2.8) to zero defines a 1-manifold in
(x, P, A\)-space. This curve will be referred to as a homogeneous homotopy path or
branch or as simply a homogeneous branch. The Jacobian matrix of (2.8) can be

expressed as:

a1 —Az1 Ky 1 —Ax1 K12 A1 K1,n —z151 —z1¢1
—“Az2Ko1 az—AxaKoa o - —Az2 K2 —x2f2 —x202
V(2 T\\)= : : - : : : (2.9)
Az, Kp 1 Az Kp 2 o an=AnKnn —ZnfBn  —Tndn
1 1 1 0 0
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where

aj = 1—[AK;+(1-\P/P]=1-Kj, (2.10)
0K (1—M\)dP?
;= — 2.11
b A ( orT > P + P 4T’ ( )
z,y
ps
¢; = K; —%, and (2.12)
oK;
Ki,j - ( > y (213)
al‘]’ z; i1y, T, P
for 7,7 = 1,...,n and the subscript z;[;] denotes all mole fraction elements are held

constant except x;.

Without loss of generality, a k-ary branch of an n component mixture satisfies the

following

= 0 Vj=k+1,...,n, and

£ 0 Vj=k+1,...,n

Do
—_
ot

Do
—_
D

Constraints (2.14) and (2.17) may be simultaneously violated at isolated points along

the homotopy branch. As shown below, there violations are of particular interest. Let

¢(€) € F~1(0) denote a homotopy branch where ¢ is some suitable parameterization

(e.g., arclength) and suppose we are currently on a k-ary branch. On &(§) the following

holds:

«

j=0forall j=1,... k.
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Thus,

“Ar1Kip A Kie o - SAnKy gy 0 SAniKy, —xifr —xid
Az K1 —Azp Ko o =AmpKppqp1r o Ao Kk —TRBr —Thok
V@)= o 0 e o o o | 218
0 0 0 Qo 0 0
1 1 1 1 0 0

The following lemma provides useful information for identifying bifurcation points
and is used in the discussion of when all azeotropes will be computed, presented later

in this section.

Lemma 1 A necessary condition for a transcritical bifurcation from a k-ary branch

onto a (k + 1)-ary branch at a point () is

a;(&) =0 for some j e {k+1,... n} (2.19)

A necessary condition for a transcritical bifurcation from a (k + 1)-ary branch to

a k-ary branch at a point ¢(&) is

z;(&) =0 for some j € {1,... k+1}. (2.20)

Condition (2.20) becomes necessary and sufficient for the bifurcation from a (k +

1)-ary branch onto a k-ary branch by adding the following:

1. dxj/d§‘§:£~ £0,

2. rank VF(§) = N — 1 where N =n+ 1, and

3. 8F/8xj‘£:£~ eER (VU]F(ED where Vi denotes partial derivatives with respect

to all variables except x;.

45



Proof.  See Appendix B.
The bifurcation points on the pure component branches can be identified a priori

without any branch tracking. First, define the following quantity:

1 PyTY)/P
9T K(enen Ty P) — PI)/P
1 PY(I})/P

- R (i #J) (2.21)

where T/ is the boiling point of pure component 7 at pressure P and

1 P
—— | wvar
RT /P J

(7; is the fugacity coefficient for species j in a mixture and v§ is the fugacity of
saturated pure j). At low to moderate pressure, the quantity 175 is approximately
equal to the infinite dilution activity coefficient, 77 in a binary mixture of ¢ and j.
There will be a bifurcation point on the pure component ¢ branch corresponding to a
binary branch of components ¢ and j if 0 < \;; < 1. Actually, the bifurcation point
will exist regardless of the value of A; ; provided ¢75 # 1. However, as explained later
in this section, it is branches associated with bifurcation points between A = 0 and
A = 1 that lead to solutions satisfying the necessary conditions for azeotropy at A = 1.
Assume that component 2 forms an azeotrope with component 1 and this is not an
isolated azeotrope. An isolated azeotrope is an azeotrope with the zy-diagram shown
in Figure 2-4. According to Fidkowski [45], although isolated azeotropes cannot be
ruled out on thermodynamic grounds, there are no known physical examples of them
and it is extremely unlikely they even exist. The authors cite only one known case
of multiple azeotropy, formed in a mixture of benzene and hexaflourobenzene. In
this mixture both azeotropes are computed with this method: a minimum boiling
binary azeotrope bifurcates from the lower boiling species’ homotopy branch and
the maximum boiling azeotrope bifurcates from the higher boiling species’ homotopy

branch. When computing homogeneous azeotropes, we are interested in bifurcations
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Y1

0

0 X1 1

Figure 2-4: Binary mixture exhibiting an isolated azeotrope and a pair of azeotropes

(at another pressure) that bifurcate from the isolated azeotrope.

in 0 < A < 1. Criteria (2.21) will be satisfied if

P;(T;) - BT
0<1— 2P1 < (1=17%) 2P1
or
BT R(TY)
Thus,
P;(Ty) . P(TY)
2P1 > 1 and ¥75 2P1 <1
or
Pi(T}) . BTy
2P1 <1 and wm% > 1.

(2.22)

(2.23)

(2.24)

(2.25)

Now, if a binary azeotrope actually exists, it can be readily seen from the zy-plot

that if the azeotrope is minimum boiling,

B (T7)
P

Pr(T3)

wZ,l P

> 1 and ¥7%

> 1,
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or if the azeotrope is maximum boiling,

Pr(T3)
P

Ps TS
<1and m% <1, (2.27)

Y3

provided the azeotrope is not isolated. Finally, if the azeotrope is maximum boiling
and component 1 is less volatile than component 2 (i.e., 77 > Ty) then Py (77)/P > 1
and the bifurcation point will appear on the pure component 1 branch (the higher
boiling component). If, however, the azeotrope is minimum boiling (and component
1 is still less volatile than component 2) then the bifurcation appears on the pure
component 2 branch. Thus, for the binary case, if the azeotrope actually exists, the
bifurcation point will appear at some 0 < A < 1 and a minimum boiling azeotrope
will be obtained through a bifurcation on the lower boiling component branch and a
maximum boiling azeotrope will be obtained through a bifurcation on the higher boil-
ing component branch (assuming the phase equilibrium model employed accurately
represents the physical behavior). Unfortunately, the exact values for the bifurcation
A’s cannot be predicted a priori for k& > 1 since oy = a(¢(§)) and ¢(§) is not known
a priori.

The exact condition under which a bifurcation point occurs is important because
it allows for a more aggressive stepsize strategy to be used during the numerical
continuation. If the bifurcation points were identified by monitoring the sign of the
determinant of the Jacobian matrix, there is a possibility of jumping over multiple
bifurcation points in which case it would possible to miss an even number of them due
to a cancellation of sign changes or incorrectly conclude there is only one when there
may be an odd number of them greater than one. By using the explicit necessary con-
ditions for the existence of a bifurcation point, it is possible to use more sophisticated
approaches for detecting them, thereby increasing the efficiency and robustness of the
algorithm. This is described in the implementation section later in this chapter.

The remainder of this section discusses under what conditions all homogeneous
azeotropes will be computed using the homotopy method. First, a brief outline of

the proof is given. A bounded region, S, will be constructed in (z, T, A)-space. If an
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azeotrope exists, it will be located on a side of S and the homogeneous path through
this azeotrope will move into S. If zero is a regular value (i.e., VF has full rank n+1)
inside this region, it will be shown that, except under extremely pathological cases,
the homogeneous path will leave & at a bifurcation point associated with a lower
dimensional homogeneous branch. Once on this lower dimensional branch, the same
reasoning above is applied. This process is continued until a pure component branch
is obtained and the computation of the original azeotrope is guaranteed. The section
concludes with a discussion of the conditions under which zero will be a regular value
in this region.

The bounded, connected set mentioned above is defined as follows:
S = C X [Trins Trnaz) x (0,1] (2.28)
where
C={zeR" | 0<x;<1, j=1,...,n, and > x; =1} (2.29)

is the physical composition space and 0 < T},.;, < ez The bounds on the temper-
ature, 1},;, and T,,,, are based on the fact that R'j is a convex combination of two
smooth functions, K; and P} /P in §. Suppose an n-ary azeotrope exists. Denote
this point on the homotopy path as &(€) = (x(€), T(£),1) € S. Assuming that dz/d¢
is not tangent to the level set C X [Trin, Trnaz] X {1} at £ (this exception will be dis-
cussed later), ¢(£) will point into S (defining the positive £ direction as the direction
of decreasing \ at €). If zero is a regular value of F in the interior of S (i.e., VF
has maximal rank n + 1 along &(§) € int(S)) then after finite &, ¢(§) will leave S.
Obviously, zero will not be a regular value of F' on the boundary of S since this is
where bifurcations onto lower dimensional branches occur. This homotopy path will
leave S in one of two ways: through a side of & where x; = 0 for some 1 <7 < n or
turn back around and exit through the side where A = 1 (see Figure 2-5). A branch

with n > 1 cannot, in general, leave through the side where A\ = 0 since as a con-

sequence of Raoult’s Law, the pure components are the only solutions at this point.
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It is possible, however, for the homotopy branch to leave & at A = 0. This special
case, discussed in detail in chapter 3, occurs only at specific values of pressure and
does not present any problem for this algorithm. If ¢(&) leaves through a side of S
where x; = 0 then this point corresponds to a transcritical bifurcation point onto an
(n — 1)-ary branch provided the conditions of lemma 1 are satisfied. The case where
¢(€) leaves through the side defined by A = 1 corresponds to the case of multiple
azeotropes bifurcating from an isolated azeotrope (see Figure 2-4). As stated above,
this has never been observed experimentally. Nevertheless, the method will fail in
this case. Furthermore, the case where dé/d¢ is tangent to C X [Thnin, Tnaz] X {1} at £
corresponds to the isolated azeotrope. If the homotopy branch passes through a side
defined by x; = 0, we are able to jump onto a lower dimensional branch. The set &
is redefined for this new lower dimensional space by reducing the dimensionality of
the composition space C. If zero is a regular value of F in the interior of the new S
and the homotopy path does not leave this new S through the side defined by A =1,
we will be able to bifurcate onto a branch of even lower dimension. This reasoning is
continued until we reach a pure component branch. If we are able to do this then the
original n-ary azeotrope can be obtained through the homotopy method. The next

question to examine is under what conditions zero will be a regular value of F.

x; A x; A

J J
1 1

0

Y
Y

0 1 0 1

Figure 2-5: Two possible ways ¢(£) can leave S.

Zero will be a regular value of F' along a path ¢(¢) if the Jacobian matrix (2.18)

has rank n+ 1. To facilitate the analysis, the vapor is treated as an ideal gas and the
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Jacobian matrix is rewritten as

A Ky A Ky o0 A Ky, o —aodn
VF(E(¢)) =
_)\ajn[(n,l _)\ann,Q e _Axn[(n,n _ajnﬁn _‘Tngbn
1 1 e 1 0 0
—Ar1K191,1  —Ar1Kig12 —Ar1K191,,  —x1Kiwr —x1 K161
A Kngn1 —AenKngn,2 “AenKngnn —tnKnpwn —znKpb,
1 1 1 0 0
—11 K 0 0 Agip ot Agin wr Oy
0 1Ky . . . . .
)‘gn,l Tt )\gn,n Wn Hn
0 . | 1 ... 1 0 0
_III(I 0 -+ 0
0 —IQI(Q NG w 0
= ‘ ‘ (2.30)
. . T : €T 0 0
0 1
where
Jln~; 1—A\dnPFP/’
i = A A = 2.31
() () S 2
1
h, = 1— —, (2.32)
Yi
Oln~;
(G)ij = gij= ( n7> , and (2.33)
a‘rj x 31,1, P
el = (11...1). (2.34)

Note that G is the Hessian matrix of the excess Gibbs free energy of mixing (scaled

by RT) and thus,

1. G=G" e R™" and

o1



2. By the Gibbs-Duhem relation, the rank of G is at most n — 1.

The first term in the factored Jacobian matrix, equation (2.30), is a diagonal matrix
which is nonsingular in the interior of §. Thus, it is sufficient to look only at the

second term to examine the rank of the overall Jacobian matrix.
Theorem 1 Zero will be a reqular value of F in the interior of S if
1. rank(G) > n — 2,

2. HP < AH!™ fori =1,...,n (HF and AH™ are the excess partial molar

enthalpy and the molar heat of evaporation of component i, respectively), and
3. 210 — kw) # 0 for any constant k where x is the current composition at which
0 and w are evaluated (this constraint is only necessary if rank(G) =n — 2)
(assuming the vapor may be treated as an ideal gas).

Proof.  Zero will be a regular value of F' in the interior of S if

NG w0
rank =n+1

el 0 0
Suppose u € R(G) = R(G"). Then u =73 | ¢;g; where G =[g1 g2 -+ gn] and

g1k

9n.k
By the Gibbs-Duhem relation, 27u =Y | ¢;a’ g; = 0 since 27 g; = 0 for all i where x

is the current liquid composition on the curve . However, 27e # 0 and if HY < AH;“"

for all 7 then w > 0 in the interior of S and 27w # 0. This implies the following

AG
rank =rank(G) + 1
o7
MG w
rank = rank(G) + 2
e’ 0
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This completes the proof if rank(G) = n — 1. If condition (3) also holds,

NG w0
rank = max{rank(G) + 3,n + 1}.
e’ 0 0
Corollary 1 There will be no isolated azeotropes nor multiple azeotropes that bifur-

cate from isolated azeotropes if the rank of G is equal to n —1 and condition (2) holds

in the interior of S.

There must be a turning point in the interior of S for there to be an isolated branch
(i.e., a branch not connected to a lower dimensional branch) connecting a pair of
azeotropes that bifurcate off an isolated azeotrope (see Figure 2-4). The corollary
above excludes turning points in A in the interior of S and thus, these isolated branches
and corresponding azeotropes are not possible.

The condition for non-negativity of w is derived as follows:

0ln~; 1—A\ dlnP?
i — A A !
a0 (57) 1 ()

_ AP L L) _AE
-~ "RT? v ) RT?AZ]™

where HE is the excess partial molar enthalpy of mixing for species i, AH" is the
molar heat of evaporation for species i, and AZ;* is the change in the compressibility
factor associated with evaporation for species i (which is very close to unity at low
to moderate pressure). Since, in the interior of S, 0 < A < A+ (1 — A)/vi, w; > 0 if
HF < AH!®. This is not at all an unreasonable assumption.

The exact conditions under which the rank of G is less than n — 2 in the interior
of §, if this may occur at all, have not been determined. However, the only physically
meaningful case where the rank of G is equal n — 2 is at a non-elementary arm-chair
azeotrope (of which the isolated azeotrope is an example), which are extremely rare
and will occur only at specific values of pressure. Furthermore, arm-chair azeotropes
which are not isolated azeotropes are readily computed with this method. Within

the interior of &, the phase equilibrium is modeled using pseudo K-values which
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are convex combinations of the nonideal and ideal K-values. Thus, the “pseudo
equilibrium” is not likely to be significantly different from the actual phase equilibrium
except for the most pathological cases.

If the approach described above is applied to systems containing heteroazeotropes,
solutions are found at A = 1 that either don’t satisfy the necessary conditions for
azeotropy due to a violation of the non-negativity of the mole fractions constraint or
they satisfy the necessary conditions, but a subsequent phase stability test indicates
the liquid at the computed composition, temperature, and pressure will split into
multiple liquid phases. These spurious homogeneous solutions, discussed in detail in
the following section, correspond to actual heteroazeotropes present in the mixture.

The spurious solutions themselves do not assist in the computation of the corre-
sponding heteroazeotropes: the composition and temperature of these spurious so-
lutions, even when within their respective bounds, are significantly different from
the actual heteroazeotrope composition and temperature and there is no systematic
way to initialize the additional variables associated with the heterogeneous model.
However, sections 2.3 and 2.4 describe how two additional homotopy maps can be
constructed so that heteroazeotropes can be computed using the spurious homoge-

neous azeotropes and branches.

2.3 Spurious Homogeneous Azeotropes

In this section, the existence of spurious homogeneous azeotropes is considered. It will
be shown in the following section that the spurious azeotropes need not be computed
(only the spurious branches are required to obtain the heteroazeotropes), however,
the following analysis provides some useful insights and an alternative, very efficient
mechanism for computing certain heteroazeotropes. The existence of spurious homo-

geneous azeotropes will be analyzed by examining the following homotopy map:

hi(z,A) = Mo, —yi(x) + (L= A)(x; —yf(x)) i=1,...,n—1 (2.35)
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where z € R" is the liquid composition, y(z) € R" is the vapor composition in
equilibrium with the liquid computed using an appropriate vapor-liquid equilibrium
(VLE) model, y°(x) € R" is the vapor composition in equilibrium with the liquid
computed using an appropriate vapor-liquid-liquid equilibrium (VLLE) model (z is
the overall liquid composition in this case), and A € R is the homotopy parameter.
The equilibrium vapor composition and temperature as well as the additional liquid
compositions and phase fraction in the heterogeneous case are fully determined by
specifying x and pressure. System (2.35) is n — 1 equations in terms of n unknowns
(n — 1 independent liquid compositions and A). The summation of mole fraction
constraint was used to eliminate a mole fraction element, rather than treating the n
compositions as independent and explicitly handling the summation constraint as in
the other homotopies described in this chapter. At A = 0, the homotopy map reduces
to hi(x,0) = x;—y?(x),i=1,... ,n—1, the necessary conditions for heteroazeotropy.
At A = 1, the homotopy map reduces to hf(x,1) = x; — y;(x), i = 1,... ,n— 1, the
necessary conditions for homogeneous azeotropy. This homotopy map is related to
the residue curves of homogeneous and heterogeneous mixtures. The homogeneous

residue curves are defined by the dynamical system

d.’L'Z'
dg

= x; — yi(x) i=1,...,n—1 (2.36)

and the heterogeneous residue curves are defined by

d.’L'Z'
dg

=x; — y () i=1,...,n—1. (2.37)

The notation is slightly changed from that in chapter 1 to remain consistent in this
chapter. As stated in chapter 1, fixed-points of these dynamical systems are the pure
components, azeotropes, and heteroazeotropes and can only be stable or unstable
nodes, saddles, or non-elementary arm-chair fixed-points [35, 74]. Furthermore, it is
shown in [74] that the number of different types of fixed-points is further restricted in
the heterogeneous case by the number of components present and number of liquid

phases in equilibrium. The homotopy curve defined by h*(z,A) = 0 describes how
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the fixed-points of the following dynamical system vary with A:

dl‘i
dg

= Nz, —yi(x)) + (1 — A\)(x; — y)(x)) i=1,...,n—1. (2.38)

Figure 2-6 contains a schematic of the relationship between the fixed-points of the

three dynamical systems above.

Heterogeneous Composite Homogeneous

Ethanol Ethanol Ethanol
Locus of fixed points for 0 <4 <1

Water ,\ Benzene Water ,\ Benzene Water ,\ Benzene

A=0 O<h<1 A=1
dx o dx dx
-~ =x- =2 = A (X-yO) + (1-A)(X- =2 =x-
ac X-y dac (x-y) +(1-2)(x-y) dc y

Figure 2-6: Schematic of relationship between the fixed-points of the dynamical
systems (2.36), (2.37), and (2.38)

Suppose z° satisfies the necessary and sufficient conditions for heteroazeotropy
and T satisfies the necessary conditions for homogeneous azeotropy (and is thus, the
composition of a spurious homogeneous azeotrope). We are interested in under what
conditions a smooth path defined by h*(x,\) = 0 connects (Z°,0) and (Z,1). The

homotopy map can be expressed as:

Rz \) =2 ML= K)+ (1 - N1 —-K°)] i=1,...,n—1 (2.39)

where K is the normal VLE K-value and

1 1 1
K,lg = Sﬁ + (]. - S)F (240)

13 13

is the overall K-value for the heterogeneous system.
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The Jacobian of (2.39) is

Vh(z,\) = (ths | %ﬁ) (2.41)

(2.42)

where

0K; OK?
5., = ;i — x| A— — ! 2.43
(V") JANT Fp— [A o+ (1— ) T } : (2.43)
A, = /\(1 — Ki) + (1 — )\)(1 — Kf), and (2.44)
<88];\ > ' = —I; (R’i — Kf) . (245)

Let c(£) € (h*)7(0) denote the homotopy path where ¢ is some suitable parame-
terization. As before, define a k-ary branch, denoted by c¢;)(§), as a connected com-
ponent of (h*)~1(0) such that x; #0 for 1,... ,kand x; =0fori=k+1,... ,n— 1.
On cpy(§), A; =0 forall i =1,... k. On this path, the Jacobian can be written as

—$1K1,1 Tt —lel,kH Tt —$1K1,n71
i - K1 - K o0 —@pKe
0 ... Api .. 0
0 0 JANSERY
and
—a1 (K1 — K7)
oh® _ —r (K — K7)
O leg(©) 0
0
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where K; ; = A\K;; + (1 — A\)K?;. As with the other homotopy branches discussed in
this paper, ¢(&) exhibits transcritical bifurcation points, corresponding to intersections
between k-ary and (k4 1)-ary branches, where a mole fraction element on the (k+1)-
ary branch and the corresponding A; on the k-ary branch cross zero. (The proof
is very similar to the one shown in Appendix B for the bifurcation points on the
homogeneous branches.) This observation will be shown to be particularly useful in
the heteroazeotrope finding algorithm.

Let s(x) denote the liquid phase fraction computed through a VLLE calculation
with a fixed pressure and overall liquid composition x. Define the following set:

Q={zeR" | 2T = (71 -3 %) and 0 < s(x) < 1}.

At a specified pressure, this set is constant and does not change along the homotopy
path (it is simply the region where a liquid-liquid phase split is predicted by the
necessary conditions for vapor-liquid-liquid equilibrium). Let ¢(0) = (2°,0) € 2 x R
where ¢ satisfies the necessary and sufficient conditions for heteroazeotropy. We
are interested in under what conditions a spurious homogeneous azeotrope will exist
when a corresponding heteroazeotrope exists. Thus, we can assume ¢(§) C Q X R
for —oco < £ < 4o00. This is due to the fact that if ¢(&) leaves 2 x R at a point
é€) = (7,A), 0 < A < 1, then s(z) = 0 (or 1) and z will satisfy the necessary
conditions for azeotropy and thus, be the spurious homogeneous azeotrope we are
looking for. Sufficient conditions for the homotopy path to cross the level set Q x {1}

at a point (#,1) (where 7 is a spurious homogeneous azeotrope) are:
1. Zero is a regular value of h in (Q© — Z) x [0, 1] and
2. Multiple heteroazeotropy does not occur

where Z = {z e R* ! | 27 = (27,1 = 3.7 2,) and x; = 0 for at least one i} (this
set is removed from (2 to exclude the case of transcritical bifurcations onto other
branches when a mole fraction element crosses zero). If the first condition holds then

¢(€) will be diffeomorphic to a circle or the real line and will either cross € x {1}
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"/ heteroazeotrops s 0

0 spurious azeotropes
benzene

Figure 2-7: Homotopy paths connecting heteroazeotropes to spurious homogeneous
azeotropes for the benzene, ethanol, and water system at 1.0 bar.

or turn around before the A-component of ¢(¢) reaches unity. Condition (2) prevents
the latter from occurring.

Figure 2-7 contains a plot of the homotopy paths connecting the heteroazeotropes
to the corresponding spurious homogeneous azeotropes in the benzene, ethanol, and
water system at a pressure of one bar. In this figure, the ternary branch intersects
the binary branch where the ethanol mole fraction crosses zero. The binary het-
eroazeotrope is a saddle when the system is viewed as a three component mixture
and the corresponding spurious azeotrope is an unstable node (they are both un-
stable nodes when the system is viewed as a binary benzene-water mixture). This
difference in stability is due to the fact that a ternary homotopy branch experiences
a transcritical bifurcation through the binary branch. Suppose the two conditions
listed above hold on all homotopy paths connecting heteroazeotropes to spurious ho-
mogeneous azeotropes present in an n-component mixture!. In addition, suppose we

are currently on a k-ary branch. At any value of A\, the matrix V_h* hasn — k — 1

! Actually, condition (1) above can be relaxed: zero need only be a regular value for the homotopy
map, h*(z, A), in the set (2N C) x [0,1).
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eigenvalues equal to A;, i =k +1,... ,n — 1. A sufficient condition for the existence

of a higher dimensional branch crossing the k-ary branch is

A(A=0)-A;(A=1)<O0forsomei=~Fk+1,...,n (2.46)

(The A corresponding to the component removed using the summation of mole frac-
tions constraint must also be examined.) This observation can be exploited in the het-
eroazeotrope finding algorithm. Given a k-ary heteroazeotrope and its spurious homo-
geneous azeotrope, compare the signs of A;(A = 0) and A;(A =1) fori =k+1,... n.
If any of these quantities differ in sign then a (k + 1)-ary heteroazeotrope may exist.
In addition, we know with which additional component this new heteroazeotrope is
formed and that the spurious homogeneous azeotrope lies outside C. Furthermore,
this provides an efficient means of computing the higher dimensional heteroazeotrope.
Suppose (2.46) is satisfied for some k£ + 1 < j < n. The homotopy path is tracked
from the k-ary heteroazeotrope to determine where A;() crosses zero. A point on
the higher dimensional homotopy branch is then computed by solving the following

system of equations:

for some sufficiently small ¢ > 0. This branch is then tracked in the direction of
decreasing A to the heteroazeotrope at A = 0. Obviously, we will need to compute
binary heteroazeotropes in a different manner in order to obtain the higher dimen-
sional heteroazeotropes using the approach described above. The following section

describes another approach for the computation of the heteroazeotropes.
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2.4 Computation of Heterogeneous Azeotropes

This section describes our extension of Fidkowski’s approach for the computation of
the heteroazeotropes present in a multicomponent mixture. The description of the
approach is followed by some analysis. The case of two liquid phases in equilibrium
with vapor is discussed below. However, the approach can be readily extended to
handle any number of liquid phases in equilibrium.

The first step is to derive a heterogeneous homotopy map. Since there is no
equivalent to Raoult’s Law for vapor-liquid-liquid equilibrium, equation (2.6) cannot
be used as a starting point. However, starting with equation (2.7) the following

homotopy map can be derived:
r—y*
yi — [A\K{ + (1 = \)P{/P] «f

i — [AKL+ (1= NP3/ P) al

Arfat = Tl ] + (1= ) [of — 2]

Fo(z,y*, o o' T, 5, \) = (2.47)

A [’yfxfl — 7,{[90”] + (1= )) [xfl — a:ff]

n n

x—swl — (1 —s)al!

Z:‘L:l y; — 1
Z?:l xz[ —1

where © € R" is the overall liquid composition, y* € R" is the perturbed vapor
composition, x!, 2! € R" are the liquid compositions of liquid phases I and IT,
respectively, s is the liquid phase fraction (the fraction of the total number of moles
of liquid in liquid phase I), T is temperature, P is pressure, and A € R is the

homotopy parameter. As in the homogeneous case, the perturbed vapor composition
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can be eliminated from (2.47) using the first n equations:

x — [AKT + (1= \) P} /P] af

T — [AKL+ (1= N)P:/P] 2!
M = 2l 4 (L= 2 o] - o
Fo(w, 2ol 2T, 5, \) = : : (2.48)
A kel = flall] + (1= ) [, = ]

v —svl —(1—s)a!!

Z?:l Ti — 1
Z?:l 'rzl —1

Similar to the homogeneous case, at constant pressure setting expression (2.48) to
zero defines a 1-manifold in (x, z!, 2/, T, s, \)-space. This curve will be referred to as
a heterogeneous homotopy path or branch or simply as a heterogeneous branch. This
form of the heterogeneous homotopy map has the following property: when the liquid
phase fraction s on the heterogeneous branch crosses zero or one, a projection of the
heterogeneous branch will intersect the corresponding spurious homogeneous branch
(see Figure 2-8). As stated earlier in this chapter, a spurious homogeneous azeotrope
is a solution to the necessary conditions of azeotropy that fails a stability test or lies
outside the physical bounds of the variables (i.e., mole fractions outside the range of
zero and unity). The basic heteroazeotrope finding algorithm can be summarized in

the following steps:
1. Compute the homogeneous azeotropes using the homogeneous homotopy map,

2. Test all homogeneous azeotropes for stability (this also indicates which azeotropes

are spurious),

3. Retrace all spurious branches and search for the points of intersection with a

projection of a heterogeneous branch,

4. From the intersection points, track the heterogeneous branches to the het-
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Figure 2-8: Schematic of the intersection of spurious homogeneous branch and pro-
jection of heterogeneous branch.

eroazeotropes using the heterogeneous homotopy map, and
5. Test all heterogeneous solutions for stability.

Since only the necessary conditions are satisfied at A = 1, a phase stability test
must be performed on all solutions. The homogeneous azeotropes are easily obtained
through a series of bifurcations from some of the pure component branches. Cri-
teria (2.46) should be checked at each heteroazeotrope computed. If this condition
is satisfied, the approach described in the previous section provides an alternative,
independent means of computing the higher dimensional heteroazeotrope.

At the intersection points, the common components of the homogeneous and het-
erogeneous branches are equal. The following additional constraints are satisfied on

the heterogeneous branch (when s = 1):

Ayjzg =y + (=N (=) = 0 j=1,....n (2.49)

ol = 1 (2.50)
=1

The heterogeneous homotopy map was constructed so that it can be assumed the lig-
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uid phase fraction s crosses one. As the spurious homogeneous branches are retraced,
equations (2.49)-(2.50) are monitored to determine if a root exists in the current con-
tinuation step. A root exclusion test based on interval arithmetic [81] is employed
to make this search robust and efficient. This algorithm is described in detail in the
implementation section later in this chapter. If a root is identified in a neighborhood
of the current continuation point, a bounded Newton’s method is used to compute
the missing components associated with the heterogeneous branch (7). After com-
puting the intersection point, the heterogeneous homotopy map is used to track the

path from the intersection point to the heteroazeotrope at A = 1.

2.4.1 Analysis

There are two classes of bifurcations that are important in the heterogeneous case:
bifurcations onto higher dimensional heterogeneous branches and intersections with
spurious homogeneous branches. Both of these classes of bifurcations are analyzed in
this section. This section is concluded with a discussion of under what conditions all
heteroazeotropes will be computed using this approach.

In order to make the following Jacobian derivation and analysis clearer,
Fo(z, 2" 2" T, s, \)

is partitioned as follows:

Fo(a, o', 2" T 5, \) = Fy (2.51)
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where

(FY); = ai— [MK] +(1—=NP//P]al i=1,...,n,
(B = Allel =2l + (=N [al —al'] i=1..
Fo = x—sal —(1—s)2",
F? = in—l, and
i=1
F? = me—l.
i=1
The Jacobian matrix can then be expressed as follows
I OFp/ox! 0 oF? /0T 0 OF? JOA
0 oFg/oxT  oFg/ox’T  OFg/OT 0 OFg JOX
VE(zal !t Ts =] | —sI (s=1)I 0 oIl gl 0
el 0 0 0 0 0
0 el 0 0 0 0
where
oF? s Iyl
(833])” Y NP/ 5, — AeTKT
1’\]
OFy 187 i
= A i o — )by,
<8$I>i,j {:U m tu )%
oFy 119! AT
(8x”>.. - )‘[I O H i 00| — (1= A)diy,
1’\]
OF? B )\BK{ n (1—\)dP? o
aor ), N oT P dT
OFy 1 ale
SN P Al
<8T>i [:‘7 or ' ar
aFw s
(), = =]
oFy _ [71 Ty 11] _ [:Cz _ m”]
8)\ : ) l I
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(2.55)

(2.56)

(2.57)

(2.58)
(2.59)
(2.60)
(2.61)
(2.62)
(2.63)
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and the ¢ and 7 indices above vary from 1 to n. Similar to the homogeneous case,

define

Kl = MK/ +(1-\NP//P=1-q (2.65)
o= M+ -N), (2.66)
7t = A+ (1=, (2.67)
OK! (1—N\)dPy
/8]‘ = A (W)wyp + P aT and (268)
g P
0 = Ki—-—=. (2.69)

Intersections with other Heterogeneous Branches

Let ¢, (&) = (x(€),2"(€),2"(€),T(€),5(§), M&)) € (F§,))~'(0) denote a heteroge-
neous branch where x(¢&), 27(€), 2!(£) each have k nonzero elements. Suppose we are
currently on a k-ary branch of an n component system such that z; #0,:=1,... |k,
and x; = 0,7 =Fk+1,... ,n. Without loss of generality, suppose for some é, xk(f) = 0.

Then zL(€) = 1/ (€) = 0 and

F1y(P—1) €y (§)) = Py F (G (€01 () = 0

where P_1) is a projection matrix that removes all elements associated with x, xt,

and xj from &, and F, (i.e., element k, x), — K[xf, element 2k, 3fof — 3 }!, and
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element 3k, ), — sal — (1 — s)zl!). Furthermore,

(g—f}o> k,j = — [\Kg+ (1= NP/ P or; = —Kiidij, (2.70)
<g§€>m = [+ (1= N)] 0y = T, (2.71)
(gaizj)k,j = =P+ = N] 0y = =7 0, (2.72)
(%1;°>k =0 (2.73)
(%?)k =0 (2.74)
(aj)\f)k = 0, and (2.75)
(%f)k =0 (2.76)

This point may correspond to a transcritical bifurcation point where the k-ary branch
intersects a (k — 1)-ary branch. The first step in proving this is a transcritical point is
to show that rank VF(‘}C)(E?,C)(Q:)) = 3n+1 (i.e., rank deficient by one). When z; =0,
there are three rows in the Jacobian matrix that have entries that become identically
zero (as opposed to other entries that may happen to equal zero coincidentally), rows

k, 2k, and 3k. Removing all zero entries common to all three of these rows, we have

the following ‘reduced’ rows:

1 -K! o
0 7 =%
1 —s s-—1

If these rows are not independent then the original matrix will be rank deficient and

1 -K! 0
det | 0o AL —~H | =0. (2.77)
1 —s s—1
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Expanding the determinant above,
(s = 1) — (s = Kp)%" (2.78)

On the k-ary branch, the following holds

Kl = a/xl (2.79)
11 1
_orp—ay K —m
s = =g (2.80)
k k Mk

where n, = 21 /2. Furthermore, K7 (¢), s(€), and n;.(€) remain smooth and contin-
uous as & passes through €. In addition, rearranging equation (2.53) (with i = k)
we see that 5, = 3/, (mp # 1 if 2’ # z'!). Substituting these quantities into the

expression for the determinant, we have

_I _II I _I Ké—m _II
Tels =1) =% (s — K) = %(1—7771@_1)_%(

T—m) (s =1) =3 (s = K})) = W(K{—m—14mn) -
MWHKT — e — KT+ Kln)
= (K, - 1) —3"m(K[-1)

= kR = 1) = AR - 1)

K- .
Nk

= 0

and, thus, the original matrix is rank deficient (rank deficient by at least one by
inspection). The derivation above simply shows that the dimension of the null-space
of the Jacobian matrix is at least two. The following lemma contains necessary and
sufficient conditions for a transcritical bifurcation point onto another heterogeneous

branch.

Lemma 2 A necessary condition for a bifurcation from a (k — 1)-ary branch onto a

k-ary branch at a point 50(5) is

[S(g) - 1] %I(g) — [S(g) — K;(é) 7;”(5) =0 for some j € {k,... ,n}. (2.81)
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A necessary condition for a bifurcation from a k-ary heterogeneous branch onto a

(k — 1)-ary branch at a point ¢(€) is

z;(&) =0 for some j € {1,... k}. (2.82)

Condition (2.82) becomes necessary and sufficient for a bifurcation from a k-ary

branch onto a (k — 1)-ary branch by adding the following:

1. dxj/df‘ézgséO,
2. rank VF°(€) = N° — 1 where N° = 3n+ 2, and

3. 0F°/0x; ‘5:5 €ER (VU]F’O(@> where V) denotes partial derivatives with respect

to all variables except x;.

Proof.  See Appendix C.

Intersections with Homogeneous Branches

In this section, the subscript (k) will be dropped since we are dealing with intersections
with branches with the same number of nonzero elements in the mole fraction vectors

(which will be greater than or equal to two). Suppose for some &, e72°(€) = (&) = 1,

then 2(€) = 21(€) (in general, 27(&) # 2'1(€)) and

I OF?/0a! 0 oFe/oT 0 AF?/OA

0 OoFg/ox! 9Fg/ox!!  OFg/OT 0 OFg [OA

VFo(z2l !l Ts \)= I iy 0 0 5 S 0 . (283)
el 0 0 0 0 0
0 el 0 0 0 0

Furthermore, F?(2°(€)) and FY(2°(€)) are identical to the corresponding homogeneous
homotopy map (with the same nonzero mole fraction elements), and thus, this point
is an intersection of the projection of the heterogeneous branch onto (x, T, \)-space

and a spurious homogeneous branch. It can be readily seen that the last n 4+ 2 rows
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of (2.83) can be combined linearly to form a zero row and thus, the matrix is rank
deficient by at least one at the intersection point. We only need to treat the case
where s = 1 since the designation of liquid phases I and I[I is arbitrary. If from a
given starting point the branch crossed s = 0 then if the two liquid phase compositions
were swapped and the continuation was performed again from the original starting
point the branch would cross s = 1. The homogeneous homotopy curve, ¢(§), can be
thought of as a hypersurface in (z, 27, 211, T, s, \)-space, where 2/, 21, and s are free
to take any value. An intersection point is a point where the heterogeneous homotopy
curve, ¢°(§) intersects this hypersurface.

The remainder of this section discusses under what conditions all heteroazeotropes
will be computed. The proof is similar to the homogeneous case. A bounded region,
8¢, will be constructed in (z, 2!, 27, T, s, \)-space containing the heteroazeotrope on
the side defined by A = 0. The heterogeneous branch will move into §° and if zero is a
regular value of the heterogeneous map in this region, the branch will either leave S°¢
at a point corresponding to an intersection with a lower dimensional heterogeneous
branch (a bifurcation point as defined in this paper) or at an intersection with a
spurious homogeneous branch. If a bifurcation point is identified then the reasoning
is continued in this lower dimensional space. If an intersection point is identified then
the analysis described in the homogeneous azeotrope section is evoked.

If the heteroazeotrope exists and the Jacobian has maximal rank at this point

then a smooth path (&) will exist. Let °(§) denote the heteroazeotrope. Similar to

the homogeneous case, the following bounded, connected set can be defined:
S%=C xC xC X [Thmin, Tnaz| % [0,1] x (0,1]. (2.84)

The heteroazeotrope,

is located on the side of S° where \ = 1. If zero is a regular value of F° in the interior

of §°, the heterogeneous branch passing through é"(f) will leave S° after finite &
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(provided de°/d€ is not tangent to S° at £). Again, the positive & direction is the
direction of decreasing A\ at €. Furthermore, the heterogeneous branch will leave S°

in one of three ways:

1. ¢°(§) will turn around and leave through the side of §° where A =1,
2. (&) will leave through a side of 8° where s equals zero or unity, or

3. (&) will leave through a side of §° where z; = 0 for some 1 <i < n.

Figure 2-9 contains a diagram of the three possible cases. The branch cannot cross

s A s A
1 1

Y

0

Y

0 1

Figure 2-9: Three possible ways (&) can leave §°.

A = 0 due to the fact that there is no solution at this point for n > 1 and pure compo-
nent heterogeneous branches are physically meaningless and degenerate. For the case
where n = 1, the only solution is the trivial solution and the liquid phase fraction is
indeterminant. The first case listed above corresponds to multiple heteroazeotropy.
Although multiple heteroazeotropy is not physically possible?, there may arise sit-

uations where one of the two heteroazeotropes is not physical. In this case, the

2In the homogeneous case, multiple azeotropy occurs when there are both positive and negative
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heterogeneous branch will be isolated and the corresponding heteroazeotrope will not
be computed using our approach. This is an extremely pathological case and it is
very unlikely that it will occur. If the second case above occurs, the point at which
the heterogeneous branch leaves & will correspond to an intersection with a spuri-
ous homogeneous branch. Provided this spurious homogeneous branch is obtainable
from a pure component branch (see discussion on the computation of homogeneous
azeotropes above), the corresponding heteroazeotrope will be computed using our ap-
proach. If the third case above occurs, the point at which the heterogeneous branch
leaves & will correspond to an intersection with a lower dimensional heterogeneous
branch provided the conditions in lemma 2 are satisfied. As with the homogeneous
case, if a lower dimensional heterogeneous branch is obtained the same analysis is
applied within this lower dimensional space. If the original heterogeneous branch is
obtained through a series of bifurcations on lower dimensional heterogeneous branches
then we must eventually reach a branch that is obtainable from a pure component
branch. Appendix D contains a proof that, under reasonable assumptions, all bi-
nary heteroazeotropes will be obtained from pure component homogeneous branches.
Appendix E contains a discussion of the rank of the Jacobian of the heterogeneous
homotopy map.

Thus, there are three independent mechanisms by which heteroazeotropes may be
obtained: through intersections with spurious homogeneous branches, through bifur-
cations from lower dimensional heterogeneous branches, and, if the spurious azeotrope
lies outside C, through the approach described in section 2.3. Numerical examples
and implementation details are presented in chapter 4. In nearly every case examined,

the heteroazeotropes (k > 2) were obtained through all three mechanisms.

deviations from Raoult’s Law at various compositions. Since heteroazeotropy is associated with
strong positive deviations from Raoult’s Law an analogous situation is not likely to occur.
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2.5 Algorithm

This chapter describes and analyzes a new approach for the computation of azeotropes
and heteroazeotropes present in a multicomponent mixture. Azeotropes are obtained
through a series of bifurcations on the homotopy paths defined by (2.8). The starting
points for these homogeneous branches are (x, T, \) = (e, T;,0), k =1, ... ,n, where
e, denotes pure component k& with boiling temperature 7)’ at the specified pressure.
Heteroazeotropes are obtained using the heterogeneous homotopy map, (2.48). Start-
ing points for the heterogeneous branches are obtained by two mechanisms, through
intersections with spurious homogeneous branches and through bifurcations on lower
dimensional heterogeneous branches. As a consequence of the analysis in this chap-
ter, bifurcation and intersection points of interest for the computation of azeotropes
and heteroazeotropes will occur in the range 0 < A < 1. Heteroazeotropes are also
obtained through a third, independent mechanism described in section 2.3.

The algorithm for computing the homogeneous and heterogeneous azeotropes is
described below. The algorithm described computes the azeotropes at a fixed pres-
sure, however, computing the azeotropes at a fixed temperature is simply a matter
of replacing temperature with pressure in the description below.

Three lists are employed in this algorithm. The first list, AL, holds the homo-
geneous azeotropes, both stable and spurious. The elements of this list are data
structures holding the value of the bifurcation points, (z° 7% \%), the value of the
azeotrope, (z,T), and a status field. These are referred to as azeotrope data structures.
The second list, HL, holds the heterogeneous azeotropes. The elements of this list are
data structures holding the value of the intersection point, (2!, x5 T \'), the value
of the bifurcation point, (z°, z0ta!ll TP s A\P) and the value of the heteroazeotrope,
(z, 2", 2" T, s). These are referred to as heteroazeotrope data structures. The third
list, SL contains the values of the thermodynamically stable homogeneous and hetero-
geneous azeotropes identified. These data structures are referred to as homogeneous
and heterogeneous solution data structures.

As described earlier in this chapter, there are three independent mechanisms by
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which the heteroazeotropes are obtained: 1) bifurcations on lower dimensional het-
erogeneous branches, 2) through the use of lower dimensional heteroazeotropes and
spurious homogeneous azeotropes and the spurious homotopy map, equation (2.39),
and 3) through intersections on spurious homogeneous branches. These three mech-

anisms are summarized in Table 2.1.

Table 2.1: The three mechanisms for computing heteroazeotropes.

Mechanism ‘ Starting Point ‘ Homotopy Map
Bifurcations on lower Heterogeneous homotopy map,
1 dimensional heterogeneous equation (2.48)
branches
Bifurcation points on the Spurious homotopy map,
2 homotopy branches defined equation (2.39)
by (2.39)
3 Intersection on homogeneous | Heterogeneous homotopy map,
homotopy branches equation (2.48)

Computation of Stable and Spurious Homogeneous Azeotropes

The first step in the heteroazeotrope algorithm is to construct a list containing all
homogeneous azeotropes, both stable and spurious. This is performed in the following

steps.

1. Compute the quantities J; ;, defined by equation (2.21), for all 4, j = 1,... ,n.

2. For each 0 < A;; < 1 compute a point on the binary branch (see following
section) and store these bifurcation points in the azeotrope data structures and
set status field equal to unprocessed. Append each of these data structures to

the end of AL.

3. For each element of AL, track the homogeneous branch from the bifurcation
point to A = 1. For each new bifurcation point identified along the branch,
compute a point on the new branch, store in a azeotrope data structure as
above, and append to the end of AL. At A\ = 1, set the azeotrope value field
of the azeotrope data structure containing the bifurcation point from which the

azeotrope was obtained equal to the value of the computed azeotrope.
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Step 3 above will be repeated as many times as there are bifurcation points on the
homogeneous branches (within the set §). Upon completion of the steps above, the
list AL will contain all homogeneous azeotropes predicted by the model (provided the
conditions described in section 2.2.1 are satisfied) and a set of spurious homogeneous

azeotropes.

Computation of Heteroazeotropes

Having computed the list of homogeneous azeotropes, the next step is to compute
the heteroazeotropes. The procedure described below attempts to locate the het-
eroazeotropes through mechanisms 1 and 2 first, using mechanism 3 as a last resort
(although it is necessary for binary branches).

For each entry in the list AL, perform the following steps:

1. Check stability.
2. If azeotrope is stable, remove entry from list and place in SL.

3. If azeotrope is unstable or lies outside the physical composition space (and is
thus a spurious homogeneous azeotrope), search the list HL for a correspond-
ing entry to determine if the corresponding heteroazeotrope may be obtained

through mechanisms 1 or 2.

4. If an entry is found, set the status field equal to possibly_found, move to the
next entry in AL, and go to step 1.

5. If an entry is not found, retrace the corresponding spurious homogeneous branch
and search for the point of intersection with the projection of a heterogeneous
branch. When found, store the intersection point in the heterogeneous data
structure and append to the list HL. It may be necessary to search the branch
both forward and backward from the bifurcation point, however, the search is

confined to the set S.

6. Using the heterogeneous map, track the heterogeneous branch from the intersec-

tion point identified in the step above. During the tracking of the heterogeneous
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branch, identify bifurcation points along the heterogeneous branch, compute
points on the new branch, store in heterogenous data structures, append to end
of HL, and continue tracking the original heterogeneous branch to A = 1. Store
the computed heteroazeotrope in the data structure holding the intersection

point from which this heteroazeotrope was obtained.

7. At this point, all bifurcations associated with the current heterogeneous branch
(obtained through the intersection point identified in step 5) are explored.
Preferably, all heteroazeotropes reachable from this branch should be computed
through this mechanism. For all entries in list HL associated with with the het-
eroazeotrope computed in the previous step, track the heterogeneous branch to
A =1 and store the heteroazeotrope value in the appropriate entry of HL. As
the heterogeneous branches are tracked, identify and compute additional bifur-
cation points and append to HL. Continue this step until all heteroazeotropes
reachable from the branch associated with the heteroazeotrope computed in

step 6 have been computed.

8. Next, attempt to compute a higher dimensional heteroazeotrope through mech-
anism 2 as follows. Remove the spurious homogeneous azeotrope corresponding
to heteroazeotrope computed in step 6 from AL. Check the criteria (2.46) and
if satsified, track the spurious homotopy map, equation (2.39), from the het-
eroazeotrope to the spurious homogeneous azeotrope. If a bifurcation point is
identified on this homotopy branch, scan the heteroazeotrope list, HL, to deter-
mine if it was previously computed through a bifurcation on a lower dimensional
heterogeneous branch in step 7. If not, switch to the higher dimensional branch
and track this new branch to A = 0 (the location of the heteroazeotrope on the
homotopy branches associated with (2.39). Store this new heteroazeotrope in a

heteroazeotrope data structure and append to end of HL.

Upon completion of the steps above, the azeotrope list, AL, will contain spurious
homogeneous azeotropes with status possibly_found, indicating that their corre-

sponding azeotropes may have been obtained through mechanisms 1 or 2. The het-
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eroazeotrope list, H L, will contain values for the heteroazeotropes computed through
mechanisms 1, 2, or 3.

According to theory developed in this chapter, on a given heterogeneous branch,
either an intersection point with a spurious homogeneous branch or a bifurcation point
on a lower dimensional heterogeneous branch will occur within the set S°. Conse-
quently, the intersection point search can be limited to this region. In many of the
systems examined, the heterogeneous branch leaves S° through an intersection on a
spurious homogeneous branch then crosses a lower dimensional heterogeneous branch
(a bifurcation point) outside S°. Obtaining the heterogeneous branches through bi-
furcation points is somewhat more efficient than the intersection search and thus,
it is worthwhile to perform the branch tracking outside S§° in an attempt to locate
additional heterogeneous bifurcation points. How far the continuation is performed
outside this set depends on the dimensionality of the current branch (the cost of
the intersection search increases with size faster than the bifurcation point search,
which is extremely efficient for systems containing several components, thus, higher
dimensional branches warrant a more exhaustive bifurcation point search).

The next step is to determine the stability of the heteroazeotropes. For each entry

in list HL, perform the following steps:

1. Compute stability if heteroazeotrope is physical (i.e., variable are within their

respective bounds).

2. If stable, append heteroazeotrope to list S£ and remove corresponding spurious

azeotrope from AL.

Upon completion of the steps above, the sets AL and HL should be empty if the
conditions described in sections 2.2 and 2.4 are satisfied. If H.L is nonempty then it
contains nonphysical solutions. If the set AL is nonempty then every entry with a
corresponding entry in HL also corresponds to a nonphysical solution predicted by
the equilibrium model. All other entries may correspond to heteroazeotropes that
were missed in the steps above (theoretical robustness does not imply computational

robustness). For each of these entries, an intersection search is performed. Each
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resulting heteroazeotrope is tested for stability and stored in SL if stable.

The set SL contains all homogeneous and heterogeneous azeotropes computed
through the approach described in this chapter. The final step of the heteroazeotrope
finding algorithm is to check for topological consistency using the constraint, equation
(1.6), described in chapter 1.

The following chapter considers the case of bifurcation and intersection points
outside the range 0 < A < 1 and describes how the approach above can be used to
explore the phase equilibrium structure under system and/or property model param-
eter variation, including the detection of incipient azeotropes and heteroazeotropes
(i.e., azeotropes and heteroazeotropes that do not appear under current conditions
but may exist if parameters, such as pressure, are perturbed).

Chapter 4 contains several numerical examples illustrating the approach described
in this chapter. In nearly every system examined, the heterogeneous branches of di-
mensionality greater than two were obtained through mechanisms 1, 2, and 3. One ex-
ception was the benzene-isopropanol-water system where the ternary spurious branch
is isolated from the other homogeneous branches. This ternary heteroazeotrope was
obtained, however, through mechanisms 1 and 2. Another exception was the water-
acetone-chloroform system where the ternary heterogeneous branch does not intersect
the binary heterogeneous branch. In this case, the ternary heteroazeotrope was ob-

tained through mechanisms 2 and 3.

2.6 Implementation

The basic algorithm for the computation of azeotropes and heteroazeotropes described
in this thesis can be summarized in the following steps: (1) compute the homogeneous
azeotropes using the homogeneous homotopy map, (2) perform a phase stability test
on all homogeneous solutions, (3) identify the spurious homogeneous branches, (4)
retrace spurious branches and search for points of intersection with a projection of the
heterogeneous branches, (5) track the heterogeneous branches to the heteroazeotropes

using the heterogeneous homotopy map, and (6) perform a phase stability test on all
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heterogeneous solutions. There are four key numerical calculations in this algorithm:
1. Branch tracking,
2. Bifurcation point identification and branch switching,
3. Intersection point identification and computation of missing components, and
4. Phase stability test.

These items are discussed below.

2.6.1 Branch Tracking

The main numerical calculation performed in this algorithm is the tracking of the
homogeneous and heterogeneous branches. In every multicomponent mixture ana-
lyzed, no turning points in any of the parameters was exhibited by the homogeneous
branches inside the set S, however, several turning points were found in the more
complicated heterogenous branches (see examples in chapter 4). As a result, a con-
tinuation procedure capable of dealing with turning points must be employed. All
branch tracking in the numerical examples in this thesis were performed using the con-
tinuation code PITCON [95] which uses a locally parameterized continuation method.
Alternatively, a continuation procedure based on arclength continuation [117] can be
used, however, the algorithm used in PITCON was sufficiently robust and efficient.
The remainder of this subsection briefly describes this algorithm.

Consider the following underdetermined system of nonlinear equations:

f(z)=0 (2.85)

where f: D C R* — R*~!. The following assumptions on f are made:
1. f is continuously differentiable in D,

2. The derivative V f of f is locally Lipschitzian on D, and
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3. The regularity set of f, R(f) = {# € D | Vf(x) has full rank n — 1} is

nonempty.

The connected component ¢(£) € f~1(0) where ¢ : £ € R — R" is computed by
first selecting an appropriate variable z; to parameterize the system above. The
appropriate choice is based on making V;f nonsingular and as well-conditioned as
possible (V; denotes the Jacobian matrix with partial derivative entries with respect
to all variables except z;). The appropriate selection of z; at any given point on
the curve is based on looking at the local curvature of ¢(§), hence the name locally
parameterized continuation method. Given an appropriate parameter, the following

system is solved at the current point on the the path, z*), for v*) € R":

V(")

T
€

v =e,. (2.86)

The matrix on the left-hand-side of the equation above will be referred to as the

augmented Jacobian matrix. The direction to step on the curve is then given by

(k)
*) — ;0
d _0||U(k)||2 (2.87)
where
V(2
o = sgn((v™)7e;)sgn det f(T ) : (2.88)
e

7

Provided conditions (1) through (3) above hold, d*) will be uniquely determined.

The next point on the curve is
LD = (k) p(k) k) (2.89)

where h(*) is the current stepsize selected by looking at the local curvature.
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If a simple transcritical bifurcation point exists between z*~1) and z*) then

V f (21 Vf(z®)
sgn det A ) sgn det ) =-1 (2.90)
€hms €,

where i;_; and 7 are the parameter indices at step £ —1 and k, respectively. A better
approach for the identification of the bifurcations of interest in the heteroazeotrope

finding algorithm is described below.

2.6.2 Bifurcation Point Identification

As shown in section 2.2 for the homogeneous case, while moving along a k-ary branch,
a necessary condition for a bifurcation point corresponding to an intersection with a

(k + 1)-ary branch is

a;(€) = 0 (2.01)

for some j € {k+1,...,n}. If the bifurcation point is identified by monitoring the
sign of the determinant of the augmented Jacobian matrix there is a risk that an even
number of bifurcation points might missed due to a cancellation in the sign change of
the determinant or we may incorrectly conclude there is one bifurcation point when
there may acually be an odd number greater than one. The occurrence of a bifurcation
along the homotopy branch is analogous to a state event in a differential/algebraic
equation (DAE) system, that is, a point at which the functional form of the DAE
changes during the course of a simulation. Typically, the state events are identified
by zero crossings of an appropriate discontinuity function. Park and Barton describe
an algorithm for state event location that not only guarantees the identification of
the state event, but also correctly identifies the first zero crossing of the discontinuity
function [84]. Condition (2.91) is analogous to the discontinuity function of a hybrid
discrete /continuous DAE model. By constructing an interpolating polynomial for
each o, j = k+1,... ,n, using [ previously computed points, the algorithm described

in [84] can be used to identify efficiently the bifurcation points along the path.
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Once the bifurcation point has been identified, a point on the (k + 1)-ary branch
is predicted by stepping in the direction of the eigenvector associated with the zero
eigenvalue of the augemented Jacobian matrix [100]. This predicted point is then

moved onto the (k + 1)-ary branch by solving the following system of equations:

331(1 - Rl(%T’ )\>>

2, (1 — Ki(z, T, \))
Zf;l r; — 1
aj(x, T, \)

=0 (2.92)

$j—€

where £ +1 < j < n and ¢ is some sufficiently small positive constant. The exact
direction for stepping onto the new branch, as well as necessary and sufficient condi-
tions for the existence of a transcritical bifurcation point, can be derived from first
and second order derivative information of F' at the singular point [100]. However,
experience has shown the approach described above to be more than adequately ro-
bust and efficient. Once this new point is computed, it is saved so that this branch
may be tracked later. The branch tracking is then continued on the original k-ary
branch to A = 1.

In the case of a k-ary heterogeneous branch, the bifurcation criteria is

0;(6) = [s(&) = 17, (&) — [5(5) = K ()] 7,/ (€) =0 (2.93)

for some j € {k+1,... ,n}. As with the homogeneous case, polynomials can be fitted
to the 9,’s and the state event location algorithm mentioned above can be used to
locate the bifurcation points. Once the points are identified, the following system of
equations is solved for a point on the new (k + 1)-ary branch (with a starting point

obtained from stepping in the direction of the eigenvector associated with the zero
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eigenvalue of the augemented Jacobian matrix):

x1 — [AK] + (1= NP /P] «f

Tn — [AKL+ (1= N)P:/P] 2!
Afaf = "ef ]+ (0= ) [af = o]

Mkt = dlaell] + (=) [l = 2lf] | =0 (2:94)

n n n n

v —sxl —(1—s)2l!

Z?:l Ti— ]'
Z?:l 'rzl -1
S(x, a2 T, s, \)

l‘j—€

where £+ 1 < j < n and ¢ is some sufficiently small positive constant. This point is

saved so that that this branch may be tracked later.

2.6.3 Intersection Point Identification

At the intersection of an n component spurious homogeneous branch and a projection

of a heterogeneous branch the following system of equations is satisfied:

$1(1 — er)
(1 — K,)
sy — AT
R R R (2.95)
,7 T, — ’S/II'TII
i -1

Z?:l Ti — 1
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Equation (2.95) was formed from (2.48) by simply setting s = 1 and z = z! and
removing the redundant equations. Elements 1 through n and element 2n + 2 of
(2.95) are satisfied on the spurious homogeneous branch. The intersection finding
problem amounts to moving along the spurious homogeneous branch and looking
for solutions to (2.95). Since the cost of this root finding problem increases with
the number of variables, locating roots of the following subset of equations has been

found to be computational more efficient and just as robust:

= =11, .11
Y1T1 — 71

A= E =0 (2.96)

~ ~11 .01

Mndn — T Ly
n 11

Dty —1

The intersection finding problem is divided into two steps: 1) intersection point identi-
fication and 2) intersection point computation. The identification problem is handled
using a root exclusion test.

A root exclusion test performed on a system of equations f(z) = 0, f : D C

R* — R", provides the following information about X C D:
1. There is no root in X,
2. There is a unique root in X, or
3. There may or may not be one or more roots in X.

For a multidimensional problem, a root exclusion test based on interval arithmetic
is ideal. Interval arithmetic is a branch of mathematics concerned with operations
with intervals or closed subsets of the real line [81]. Let X, = [X{,X{] = {z €
R | X{ <2 < X!} denote an interval. The set of all intervals in R is denoted by IR.
Similarly, the set of all n-dimensional intervals in R" is denoted by IR" (e.g., the set
of all rectangles in R? is denoted by IR?). The familiar operations associated with
real numbers can also be defined for intervals. For example, let o denote some binary

operation defined for real numbers. The associated interval operation is defined as
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XooYy={zoy|xe Xo,y € Yp}. If x 0y is undefined for any x € X, or y € Yy,
the corresponding interval operations is undefined. For example, interval division
is undefined if the denominator contains zero. Similarly, elementary functions can
be extended to intervals. Let func denote some function (e.g., sin, cos, etc.). The
interval value for func, denoted by Func, is defined by Func(Xy) = {func(z) | x €
Xo}. Again, Func(Xy) is undefined if func(x) is undefined for any x € X,. An
interval extension of a general nonlinear function f : D C R* — R", denoted by
F : IR" — IR", can be constructed by replacing all real operators and elementary
functions in f with the corresponding interval operations. The interval extension of
/ has the important property that given X € IR" (X C D), F(X) contains the
image set of X under f, that is, f(X) C F(X). The cost of evaluating the interval
extension of a function is a small multiple of the cost of evaluating the function
using real operations. This provides a rapid way of answering question (1) above: if
0 ¢ F(X) then there is no solution to f(z) = 0 for any = € X. Unfortunately, since
the interval extension of a function over-approximates the image set, 0 € F/(X) does
not provide any information about solutions within X. Question (2) above can be

answered by a theorem due to Moore [80]. First, the Krawczyk operator is defined:

KX)=y-Yfly)+[I -YVFX) (X -y (2.97)

where y € X C D, Y € R*™™ is an arbitrary nonsingular, real matrix, and VF(X) €

IR™™ " is the interval extension of the Jacobian matrix of f.

Theorem 3 (Moore). If

K(X) C int(X) (2.98)

then there exists a unique solution x* € X to f(x) =0.

In practice, y = m(X) and Y = (m(VF(X)))~" where m(-) denotes the midpoint
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of an interval vector, i.e.,

(X1 + X7)/2
m(X) =
(Xo +X,)/2

Figure 2-10 contains a pseudo-code description of the intersection finding algorithm.
The input to this procedure is the current point on a spurious homogeneous curve,
(z®), 7®) A*)) and an interval in A over which to search for the intersection point,
SA*) based on the size of the previous step taken during the continuation. The return
value of this procedure is a subdomain X € IR" x IR that contains a unique solution
to (2.96) (in which case procedure argument solution is set to contains_solution),
or a subdomain that may contain a solution if status is set to possible_solution,
or the empty set is returned and status is set to no_solution, indicating there
is no solution to (2.96) near the current continuation point. Upon entering LoO-
CATEINTERSECTION, the nontrivial index set, Z, is constructed. This set contains
the indices of the nonzero mole fraction elements (the dimensionality of the root
finding problem is equal to the dimensionality of the spurious branch plus one).
Next, the current search domain, D¥, is constructed. Solutions are sought where
(2 N) € [0, 1]V x [A®) — sAK) AR - §AR)] where NV is the number of nonzero mole
fraction elements on the current branch. Although the intersection point may occur
at a point where z'/ is outside the physical region (where the elements are bounded
between zero and one), these branches will be obtained through bifurcations on lower
dimensional heterogeneous branches. Since the trivial solution (/! = 2(¥)) satisfies
(2.96) at each continuation point, ) must be excluded from the search domain.
Thus, 2V subdomains are constructed from D* by bisecting through #*). These sub-
domains are stored in a list £. For each domain in this list, the interval extension of
(2.96), denoted by A(X), is evaluated and a check is made to see if 0 € A(X). If zero
is not contained within this set, the X is deleted from £ and the next subdomain in

the list is examined. If zero is contained within A(X) then X may contain one or
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more solutions. If the diameter of X, denoted by diam(X) and defined as

diam(X) = lrgaé%{XZ“ - X!}, (2.99)
is less than 3 > 0 then the Krawczyk operator is evaluated. If K(X) C int(X) then X
contains a unique solution and X is returned with status set to contains_solution.
Otherwise, if the diameter of X is less than ¢ where 0 < ¢ < 3, then X is very
small and may contain a solution. This set is then returned with status equal to
possible_solution and the problem is handled by the intersection point computa-
tion routine. Finally, if diam(X) > ¢ and K(X) € int(X) then X is bisected through
its largest edge, forming two sets, X; and X5. X is then removed from £, X; and X,
are appended to £, and the next subdomain in the list is examined. This is repeated
until the list is empty, in which case, the empty set is returned with status set to
no_solution indicating there is no solution near the current continuation point.
If status is returned with a value of contains_solution or possible_solution,
a bounded Newton’s method is employed to compute the solution. The search is

limited to the region X returned from LOCATEINTERSECTION.

2.6.4 Phase Stability Test

Solutions satisfying only the necessary conditions for azeotropy and heteroazeotropy
must be tested for thermodynamic stability. A test based on the tangent plane criteria
[77] was chosen for this work. As described in chapter 1, the solution procedure must
be guaranteed to compute either all stationary points the global minimum of the
tangent plane distance function, equation (1.7). For the the phase stability test used in
this thesis, all stationary points were computed using an interval Newton/generalized
bisection approach, similar to that described in [105]. This option was chosen for its
simplicity and computational robustness. It is important to note that the approaches
developed in this thesis minimize the number of times the highly costly stability test

has to be performed.
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2.7 Conclusion

This chapter describes a new approach for the computation of the homogeneous and
heterogeneous azeotropes present in a mulicomponent mixture. The approach, which
is an extension of an approach developed by Fidkowski et al.for the computation of ho-
mogeneous azeotropes, is independent of both the topology of the liquid-liquid region
and the model used to represent the nonideality of the system. Theoretical analysis
of the method provides conditions under which all azeotropes and heteroazeotropes
will be computed. This analysis has also led to several algorithmic improvements. It
is important for one to recognize the difference between theoretical robustness and
computational robustness of an algorithm. Theoretical robustness results from the
determination of exact conditions under which the algorithm will not fail. Algorithmic
robustness has to do with the actual implementation of the approach within a com-
puter. Theoretical robustness in this approach is addressed with the developement
of the theories in this chapter. Algorithmic robustness results from the capability of
computing the heteroazeotropes through several independent mechanisms.

The following chapter describes an extension of this algorithm for computing ef-
ficiently the changes in phase equilibirium structure under system and/or property
model parameter variation. The analysis of the changes in phase equilibrium structure
include the determination of bifurcation values of the parameters where homogeneous

and heterogeneous azeotropes appear, disappear, and switch between each other.
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LOCATEINTERSECTION(2®) T \®) " §\(*) status)

1 © Determine the index set of nonzero mole fractions.
2 IT={jla">0and1<j<n};
3 N=dimZ;
4 > Construct current search domain.
5 DF={(@" ) eRY xR|0< 2 <1, AB) —5AEB) <X <AF) 4 5AR)
6 > Construct subdomains by bisecting through %) and store in list.
T L={D{ Dk ... Di}
8 while £ # () do
9 XeLl;
10 > Fvaluate natural interval extension of intersection equations.
11 if 0 € A(X) then
12 if diam(X) < # and K(X) C int(X) then
13 > X contains unique solution to intersection equations.
14 status = contains_solution ;
15 return X ;
16 elseif diam(X) < ¢ then
17 > Current subdomain very small and may contain a solution.
18 > Return X and status set accordingly.
19 status = possible_solution ;
20 return X ;
21 else
22 > Refine subdomain by bisecting through the midpoint of the
23 > longest edge of X. Replace X in list with the refinement.
24 X = (X1, Xy) ;
26 end
27 else
28 > Delete X from list.
29 L=L—-{X};
30 end
31 end
32 > No solution in neighborhood of current point.
33 status =no_solution ;
34 return () ;

Figure 2-10: Intersection location algorithm.
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Chapter 3

Analysis of Phase Equilibrium

Structure

3.1 Introduction

Computation of all azeotropes and heteroazeotropes present in a multicomponent
mixture is a necessary task when analyzing and designing separation systems. In
addition to computing the azeotropes and heteroazeotropes at a given pressure (or
temperature), it is often valuable to know how the azeotropic composition and tem-
perature vary with pressure (or, equivalently, since the azeotrope is a univariate state,
how the azeotropic composition and pressure vary with temperature). A systematic
approach for analyzing such changes can be incorporated directly into design algo-
rithms, sometimes dramatically increasing the space of alternative designs.

As described in chapter 1, the operation of a heteroazeotropic distillation column
exhibits multiple solutions, high parametric sensitivity, and a sharp temperature gra-
dient associated with the movement of the liquid-liquid front through the column. In
addition, as shown by Rovaglio and Doherty [93], small pressure perturbations can
lead to separation failure over a relatively short period of time. Increased knowledge
of the phase equilibrium structure under system parameter variation can improve the
interpretation of simulation results as well as improve the understanding of how the

column should be operated. Furthermore, tools capable of improving the modeler’s
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understanding of the phase equilibrium behavior can be used to develop more robust
and efficient simulation methods.

Most activity coefficient models are based on binary interaction parameters, ob-
tained through regression with experimental equilibirum data. Ideally, when the
activity coefficient models are applied to multicomponent mixtures (n > 2), the com-
puted values of higher dimensional azeotropes and heteroazeotropes are extrapolated
from the parameters fit to the binary pairs contained in the systems. In some cases,
these higher dimensional azeotropes and heteroazeotropes are not predicted or the
computed values are significantly different than the experimental values, due to the
limitations of using binary interaction parameters. Often, the solutions not predicted
by the phase equilibrium model actually exist albeit outside the physical composition
space, {x € R* | 3" a; =landx; > 0 i = 1,...,n}, where they are of little
practical use. In the event of such failures, a systematic analysis of the effect of pa-
rameter perturbation on the prediction of azeotropes and heteroazeotropes provides
useful insights into the capabilities of the phase equilibrium model. Furthermore,
tools assisting the user in the systematic exploration of the phase equilibrium struc-
ture can be used as the property model parameters are being estimated in order to
judge the quality of the fit.

Given the composition, temperature, and pressure of an azeotrope or hetero-
azeotrope, standard continuation methods [95, 117] can be applied to the necessary
conditions for azeotropy or heteroazeotropy to determine how the state variables
change with a given system parameter (e.g., temperature or pressure) or property
model parameter. By applying a phase stability test during the continuation, it is
possible to determine at what conditions an azeotrope becomes a heteroazeotrope or
vice versa. However, there often arises situations where at the specified temperature
or pressure, the azeotrope or heteroazeotrope does not physically exist or does exist,
but is not predicted within the physcial composition space by the phase equilibrium
model either due to the limitations of the actual model or the model parameter values.

This chapter describes how the approach for computing azeotropes and het-

eroazeotropes developed in this thesis can be used to compute, systematically and ef-
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ficiently, changes in phase equilibrium structure under system and property model pa-
rameter variation. The approach has the capability of predicting incipient azeotropes
and heteroazeotropes, that is, azeotropes and heteroazeotropes that do not exist un-
der current conditions but may appear at a different temperature and pressure or
different values for the property model parameters.

The following section briefly summarizes the algorithm described in the previous
chapter. This is followed by a description of the extension to the exploration of the
phase equilibrium structure. Numerical examples of this approach are provided in

chapter 4.

3.2 Summary of Homogeneous and Heterogeneous
Azeotrope Finding Algorithm

The previous chapter in this thesis describes an algorithm for the computation of the
azeotropes and heteroazeotropes present in a multicomponent mixture. The proce-

dure is based on using two homotopy maps. The homogeneous map is

71 (1= MG(T, Pox) + (1= A) P (T)/ P))

F(x,T,P,)\) = : —0 (31
an (1= [AK, (T, P,z) + (1 — \)P:(T)/P))

Z?:l v —1
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where x € R" is the liquid composition, 7T is temperature, P is pressure, and A € R

is the homotopy parameter. The heterogeneous map is

o1=[AKT(T,PaT)+(1=\)PF (T)/Pa]

on—[AKE(T, P2t )+(1-\)P3(T)/P|ak
A (@, Pal)al (TP )2l ]+ (1) [o] —2]]
Fo(a, 2", 2" T, P s, \) = : =0 (3.2)
A (T Pal)el (TPl el |+ (1-X) o)~} ]
e—sal —(1-s)z!!

n
i=1 Ti—l

where 2 € R" is the overall liquid composition, 2/, 27 € R* are the composition
of liquid phases I and I, respectively, and s € R is the liquid phase fraction (the
fraction of the total number of moles of liquid in liquid phase I).

As described in the previous chapter, at constant temperature or pressure, the
homogenous azeotropes are obtained through a series of bifurcations on the homon-
geneous branches, &(¢) € F~'(0), originating from the pure components. The het-
eroazeotropes are computed with the heterogeneous branches, ¢°(&) € (£°) 1(0),
from starting points obtained either through intersections with spurious homogeneous
branches or bifurcations on lower dimensional heterogeneous branches. As shown in
previous chapter, bifurcation and intersection points of interest when computing the
azeotropes and heteroazeotropes will occur within 0 < A < 1. However, if the ho-
motopy branches are tracked outside this range, bifurcation and intersection points
are often identified that correspond to nonphysical branches, that is, branches that
either do not cross A = 1 (the only physically meaningful point on the branch) or
cross A = 1 at a point where one or more mole fraction vector elements or the phase
fraction (in the heterogeneous case) are outside their physical range of zero and unity.
For example, if a pure component homogeneous branch is tracked backwards from

A =0 (backwards defined as the direction of decreasing ) and a bifurcation point is
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identified, then the corresponding binary branch is not physical because it is unable
to cross A = 0 in order to reach A = 1. (Recall that, as a consequence of Raoult’s
Law, the only solutions to the homotopy map at A = 0 are the pure components and
thus, branches of dimension two or greater can only cross A = 0 under very specific
conditions.) If a bifurcation or intersection point is identified at some A > 1 then
the corresponding branch either does not cross A = 1 or does so at a point where the
composition or phase fraction is outside the physical bounds of zero and unity.
These nonphysical branches themselves are not of any use, however, as will be
shown in section 3.3.1, the nonphysical bifurcation and intersection points (i.e., points
occurring outside 0 < A < 1) are useful in examining the phase equilibrium structure

of the mixture.

3.3 Analysis of Phase Equilibrium Structure

The condition of azeotropy occurs when there is an extremum in the equilibrium
surface of a mixture. At such a point, the composition of the equilibrium vapor
and liquid are equal, and thus, this point acts as a barrier to separations exploiting
composition gradients (or, more strictly, chemical potential gradients) as described
in chapter 1. Azeotropic points are univariate; specifying one intensive property
uniquely defines the intensive state of the system. Under certain conditions, changing
a system parameter (e.g., pressure) results in the appearance or disappearance of an
azeotrope. For example, Figure 3-1 contains a schematic of a Try diagram for a binary
mixture where the azeotropic state does not exist at low pressure, but emerges from a
pure component vertex as pressure is increased. The pressure at which the azeotrope
appears or disappears is referred to as a bifurcation pressure. This is illustrated for
the acetone-ethanol system and the tetrahydrofuran-water system in sections 4.2.2
and 4.2.6, respectively.

Heteroazeotropy occurs when the azeotropic composition on the vapor-liquid equi-
librium surface intersects the liquid-liquid binodal. The locus of azeotropic and het-

eroazeotropic points as a function of pressure are shown in the schematic in Figure
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No azeotrope /
Binary azeotrope

Azeotrope just emerges
from pure component vertex

X,y Xy X,y

Figure 3-1: Binary homogeneous 7-zy diagram.

3-2 where, in this case, the liquid-liquid binodal exhibits an UCST.

\
\
\
Y
Locus of Azeotropes/Heteroazeotropes
with decreasing pressure.

X,y

Figure 3-2: Binary heterogeneous T-zy diagram.

Pressure does not strongly effect the liquid-liquid region, however, decreasing pres-
sure reduces the boiling temperatures of the components present in the mixture,
thereby causing the vapor-liquid equilibrium surface to move into the liquid-liquid
region. As a result, the azeotrope becomes a heteroazeotrope. The pressure where

the azeotropic point on the vapor-liquid surface just touches the liquid-liquid binodal
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is also referred to as a bifurcation pressure.

In many cases, the azeotropic and heteroazeotropic conditions are highly sensitive
to changes in the system parameters. Knowing how the conditions of the system
change is important because in some cases avoiding a liquid-liquid phase split is de-
sirable whereas in other cases, it may be advantageous to exploit this condition. This
chapter describes an efficient procedure for analyzing the changes in phase equilibrium
structure with system and/or property model parameter variation. The approach is an
extension of an algorithm for the computation of the azeotropes and heteroazeotropes
present in a multicomponent mixture described in the previous chapter. Thus, it is
possible to compute simultaneously the azeotropes and heteroazeotropes present un-
der one set of conditions (e.g., specified temperature or pressure) as well as predicting

the effect on the azeotropic states of the system under parameter variation.

3.3.1 Examination of the Phase Equilibrium Structure

There are three types of points of interest on the bifurcation diagrams generated
using the approach described in chapter 2: solution points, bifurcation points, and
intersection points. Solution points are points on the branches where the A component
equals unity. Bifurcation points are intersections of k-ary and (k + 1)-ary branches
(branches are either both homogeneous or both heterogeneous). Intersection points
are intersections of heterogeneous k-ary and spurious homogeneous k-ary branches.

The homogeneous and heterogeneous homotopy maps can expressed in general as
F(x, T, P\ Api}iy) =0 (3.3)

and
Fo(z, 2 2" 5, T, P, {pl}ivjl) =0 (3.4)

where {p;})"*, and {pi}f-v:;l are the parameters associated with the property models

used to compute the VLE and VLLE, respectively. For example, these models in-
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clude vapor pressure correlations and activity coefficient equations. The homogeneous
map is n + 1 equations in terms of n + N, + 3 variables and parameters. The ho-
mogenous branches are computed by specifying N, 4+ 1 values of the variables and
parameters, leaving (3.3) n+ 1 equations in terms of n + 2 variables with which stan-
dard continuation methods can be applied to determine ¢(§). In chapter 2, the N,
physical property parameters and temperature or pressure are specified to compute
the azeotropes. Similarly, the heterogeneous map is 3n + 2 equations in terms of
3n + N + 4 variables and parameters. The heterogenous branches are computed by
specifying N + 1 variables and parameters (N;’ physical property parameters and
temperature or pressure in chapter 2) and using standard continuation methods to
compute & (&).

The basic idea described in this section is to append an additional equation, which
defines the point of interest, to system (3.3) or (3.4), thereby removing a degree of
freedom from the augmented system. This allows an additional parameter that was
fixed in order to compute ¢(&) or &(£) to be treated as a variable so that standard
continuation methods can be applied to the new system of equations to determine
how the point of interest varies. In order to use continuation to track c¢(£) € f1(0)
of an underdetermined system f : R™ — R™ !, the following conditions must be
satisfied in the neighborhood, D C R™, of the point at which the continuation is to
be started:

1. f is continuously differentiable in D,
2. The derivative V f of f is locally Lipschitzian on D, and

3. The regularity set of f, R(f) = {z € D | Vf(z) has full rank m — 1} is

nonempty.

These criteria must be satisfied when selecting the additional parameter to free at

each of the points described below.
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Solution Points

A solution point is simply a point on the homotopy branch that satisfies the necessary
conditions for homogeneous or heterogeneous azeotropy (i.e., a point at which the
homotopy branch crosses A = 1). Thus, the additional equation mentioned above is

simply
A=1. (3.5)

Instead of augmenting (3.3) and (3.4) with equation (3.5), A is simply replaced by
unity, thereby reducing the homotopy maps down to the necessary conditions for
azeotropy and heteroazeotropy. This allows an additional variable or parameter to
be selected from the set {z, T, P, A, {p:} 0%, } or {z,z!, 2, s, T, P, A, {pl}fvjl} (satisfy-
ing the continuation criteria above) and treated as a variable. Standard continuation
methods can then be applied to the new underdetermined set of equations to examine
how the azeotrope and heteroazeotrope conditions vary. Since only the necessary con-
ditions are satisfied at each continuation point, a phase stability test must be used at
each step during the continuation to determine when the azeotrope or heteroazeotrope
disappears or switches between each other. The need for an expensive phase stability
test makes the tracking of solution branches computationally unattractive.

The examination of the phase equilibrium structure using the approach described
above is straightforward and, with the exception of the phase stability test, quite
efficient. However, an azeotrope or heteroazeotrope must be known a priori in order to
start the continuation, that is, we must start off with a point on the homotopy branch
that crosses A = 1. The following two sections describe how the existence of incipient
azeotropes and heteroazeotropes can be predicted by examining the bifurcation and
intersection points associated with nonphysical branches, branches that do not cross
A =1 or do so at points that do not satisfy the necessary conditions due to a variable

bound violation.
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Bifurcation Points

A bifurcation point is where a k-ary branch intersects a (k + 1)-ary branch (both
branches are either homogeneous or heterogeneous). Without loss of generality, the

following conditions are satisfied on a k-ary homogeneous branch:

woo®w
)

w
oS

rj = 0 j=Fk+1,...,n, and

~~ I~ I~

g.)O
Nej
—_— ~— ~—  ~—

Q; 75 0 j:k—i—l,...,n

where o; =1 — (AK; + (1 = A\)P;/P) =1 — K. As shown in chapter 2, a necessary

condition for a bifurcation onto a (k + 1)-ary branch at a point € is

;&) =0 forsome j=k+1,...,n. (3.10)

Thus, this is the equation that is appended to (3.3) to make the system fully deter-
mined. Without loss of generality, assume for some &, aj.1(€) = 0. At a bifurcation
point corresponding to the intersection of a k-ary and a (k + 1)-ary branch the fol-
lowing set of k + 2 equations are satisfied (the equations associated with zero mole

fractions are not written):

vy (1= [AKL(T, Pox) + (1= NPy (T)/P))

v (1= \KW(T. P.x) + (1 — N PS(T)/P) | =0. (3.11)

Zle v —1
ak+1(T7 P7 xr, )‘>

Equation (3.11) is k42 equations in terms of £+ N, + 3 variables and parameters. By
selecting k + 3 variables from the set {{x;}*_,, T, P, A, {p;}.*,} such that the continu-

ation crieteria are satisfied, (3.11) becomes k + 2 variables in terms of k + 3 variables
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(only the k& nonzero mole fraction elements are considered and these are treated as
independent since the summation of mole fractions constraint is handle explicitly).
Again, standard continuation methods can be applied to this underdetermined system
to examine how the bifurcation point varies.

Of particular interset is under what conditions the bifurcation point occurs at
A = 0or A = 1. A bifurcation point at A = 1 corresponds to the case where
the (k + 1)-ary azeotrope emerges from a k-ary azeotrope. This is illustrated in an
example in section 4.2.2 where an acetone-ethanol homogeneous azeotrope emerges
from the pure acetone vertex as pressure is increased above approximately 8.6 bar.
A bifurcation at A = 0 will most commonly occur between a pure component and a
binary homogeneous branch and it is a consequence of two components, which form
an azeotrope, having the same boiling temperature at a certain pressure. This is
the exception briefly mentioned in chapter 2 where more than n branches occur at
A = 0. This point corresponds to the case where the bifurcation point associated
with the physical binary azeotrope switches the pure component branch from which
it emerges from. This phenomenon is illustrated in section 4.2.1 for the chloroform-
methanol system.

In the heterogeneous case, the necessary condition for a bifurcation from a k-ary

branch onto a (k4 1)-ary branch at a point € is

55(8) = [s(6) = 1] 71(&) - [s() - KI(©)] 5"€) =0 (3.12)
for some j = k4 1,...,n, where 3/ = A\yj + (1 = A), 71" = My/" + (1 — X), and
K] = AK! + (1 — \)P;/P. This is the additional equation appended to (3.4) to
remove a degree of freedom. Again, without loss of generality, we can assume that

condition (3.12) is satisfied for j = k + 1 at £. Similar to the homogeneous case, the
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following set of equations are satisfied at the heterogeneous bifurcation point:

vy — Kl (2", T, P,\)a!

vy — Kl (2!, T, P,\)z}
(TP ey =3 (2T, P !

(@, T, P, N)at — 51 (2, T, P, \)al!
oy —sey — (1= s)ay! = 0. (3.13)

Ty — swp — (1 — s)z}!

k
=1
k
fo -1
=1

prr (z, 2, 2™ T, P, s, \)

This is a system of 3k + 3 equations in terms of 3k + N +4 unknowns. By selection
3k+4 variables or parameters from the set {z, 2!, 2!/, T, P, s, A, {p;} .-, }, not including
the zero mole fractions and subject to the continuation criteria, standard continuation
methods can be applied to (3.13) to determine how the heterogeneous bifurcation
point varies.

Of particular interest for the heterogeneous case is where the homogeneous azeotrope
becomes a heteroazeotrope at the point where the vapor-liquid equilibrium surface
enters the liquid-liquid binodal. Thus, the variation of intersection points, described
below, is more interesting than the variation of bifurcation points for the heteroge-

neous case.

Intersection Points

For the case where the bifurcation diagrams described in chapter 2 are constructed at

constant pressure, an intersection point is an intersection of a spurious homogeneous
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branch and a projection of a heterogeneous branch into (x,7, A)-space. Alterna-
tively, the intersection point can be viewed as an intersection between a heteroge-
neous branch and a spurious homogeneous surface in (z, 2!, 2! s, T, \)-space. This
intersection occurs at a point on the heterogeneous branch where s = 1 and thus, this
is the additional constraint appended to the heterogeneous homotopy map. As shown
in chapter 2, the rank of the Jacobian of the heterogeneous homotopy map, equation
(3.4), is deficient by at least one at an intersection point. The case where the rank
of this matrix is deficient by exactly one corresponds to the case of a “normal” inter-
section point while the others are degenerate and require further analysis. However,
this condition was not encountered in any of the systems analyzed in chapter 4.

As stated above, the heterogeneous homotopy map is appended with the constraint
s = 1. However, rather than increasing the size of (3.4), the liquid phase fraction
is replaced by unity and the redundant equations are removed. Thus, the set of

constraints satisfied at a k-ary intersection point are

r1(1 = [AK(T, Pyx) + (1= N PY(T)/ P])

wi(1 = [MG(T, Pyw) + (1 = A PE(T)/ P])
A (T, Pyz)zy — (T, Pz )zl + (1 = A) [z — 2]
' =0.  (3.14)
A w(T, Pya)ay, — v (T, P a4+ (1= ) oy — 2]

k
E 371'—1
=1
k

11
E x, =1
=1

System (3.14) was formed from system (3.4) by removing z7, s, the n — k zero mole
fraction vector elements, and the equations defining the overall liquid composition.
The singularity of VE° at the intersection point has been removed by eliminating
r — st’ — (1 — s)x!" = 0 from (3.2). Similar to the other cases above, equation

(3.14) is 2k + 2 equations in terms of the following variables, z,2!! € R* T, P,
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A, and {pl}fvjl Specifying N7 of these variables and/or parameters (subject to the
continuation criteria) allows standard continuation methods to be applied to examine
how the intersection point varies. The point where A\ = 1 on the intersection point
curve corresponds to the case where the azeotrope composition on the vapor-liquid

equilibrium surface just touches the liquid-liquid binodal.

3.4 Conclusion

The extensions of the heteroazeotrope finding algorithm described in this chapter
allows the phase equilibrium structure of a multicomponent mixture to be explored
systematically and efficiently. The power in this approach lies in the ability to identify
incipient azeotropes and heteroazeotropes, that is, azeotropes and heteroazeotropes
that do not exist (in the physical composition space) under current conditions or
property model parameter values, but may exist under different conditions or param-
eter values. This methodology provides insights into both the physical system and
the property models used to compute equilibrium. The following chapter contains

several example problems illustrating the approach described in this chapter.
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Chapter 4

Numerical Examples

This chapter contains numerical examples illustrating the approach described in chap-
ter 2 for the computation of the azeotropes and heteroazeotropes present in a multi-
component mixture as well as examples illustrating the extensions described in chap-
ter 3 for examining changes in phase equilibrium structure.

In the first section, the azeotropes and heteroazeotropes present in several mul-
ticomponent mixtures are computed. The second section contains eight examples
illustrating the approaches discussed in chapter 3. All numerical calculations were
performed using the NRTL equation to model the liquid phase activity coefficients and
the Extended Antoine Correlation was used to compute the vapor pressure. Constants
for both models were obtained from [5]. In all cases, the vapor phase was treated as

an ideal gas.

4.1 Computation of Homogeneous and Heteroge-
neous Azeotropes

The following heterogeneous systems were examined: 1) benzene, ethanol, and water,
2) ethyl acetate, ethanol, and water, 3) water, acetone, and chloroform, 4) toluene,
ethanol, and water, 5) benzene, isopropanol, and water, 6) methanol, benzene, and

heptane, 7) benzene, ethanol, water, and heptane, and 8) benzene, ethanol, water,

104



and cyclohexane. Tables 4.1 and 4.2 contain a summary of the experimental and
computed values for the azeotropes and heteroazeotropes at a pressure of 1 atm. Ex-
perimental values were obtained from [60]. The literature indicated that the benzene-
ethanol-heptane azeotrope does not exist above 0.24 atm, although, the NRTL model
parameters employed did predict this ternary azeotrope at 1 atm. The value reported
in Table 4.2 is at 0.24 atm. The thick lines in Figures 4-1 through 4-8 correspond
to the heterogeneous branches and the dashed regions denote where the liquid phase
fraction is outside its physical bounds of zero and unity. The thin lines in these fig-
ures correspond to homogeneous branches. Circles in these diagrams correspond to
bifurcation points and the diamonds appear at intersection points. All bifurcation
diagrams in this section were constructed at a pressure of one bar (the computed

values are only slightly different than those in the table computed at one atm).

4.1.1 Benzene-Ethanol-Water System

At one bar, this system exhibits two binary homogeneous azeotropes, one binary
heteroazeotrope, and a ternary heteroazeotrope. The binary homogeneous water-
ethanol branch bifurcates off the lower boiling ethanol branch (the binary azeotrope is
minimum boiling) at A = 0.820. Similarly, the minimum boiling binary homogeneous
benzene-ethanol branch also bifurcates off the lower boiling ethanol branch at A =
0.0185. As shown in chapter 2, this must occur. Notice that this second bifurcation
occurs at a relatively small value for A. By using the exact criteria for a bifurcation
on a homogeneous branch, equation (2.21), there is no chance of missing bifurcations
close to zero by stepping over them on the first step. The more interesting branches for
this mixture bifurcate off the pure benzene branch. Figure 4-1 contains a bifurcation
diagram showing the branches bifurcating off this branch.

A spurious homogeneous benzene-water branch bifurcates off the pure benzene
branch at A = 0.0153. Along this branch, an intersection point is identified at
A = 0.278 from which the actual binary benzene-water heteroazeotrope is obtained us-

ing the heterogeneous homotopy map. Also identified on the spurious binary branch is
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Table 4.1: Experimental and computed values for azeotropes and heteroazeotropes

at a pressure of 1 atm. Heteroazeotropes are denoted by boldface.

Experimental Experimental Computed Computed

Components Composition Temp. (K) Composition Temp. (K)
Benzene, (0.5607,0.4393,0) 341.25 (0.5547,0.4453,0) 340.86
Ethanol, (0.7003,0,0.2997) 342.40 (0.7010,0,0.2990) 342.50
Water (0,0.9037,0.0963) 351.32 (0,0.8953,0.1047) 351.30
(0.5387,0.2282,0.2331) 338.01 (0.5273,0.2815,0.1912) 337.17
Ethyl Acetate, (0.5380,0.4620,0) 344.96 (0.5532,0.4467,0) 344.56
Ethanol, (0.6885,0,0.3115) 343.53 (0.6743,0,0.3257) 344.96
Water (0,0.9037,0.0963) 351.32 (0,0.8953,0.1047) 351.30
(0.5789,0.1126,0.3085) 343.38 (0.5370,0.1813,0.2817) 343.65
Water, (0.1604,0,0.8396) 329.25 (0.1640,0,0.8360) 328.29
Acetone, (0,0.3397,0.6603) 337.15 (0,0.3449,0.6551) 337.30
Chloroform (0.1626,0.4844,0.3530) 333.55 (0.1832,0.4031,0.4137) 332.79
Toluene, (0.1905,0.8095,0) 349.85 (0.1907,0.8093,0) 350.00
Ethanol, (0.4439,0,0.5561) 357.25 (0.4411,0,0.5589) 357.65
Water (0,0.9037,0.0963) 351.32 (0,0.8953,0.1047) 351.30
(0.2736,0.3971,0.3293) 347.55 (0.2600,0.4668,0.2732) 346.98
Benzene, (0.6022,0.3978,0) 344.89 (0.5980,0.4020,0) 344.91
Isopropanol, (0.7003,0,0.2997) 342.40 (0.7010,0,0.2990) 342.50
Water (0,0.6875,0.3125) 353.25 (0,0.6650,0.3350) 353.55
(0.5650,0.1861,0.2489) 339.66 (0.5265,0.2345,0.2390) 338.86
Methanol, (0.6031,0.3969,0) 330.65 (0.6070,0.3930,0) 331.09

Benzene, (0,0.9945,0.0055) 353.25 Not Predicted at 1 atm —

Heptane (0.7684,0,0.2316) 332.25 (0.7773,0,0.2227) 332.12
N/A N/A (0.6261,0.2950,0.0789) 330.80

a bifurcation point onto a spurious homogeneous ternary branch at A = 0.322. Moving
forward in A from this bifurcation point, a spurious homogeneous ternary azeotrope
is obtained which lies outside the physical composition space. Moving in the reverse
direction from the bifurcation point, an intersection with a heterogeneous ternary
branch is identified at A = 0.295 from which the actual ternary heteroazeotrope is ob-
tained. In this example, the ternary heteroazeotrope can also be obtained through a
bifurcation on the binary heterogeneous branch (this bifurcation occurs at A = 0.289).
There are two additional bifurcation points on the spurious ternary branch as shown

in Figure 4-2 (this figure includes the pure ethanol branch and the ethanol-benzene
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Table 4.2: Experimental and computed values for azeotropes and heteroazeotropes
at a pressure of 1 atm. Heteroazeotropes are denoted by boldface.

Experimental Experimental Computed Computed

Components Composition Temp. (K) Composition Temp. (K)
Benzene, (0.5607,0.4393,0,0) 341.25 (0.5547,0.4453,0,0) 340.86
Ethanol, (0.7003,0,0.2997,0) 342.40 (0.7010,0,0.2990,0) 342.50
Water, (0,0.9037,0.0963,0) 351.32 (0,0.8953,0.1047,0) 351.30
Heptane (0.5387,0.2282,0.2331,0) 338.01 (0.5273,0.2815,0.1912,0) 337.17

(0.9945,0,0,0.0055) 353.25 Not Predicted at 1 atm —

N/A N/A (0,0.3478,0,0.6522) 344.55
(P =0.24 atm) (0.6462,0.3307,0,0.0231) 305.53 (0.6377,0.3464,0,0.0159) 305.78
N/A N/A (0,0,0.4505,0.5495) 352.45

N/A N/A (0,0.4606,0.1793,0.3601) 342.33

(0.4691,0.2383,0.2216,0.0709) 337.94 (0.5204,0.2820,0.1909,0.0067) 337.17
Benzene, (0.5607,0.4393,0,0) 341.25 (0.5547,0.4453,0,0) 340.86
Ethanol, (0.7003,0,0.2997,0) 342.40 (0.7010,0,0.2990,0) 342.50
Water, (0,0.9037,0.0963,0) 351.32 (0,0.8953,0.1047,0) 351.30
Cyclohexane (0.5387,0.2282,0.2331,0) 338.01 (0.5273,0.2815,0.1912,0) 337.17
(0.5372,0,0,0.4628) 350.71 (0.5432,0,0,0.4568) 350.62

(0,0.5491,0,0.4509) 338.05 (0,0.4390,0,0.5610) 338.00

(0,0,0.3000,0.7000) 342.65 (0,0,0.2993,0.7007) 342.51
(0,0.2688,0.1675,0.5638) 335.75 (0,0.3199,0.1509,0.5292) 335.43
(0.0924,0.4409,0,0.4668) 338.20 (0.1084,0.4224,0,0.4692) 337.82
(0.1630,0.2237,0.2334,0.3800) 335.25 (0.1906,0.2857,0.1609,0.3628) 335.00

branch that bifurcates off it). The first occurs at the turning point of the spurious
ternary branch where there is an intersection with a homogeneous benzene-ethanol
branch at A = 0.178. This turning point occurs on the boundary of & and thus,
corollary 1 in chapter 2 is not violated. In addition, the point at which the spurious
ternary branch crosses zp = 0 (A = 0.399) corresponds to an intersection with a
homogeneous ethanol-water branch. Higher dimensional branches can typically be
obtained through bifurcations on several lower dimensional branches. However, the
theory developed in chapter 2 indicates where the bifurcations can be found, limiting
the amount of branch tracking required. Finally, since the spurious ternary azeotrope
lies outside the physical composition space, the ternary heteroazeotrope can also be

obtained by a third, independent mechanism by using the spurious azeotrope homo-
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Benzene-Ethanol-Water System, P = 1.0 bar
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Figure 4-1: Benzene mole fraction versus the homotopy parameter for ternary sys-
tem: benzene, ethanol, and water. Thin lines are homogeneous curves and thick lines
are heterogeneous curves.

topy map described in chapter 2 (this is referred to as mechanism 2 in section 2.5).
The homotopy paths connecting the heteroazeotropes to the spurious homogeneous

azeotropes using the spurious homotopy map, equation (2.39), is shown in Figure 4-3.

4.1.2 Ethyl Acetate-Ethanol-Water System

At one bar, this system exhibits two homogeneous binary azeotropes, one binary
heteroazeotrope, and a homogeneous ternary azeotrope. As in the system above, the
homogeneous ethanol-water branch bifurcates off the pure ethanol branch. Figure 4-4
contains a bifurcation diagram showing the branches bifurcating off the pure ethyl
acetate branch.

The first bifurcation point off the pure ethyl acetate branch (at A = 0.0337)

corresponds to the ethyl acetate-ethanol branch from which the homogeneous binary
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Benzene-Ethanol-Water System, P = 1.0 bar
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Figure 4-2: Benzene mole fraction versus the homotopy parameter for ternary sys-
tem: benzene, ethanol, and water. Thin lines are homogeneous curves and thick lines
are heterogeneous curves.

azeotrope is obtained. A bifurcation point is identified on this binary branch at
A = 0.544 which corresponds to a ternary branch from which the homogeneous ternary
azeotrope is obtained. A second bifurcation point is identified along the pure ethyl
acetate branch at A\ = 0.282 which corresponds to a spurious homogeneous ethyl
acetate-water branch. At A = 0.742 on this spurious branch an intersection point is
identified from which the actual ethyl acetate-water heteroazeotrope is obtained.
Section 4.2.4 also contains an example of this ternary mixture. There it is shown
how a ternary heteroazeotrope is readily predicted at a different pressure by moving

slightly past A =1 on the ternary homogeneous branch.
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Figure 4-3: Homotopy paths connecting heteroazeotropes to spurious homogeneous
azeotropes for the benzene, ethanol, and water system at 1.0 bar.

4.1.3 Water-Acetone-Chloroform System

At one bar, this system exhibits one homogeneous binary azeotrope, one binary het-
eroazeotrope, and a ternary heteroazeotrope. Figure 4-5 contains a bifurcation dia-
gram showing the branches bifurcating off the pure chloroform branch from which all
solutions are obtained.

The first bifurcation point (A = 0.059) identified along the pure chloroform branch
corresponds to the spurious chloroform-water branch. Along this branch an intersec-
tion point is identified at A = 0.265 from which the actual binary heteroazeotrope
is obtained. In addition, a bifurcation point is identified along the spurious binary
branch at A = 0.20 which corresponds to a spurious ternary branch. Three intersec-
tion points are identified along the spurious ternary branch (A = 0.67, 0.73 and 0.96),
all of which correspond to the same heterogeneous ternary branch. Two heterogeneous

ternary solutions are identified on this branch, one physical and the other nonphysical
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Ethyl Acetate-Ethanol-Water System, P = 1.0 bar
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Figure 4-4: Ethyl acetate mole fraction versus the homotopy parameter for ternary
system: ethyl acetate, ethanol, and water. Thin lines are homogeneous curves and
thick lines are heterogeneous curves.

(the liquid phase fraction lies outside the range zero and unity). Note that in this case,
the ternary heterogeneous branch cannot be obtained through a bifurcation on the
binary heterogeneous branch. However, this is consistent with the theory in chapter 2
in that the ternary heterogeneous branch is obtainable through an intersection with a
ternary spurious branch (under reasonable assumptions, all heteroazeotropes will be
obtained either through intersections with spurious homogeneous branches or through
bifurcations on lower dimensional heterogeneous branches). The second bifurcation
point on the pure chloroform branch (A = 0.278) leads to an actual homogeneous

chloroform-acetone azeotrope.
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Water—Acetone-Chloroform System, P = 1.0 bar
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Figure 4-5: Chloroform mole fraction versus the homotopy parameter for ternary
system: water, acetone, and chloroform. Thin lines are homogeneous curves and thick
lines are heterogeneous curves.

4.1.4 Toluene-Ethanol-Water System

At one bar, this system exhibits two homogeneous binary azeotropes, one binary het-
eroazeotrope, and one ternary heteroazeotrope. The binary ethanol-water azeotrope
is obtained just as it was in the previous systems containing these two components,
via a bifurcation on the pure ethanol branch. In addition, the homogeneous toluene-
ethanol branch bifurcates off the pure ethanol branch. Figure 4-6 contains a bifurca-
tion diagram showing the branches bifurcating off the pure water branch.

The spurious homogeneous toluene-water branch bifurcates off the pure water
branch at A = 0.0006. This example again shows the importance of using exact
value for the bifurcation A’s. Along this branch an intersection with the binary
heterogeneous branch and another bifurcation point are identified, A = 0.367 and
0.913, respectively. The actual binary heteroazeotrope and a spurious homogeneous

ternary azeotrope are obtained from these two points. A second intersection point
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Toluene-Ethanol-Water System, P = 1.0 bar
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Figure 4-6: Water mole fraction versus the homotopy parameter for ternary system:
toluene, ethanol, and water. Thin lines are homogeneous curves and thick lines are
heterogeneous curves.

is identified along the spurious ternary branch from which the corresponding ternary
heteroazeotrope is obtained. As with the benzene-ethanol-water system, the ternary
heteroazeotrope can also be obtained through a bifurcation on the binary heteroge-
neous branch and through the spurious azeotrope homotopy map (mechanisms 1 and
2). Furthermore, the point at which the spurious ternary branch crosses zy = 0
corresponds to an intersection with the homogeneous toluene-ethanol branch which
bifurcates off the pure ethanol branch and leads to the toluene-ethanol azeotrope at
A = 1. The dramatic difference between this bifurcation diagram and bifurcation
diagram of the physically similar mixture, benzene, ethanol, and water, is due to the
fact that at a pressure of one bar, T}, < Ty, < T}, where T denotes the boiling tem-
perature. In the benzene-ethanol-water mixture the spurious homogeneous branches
bifurcate off the lower boiling benzene branch, whereas in this example, these bi-

furcations occur on the pure water branch. Like the benzene-ethanol-water system,
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the spurious ternary azeotrope in this mixture lies outside the physical composition
space and is thus obtainable with the spurious homotopy map. Figure 4-7 contains

the homotopy branches associated with this map.

Water ethanol

.| heteroazeotropes . -

spurious azeotropes

toluene

Figure 4-7: Homotopy paths connecting heteroazeotropes to spurious homogeneous
azeotropes for the toluene, ethanol, and water system at 1.0 bar.

4.1.5 Benzene-Isopropanol-Water System

At one bar, this system exhibits two binary azeotropes, a binary heteroazeotrope,
and a ternary heteroazeotrope. Figure 4-8 contains a bifurcation diagram showing
the branches bifurcating off the pure benzene branch.

The first bifurcation point on the pure benzene branch (A = 0.0153) corresponds
to the spurious benzene-water branch, along which an intersection point is identified
at A\ = 0.278 that leads to the actual binary heteroazeotrope. The second bifurcation

point on the pure benzene branch (A = 0.027) corresponds to a benzene-isopropanol
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Benzene-Isopropanol-Water System, P = 1.0 bar
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Figure 4-8: Benzene mole fraction versus the homotopy parameter for ternary sys-
tem: benzene, isopropanol, and water. Thin lines are homogeneous curves and thick
lines are heterogeneous curves.

branch, leading to an actual binary azeotrope. The close proximity of these two bi-
furcation points on the pure benzene branch again illustrates the importance of using
the exact criteria for bifurcation points. Clearly, it would be very easy to completely
miss these two bifurcation points by jumping over them (causing a cancellation in
the sign change of the determinant of the Jacobian) with even a fairly small stepsize.
Along the binary heterogeneous branch, a bifurcation point is identified at A = 0.233
which corresponds to a ternary heterogeneous branch, from which the actual ternary
heteroazeotrope is obtained. Note, however, in this case the spurious ternary branch
is not obtainable through bifurcations on lower dimensional homogeneous branches.
The spurious ternary branch is identified (drawn as a medium thickness line in Fig-
ure 4-8) by monitoring the s-component on the ternary heterogeneous branch and
this spurious ternary branch lies completely outside the physical composition space,

C. As with the water-acetone-chloroform system above, this is consistent with the
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theory in chapter 2 in that the ternary heterogeneous branch is obtainable through a
bifurcation on a lower dimensional heterogeneous branch. Furthermore, even though
the ternary spurious homogeneous azeotrope is not obtainable from the lower dimen-
sional homogeneous branches, the ternary heteroazeotrope is still obtained through
mechanism 2 (using the spurious homotopy map). Figure 4-9 contains the homotopy

branches associated with this mechanism for obtaining the ternary heteroazeotrope.

0 spurious azeotropes

benzene

Figure 4-9: Homotopy paths connecting heteroazeotropes to spurious homogeneous
azeotropes for the benzene, isopropanol, and water system at 1.0 bar.

4.1.6 Methanol-Benzene-Heptane System

At a pressure of bar, the phase equilibrium model employed in this calculation
predicts the methanol-benzene-heptane mixture exhibits a homogeneous methanol-
benzene azeotrope, a methanol-heptane heteroazeotrope, and a ternary homogeneous

azeotrope. Experimental data was not available for the ternary azeotrope. Experi-
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Methanol-Benzene-Heptane System, P = 1.0 bar
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Figure 4-10: Methanol mole fraction versus the homotopy parameter for ternary
system: methanol, benzene, and heptane.

mental data did indicate that a homogeneous benzene-heptane azeotrope exists, how-
ever, this azeotrope was not predicted by the phase equilibrium model. Section 4.2.8
contains an example where the techniques developed in chapter 3 are applied to this
mixture to determine the conditions under which this missing azeotrope is predicted.

Figure 4-10 contains the bifurcation diagram for this mixture. All predicted
azeotropes and heteroazeotropes are obtained from the pure methanol branch.

The first bifurcation on the pure methanol branch (A = 0.106) leads to a spurious
methanol-heptane azeotrope. The intersection point with the binary heterogeneous
branch occurs very close to A = 1 (identified by the diamond in Figure 4-10). Along
this spurious homogeneous branch, a bifurcation point is identified at A\ = 0.149
which leads to the ternary homogeneous azeotrope. The second bifurcation point
on the pure methanol branch (A = 0.128) corresponds to a branch leading to the

methanol-benzene azeotrope.
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4.1.7 Benzene-Ethanol-Water-Heptane System

The algorithm for computing homogeneous and heterogeneous azeotropes described
in this thesis computes them in a hierarchical manner: ternary azeotropes are com-
puted from binary branches, quaternary azeotropes from ternary branches, and so on.
This is not generally a problem because we often desire all homogeneous and hetero-
geneous azeotropes predicted by the phase equilibrium model. An advantage of this
approach is that we may use precomputed information from previously examined sys-
tems when analyzing higher dimensional systems. For example, in section 4.1.1, the
benzene, ethanol, and water system was examined and all homogeneous and hetero-
geneous azeotropes were computed. In this section, heptane is added to this mixture.
Along the heterogeneous benzene-ethanol-water branch, computed in section 4.1.1, a
bifurcation point corresponding to a heterogeneous quaternary branch was identified
at A = 0.920. This branch led to the stable quaternary heteroazeotrope. Figure 4-
11 contains the bifurcation diagram for this mixture with the additional quaternary
heterogeneous branch.

The benzene-water, benzene-water-ethanol, and benzene-ethanol-water-heptane
heteroazeotropes are obtained from the pure benzene branch. The ethanol-benzene,
ethanol-benzene-heptane, ethanol-heptane, and ethanol-water homogeneous azeotropes
and a ethanol-heptane-water heteroazeotrope are obtained from the pure ethanol
branch. Finally, a heptane-water heteroazeotrope is obtained from the pure hep-
tane branch. As shown in Table 4.2, no exerimental data was found for several of
azeotropes and heteroazeotropes in this mixture. These solutions do, however, satisfy

the necessary and sufficient conditions for homogeneous and heterogeneous azeotropy.

4.1.8 Benzene-Ethanol-Water-Cyclohexane System

At a pressure of one bar, a mixture of benzene, ethanol, water, and cyclohexane
exhibit four homogeneous binary azeotropes, two heterogeneous binary azeotropes,
one homogeneous ternary azeotrope, two heterogeneous ternary azeotropes, and a

quaternary heteroazeotrope (see Table 4.2). A very rich bifurcation diagram can be
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Benzene Mole Fraction versus Homotopy Parameter (P = 1.0 bar)
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Figure 4-11: Benzene mole fraction versus the homotopy parameter for quaternary
system: benzene, ethanol, water, and heptane.

constructed from the pure benzene branch. From this diagram, shown in Figure 4-12,
the following heteroazeotropes are obtained: benzene-water, benzene-water-ethanol,
benzene-water-cyclohexane, and benzene-water-cyclohexane-ethanol. In addition, a
benzene-cyclohexane homogeneous azeotrope is obtained.

Three binary bifurcation points are obtained off the pure ethanol branch leading
to homogeneous ethanol-cyclohexane, ethanol-benzene, and ethanol-water azeotropes.
A stable ethanol-cylohexane-benzene homogeneous azeotrope and a spurious ethanol-
cyclohexane-water azeotrope are obtained from the ethanol-cylcohexane binary branch.
An intersection point is identified along this spurious branch leading to the stable
ethanol-cyclohexane-water heteroazeotrope. The cyclohexane-water heteroazeotrope
is obtained from the spurious cyclohexane-water branch which bifurcates off the pure

cyclohexane branch.
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Benzene-Ethanol-Water-Cyclohexane System, P = 1.0 bar
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Figure 4-12: Benzene mole fraction versus the homotopy parameter for quaternary
system: benzene, ethanol, water, and cyclohexane.

4.2 Changes in Phase Equilibrium Structure

In this section, examples associated with the extensions of the heteroazeotrope finding
algorithm discussed in chapter 3 are presented. There is limited experimental data on
azeotropes and heteroazeotropes at the pressures computed in this section. However,
all solutions obtained satisfy the necessary and sufficient conditions for homogeneous
and heterogeneous azeotropy (subject to the limitations of the model and parameters

employed).

4.2.1 Chloroform-Methanol System

A mixture of chloroform and methanol will form a homogeneous azeotrope at a pres-
sure of one bar. The homogeneous homotopy branch associated with this minimum

boiling binary azeotrope bifurcates off the pure chloroform branch at A = 0.028.
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However, a chloroform-methanol bifurcation point also appears on the pure methanol
branch at a value of A = —0.073. This branch does not lead to a binary azeotrope
since it is unable to cross A = 0 in order to reach A\ = 1. As pressure is increased,
the value of A\ at the bifurcation point decreases on the pure chloroform branch and
increases on the pure methanol branch. At a pressure of 1.8 bar, the bifurcation
points on both branches occur at A = 0. At higher pressures, the bifurcation point
on the chloroform branch occurs at A < 0 and the bifurcation point on the methanol
branch occurs at A > 0. Thus, the branch associated with the binary azeotrope now
bifurcates off the pure methanol branch. Figure 4-13 contains the bifurcation diagram

for this system at three different pressures.
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Figure 4-13: Bifurcation diagram for the chloroform-methanol system at pressures
of 1.5 bar, 1.8 bar, and 2.0 bar.

This behavior can be explained physically by looking at the boiling temperatures
of pure chloroform and methanol as a function of pressure. As shown in chapter
2, the minimum boiling chloroform-methanol azeotrope will be obtained through a

bifurcation on the lower boiling component’s branch. At a pressure less than 1.8 bar,

121



chloroform has a lower boiling point than methanol. At 1.8 bar, both chloroform
and methanol have computed boiling points of 352.8 K. At pressures greater than 1.8
bar, methanol boils at a lower temperature than chloroform. Figure 4-14 contains

the T-zy diagram for the chloroform-methanol system.

T-xy diagram for Chloroform/Methanol
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Figure 4-14: T-zy diagram for the chloroform-methanol system at 1.5 bar, 1.789
bar, and 2.0 bar.

4.2.2 Acetone-Ethanol System

At a pressure of one bar, a binary acetone-ethanol azeotrope is not predicted. How-
ever, if the pure acetone branch is extended beyond A = 1, a bifurcation point corre-
sponding to an acetone-ethanol branch is identified at A = 1.8. This value of A\ at the
bifurcation point decreases with increasing pressure and equals unity at a pressure of
8.6 bar. At this point, the acetone-ethanol azeotrope emerges from the pure acetone

vertex.
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4.2.3 Water-2-Butoxyethanol System

A mixture of water and 2-butoxyethanol forms a homogeneous azeotrope at a pres-
sure of one bar. An intersection with a heterogeneous branch is identified along the
binary homogeneous branch at A = 1.03. Following this heterogeneous branch to
A =1, a solution is found that satisfies the necessary conditions for heteroazeotropy
except for the fact that the liquid phase fraction equals 1.01. Figure 4-15 contains
a diagram showing how the intersection point varies with pressure. The intersection
point crosses A = 1 at a pressure of 1.18 bar. At this pressure, the azeotropic point
on the vapor-liquid equilibrium surface just touches the liquid-liquid region. The
water-2-butoxyethanol mixture exhibits both an upper and a lower critical solution
temperature. However, the point at which the heteroazeotrope leaves through the top
of the liquid-liquid region was not predicted with this model. A better description of
the vapor phase nonideality may rectify this deficiency.
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Figure 4-15: Pressure versus the value of A at the intersection point for the water-
2-butoxyethanol system.
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Ethyl Acetate-Ethanol-Water System, P = 1.0 bar
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Figure 4-16: Ethyl acetate mole fraction versus the homotopy parameter at 1.0
bar for ternary system: ethyl acetate, ethanol, and water. Thin lines are homoge-
neous curves and thick lines are heterogeneous curves. The continuation is performed
beyond A =1 in this figure.

4.2.4 FEthyl Acetate-Ethanol-Water System

As shown in section 4.1.2, at a pressure of one bar, a mixture of ethyl acetate, ethanol,
and water exhibits a homogeneous ethanol-water azeotrope, a heterogeneous ethyl
acetate-water azeotrope, and a homogeneous ternary azeotrope. In bifurcation di-
agram shown in Figure 4-4, the continuation was stopped at A = 1. Figure 4-16
contains the same bifurcation diagram except with the continuation performed be-
yond A = 1 on the ternary homogeneous branch.

If an intersection search is performed beyond A = 1, an intersection with a ternary
heterogeneous branch is located at A = 1.013. The corresponding heterogeneous
ternary branch crosses A = 1 with a value of s equal to 1.008. Figure 4-17 contains a
diagram showing how this intersection point varies with pressure.

At a pressure of approximately 0.67 bar, the intersection point occurs at A = 1
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Pressure versus Homotopy Parameter
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Figure 4-17: Pressure versus the value of A at the intersection point for the ethyl
acetate, ethanol, water system.

corresponding to the pressure where the azeotropic composition on the liquid-vapor
equilibrium surface just touches the liquid-liquid binodal (which exhibits an upper

critical solution temperature for this system).

4.2.5 Water-1,2-Dichloroethane System

A mixture of water and 1,2-dichloroethane forms a heteroazeotrope at one bar. The
intersection point varies as a function of pressure as shown in Figure 4-18. At a pres-
sure of approximately 0.057 bar, the heteroazeotrope leaves the liquid-liquid region

and the heteroazeotrope becomes a homogeneous azeotrope.
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Figure 4-18: Pressure versus the value of A at the intersection point for the water-
1,2-dichloroethane system.

4.2.6 Tetrahydrofuran-Water System

The NRTL activity coefficient model, extended Antoine vapor pressure correlation,
and ideal gas model predict that a mixture of tetrahydrofuran (THF) and water, which
exhibits both a LCST and an UCST, does not form an azeotrope or heteroazeotrope
at pressures less than approximately 0.64 bar, forms a homogeneous azeotrope at
pressures between 0.64 bar and 2.3 bar, forms a heteroazeotrope between 2.3 bar and
18.5 bar, and forms a homogeneous azeotrope above 18.5 bar. Figure 4-19 shows how
the location of the intersection point on the spurious homogeneous binary branch
varies with pressure. Figure 4-20 shows the same diagram with the region around
A =1 (the region of interest) enlarged. This system is different from the others in
this paper in that there are two disconnected intersection point curves. The curve
associated with the intersection points found at pressures less than approximately

2.3 bar lie on a curve that does not cross A = 1 except at a non-physical solution at
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Figure 4-19: Pressure versus the value of A at the intersection point for the THEF-
water system.

approximately 89 bar. This curve does not provide much useful information except for
suggesting a second curve exists. However, it may be possible that the two intersection
point curves are connected via a complex curve that bifurcates off the low pressure
curve at the turning point at A = 1.07. This connection in the complex domain
was not explored, however, since the second curve is easily found by performing the

intersection point search at a single pressure above 2.3 bar.

4.2.7 Water-Acetone-Chloroform System

As shown in section 4.1.3, at a pressure of one bar, a mixture of water, acetone,
and chloroform forms a water-chloroform heteroazeotrope, a homogeneous acetone-
chloroform azeotrope, and a ternary heteroazeotrope. Figure 4-5 contains the bifur-
cation diagram for this system constructed at one bar. The single intersection point

on the spurious water-chloroform homogeneous branch does not cross A = 1 for any
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Figure 4-20: Pressure versus the value of A at the intersection point for the THEF-
water system. Enlarged region of interest at A = 1.

pressure. There are three intersection points on the ternary homogeneous branch.
Figure 4-21 shows how these intersection points vary with pressure.

At one bar, the intersection points on the ternary branch at A = 0.74 and A = 0.95
actually lie on the same intersection point curve. At pressures above approximately
0.65 bar, three intersection points appear on the ternary branch. At a pressure of
0.65 bar, two of the intersection points disappear and as pressure is decreased, the
intersection point (originally at A = 0.67 at one bar) crosses A = 1 at approximately

0.32 bar. At this point, the heteroazeotrope becomes a homogeneous azeotrope.

4.2.8 Methanol-Benzene-Heptane System

The heteroazeotrope finding algorithm was applied to this mixture in section 4.1.6
and it was found that an additional ternary azeotrope was predicted but the benzene-

heptane azeotrope was not predicted using the extended Antoine vapor pressure cor-
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Figure 4-21: Pressure versus the value of A at the intersection point for the water,
acetone, chlorofrom system.

relation and the NRTL activity coefficient model with parameters obtained from [5].
This system is further analyzed here due to this discrepancy.

First, topological consistency will be checked for both the experimental values
and the values computed in section 4.1.6. Figure 4-22 contains a diagram showing
the relative boiling temperatures of the pure components and azeotropes identified
experimentally. Although the benzene-heptane azeotrope has a measured boiling tem-
perature equal to that of pure benzene, it is assumed that this is due to experimental
error and that the azeotrope has a slightly lower boiling point (and is thus a mini-
mum boiling azeotrope and not a non-elementary arm-chair fixed-point). According
to this figure, the pure components are all stable nodes and have indices equal to
+1 (I;f = 3 and I; = 0), the two homogeneous azeotropes, methanol-benzene and
benzene-heptane, are saddle nodes with indices -1 (I; = 2), and the binary het-

eroazeotrope is an unstable node with index +1 (I, = 1). Applying the topological
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Figure 4-22: Gibbs composition simplex containing measured boiling temperatures
(K) of the azeotropes present in the methanol, benzene, and heptane system at 1
atm.

consistency test described in chapter 1, we find

znpk([,j —I) £ (=) t+1
2L —I7)+4(IF —I7) = (-1)"'+1
23-0)+4(1-2) = (=" '+1

6—4=2 = (=1)°+1=2,

and thus, topological consistency is satisfied for these measured values.

Figure 4-23 contains the Gibbs composition simplex showing the computed boiling
temperatures of the pure components and azeotropes predicted in section 4.1.6. In this
case, the methanol and heptane vertices are stable nodes with indices +1 (I;f = 2),
the benzene vertex is a saddle node (I; = 1), the methanol-heptane heteroazeotrope
and methanol-benzene azeotrope are saddle nodes (I, = 2 and I, = 0), and the

ternary azeotrope is an unstable node with index +1 (I = 1 and I; = 0). Again,
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Figure 4-23: Gibbs composition simplex containing computed boiling temperatures
(K) of the azeotropes present in the methanol, benzene, and heptane system at 1
atm.

applying the topological consistency test, we find

SO 1) L (1t
2L — D)+ 4L — ) +8(IF — 1) = (1) +1
22-1)+4(0-2)+8(1-0) = (-1)"'+1

2-8+48=2 = (=1)’+1=2,

and thus, topological consistency is also satisfied for these computed values.
Unfortunately, the topological consistency test is not much help in this situation.
Figure 4-24 contains the Tzy-diagram for the benzene-heptane mixture. Notice that
it appears as though a binary azeotrope should emerge from the pure benzene vertex
(dT/dxp is nearly tangent at this point). This suggest that under slight pressure
variation, the azeotrope should be found. At a pressure of 1 atm, the benzene-
heptane bifurcation point on the pure benzene branch occurs at A = 1.21 and pressure

must be increased to approximately 7.2 atm in order for this bifurcation point to
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Figure 4-24: Txy-diagram for a mixture of benzene and heptane at a pressure of 1
atm.

move to A = 1 (the case where the binary azeotrope emerges from the pure benzene
vertex). Given the shape of the Try-diagram and the experimental data indicating the
presence of a binary azeotrope, this required pressure change is clearly not reasonable.
However, by analyzing the sensitivity of the location of this bifurcation point to the
parameters in the Antoine vapor pressure correlation for heptane, it is found that a
slight perturbation in the first Antoine correlation parameter, C'; g, results in a large
change in the location of the bifurcation value for A. Figure 4-25 contains a diagram
showing C i versus the bifurcation value of A (the location of the bifurcation point
on the pure benzene branch corresponding to the benzene-heptane branch). Table
4.3 contains the results of the azeotrope finding algorithm after changing the value of
C4 g from 87.829 to 87.915.

The indices of the fixed-points in this system are the same as the original computed

values except that benzene is now a stable node (thus, I;” = 3 and I;” = 0) and the
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First Antoine Correlation Parameter for Heptane
versus Bifurcation Value of Homotopy Parameter
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Figure 4-25: Bifurcation value of A\ (the location of the bifurcation point on the
pure benzene branch corresponding to the benzene-heptane branch) versus the first
parameter in the Antoine correlation for heptane at a pressure of 1 atm.

new benzene-heptane azeotrope is a saddle node (I, = 3). Thus,

Y oHIf -1 = (-1t 41
k=1

2L — 7)Y+ 4L — ) +8(IF — 1) = (1) +1
23-0)+4(0-3)+8(1-0) = (-1)"'+1

6—12+8=2 = (=1)’+1=2,

and topological consistency is satisfied for the new set of computed values. This
small change in the value of C; gy results in the prediction of the benzene-heptane
azeotrope without significantly changing the values of the other azeotropes contained
in the system. However, the effect of perturbing C i changes the computed boiling

temperature of heptane from 371.10 K to 368.59 K. A better approach would be to
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Table 4.3: Experimental and computed values for azeotropes and heteroazeotropes
at a pressure of 1 atm for the methanol, benzene, heptane mixture. First Antoine

Correlation parameter for heptane changed to 87.917. Heteroazeotropes are denoted
by boldface.

Experimental Experimental Computed Computed

Components Composition Temp. (K) Composition Temp. (K)
Methanol, (0.6031,0.3969,0) 330.65 (0.6070,0.3930,0) 331.09
Benzene, (0,0.9945,0.0055) 353.25 (0,0.9948,0.0052) 353.28
Heptane (0.7684,0,0.2316) 332.25 (0.7622,0,0.2378) 331.57
N/A N/A (0.6303,0.2658,0.1039) 330.59

examine the location of the benzene-heptane bifurcation point while adjusting several
parameters in such a way that the predicted heptane boiling temperatures remains
near its experimental value.

In summary, the ability to predict the bifurcation and intersection points associ-
ated with incipient azeotropes and heteroazeotropes and determining the sensitivity
of these points to the model parameters is a very powerful tool when estimating
physical property parameters. The technique provides a systematic means of explor-
ing the phase equilibrium structure and the capabilities (or limitations) of the phase

equilibrium model.
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Part 11

Computational Differentiation
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Chapter 5

Overview of Computational

Differentiation

5.1 Introduction

The previous part of this thesis discusses topics important in the analysis of het-
eroazeotropic systems, in particular, the computation of the azeotropes and het-
eroazeotropes present in a multicomponent mixture and the efficient calculation of
changes in phase equilibrium structure with respect to system and/or property model
parameters. This part of the thesis, Computational Differentiation, discusses an im-
portant topic in the simulation and optimization of heteroazeotropic systems (or any
system for that matter), namely the calculation of numerical derivatives. This section
provides some motivation of why numerical derivatives are required in calculations
and discusses the advantages of obtaining them accurately and efficiently. This is
followed by a discussion of several ways to compute numerical derivatives with the
computer, including hand-coding, finite difference approximation, reverse polish nota-
tion evaluation, symbolic differentiation, and automatic differentiation. This chapter

is concluded with a discussion on equation-oriented process simulation, an applica-
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tion where careful attention to the way derivatives are represented and computed can
make a substantial impact.

The following chapter discusses the technique of automatic differentiation in more
detail. This is followed by a chapter describing a new class of automatic differentiation
techniques developed in this thesis. Finally, this section of the thesis is concluded
with a chapter containing numerical comparisons between symbolic differentiation
and automatic differentiation and several examples illustrating the improvements to
automatic differentiation as a result of this thesis.

Approximations to derivatives are required in many numerical procedures. For
example, Newton’s method for solving a system of nonlinear equations, f(z) = 0,

requires the Jacobian matrix of the residuals in the recursion formula:
oE gk [Vf(mk)]_l f(xk)

Another example is the integration of differential-algebraic equations (DAEs) and
stiff ordinary differential equations (ODEs) using a linear multistep method such as
those utilizing the backard differentiation formulas (BDF)[16]. Solving a DAE or
ODE, f(y,y,t) = 0, using the BDF method requires the evaluation of the following

iteration matrix:

Numerical derivatives are also required in parametric sensitivity calculations, con-
tinution methods, and many optimization algorithms. This list can be expanded to
fill the remainder of this thesis. The performance of all of these methods is often dra-
matically improved by using accurate values for the derivatives obtained efficiently.
The topic of this part of the thesis is computational differentiation. By computa-
tional differentiation, we mean some process by which derivatives are obtained with

a computer. The term numerical derivatives refers to the actual values used to ap-
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proximate derivatives, and they are obtained with some computational differentiation
method.

When derivatives are obtained with a computer, error may be introduced in two
forms: truncation error and roundoff error. If the derivative is obtained by truncating
a Taylor series expansion of the original expression, truncation error is introduced
due to the fact that the numerical derivative is only an approximation of the exact
derivative. On the other hand, roundoff error is the unavoidable consequence of
performing the evaluation with the finite precision arithmetic of a computer.

Two approaches for the calculation of derivatives that have been widely used in the
past are hand-coding and finite difference approximations. Hand-coding of derivatives
is primarily used when the system of equations is relatively small and the derivative
expressions are easily derived. In contrast, finite difference approximations are pri-
marily used for large and /or complex systems of equations. The disadvantages of these
two approaches, discussed in later sections, has led to the exploration of alternative
means for obtaining numerical derivatives. Since the 1950s, researchers have realized
that derivatives can be obtained automatically and exactly (to roundoff error) with
the computer by applying the simple rules of differentiation (product rule, quotient
rule, etc.) to some computer representation of the expression to be differentiated.
Three such approaches commonly used are symbolic differentiation, reverse polish
notation (RPN) evaluation, and, more recently, automatic differentiation. Symbolic
differentiation computes derivatives by applying the rules of differentiation to a tree
representation of the equations, generating new expressions (trees) for each partial
derivative desired. RPN evaluation simultaneously computes function and deriva-
tive values from the reverse polish notation form of the expression. In contrast to
the two former approaches, which work with equations, automatic differentiation was
originally designed for the differentiation of computer programs written in languages
such as C and FORTRAN. Derivatives are obtained by applying the chain-rule to the
sequence of elementary arithmetic operations contained in a subroutine for the com-
putation of function values. All three approaches above are carried out automatically

by the computer and are thus suitable for large problems that would be difficult and
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error prone to differentiate by hand. Furthermore, the numerical derivatives obtained
in these three approaches, as well as hand-coding, are exact (to roundoff error) and,
thus, free of truncation error. The following section discusses these five approaches

in more detail.

5.2 Approaches to the Computation of Derivatives

5.2.1 Hand-coded Derivatives

One way to obtain the derivatives of a set of functions is to derive the analytic
expressions by hand and then code a subroutine for their computation. This approach
has the advantage that the derivatives are exact (to roundoff error) and through
careful coding of the expresssions, their evaluation can be quite efficient. However,
this approach is tedious, extremely time consuming, and very error prone for complex
and/or large-scale equation systems. It is not practical for most problems of interest,
yet it is still commonly employed in practice and can be attributed to many of the

headaches experienced by members of the simulation community.

5.2.2 Finite-Difference Approximation of Derivatives

A common alternative to hand-coding is numerical approximation of derivatives by

finite differences. One example is the simple forward difference approximation:

ofi _ filz + hye;) — fi(x)
dr; h;

J

where e; is the j-th Cartesian basis vector and h; is the perturbation in variable
x;. The truncation error associated with this approximation is O(|h;|) (not includ-

ing roundoff error). A more accurate approximation is the centered finite difference
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approximation:

afl - fl(l' + hj6j> - fl(l' - hjej)

dxr; 2h;
The advantage of this over the previous approximation is that the trunctation error
is O(h3) (not including roundoff error), however, it costs roughly twice as much to
evaluate. Finite difference approximation has the advantage that it is trivial to code
and can use existing subroutines for the computation of function values. One problem
with this approach lies with the tradeoff between truncation error and roundoff error.
For large perturbations, the truncation error is significant. As the perturbation is
reduced to minimize truncation error, the effect of roundoff error becomes greater.
There is an optimal perturbation for computing the derivative, however, this optimal
perturbation is difficult to determine and varies with different functions and vari-
able values and, as a result, it is often selected in an ad hoc, suboptimal manner.
Furthermore, even with the optimal perturbation, the number of significant digits
in the value of the derivative is much less than that of the original function value.
This loss of accuracy is not acceptable in many applications. Another problem with
finite differences is that the cost of computing the Jacobian is n + 1 times the cost
of evaluating the set of functions for the forward finite difference approximation and
2n times the cost of evaluating the set of functions for the centered finite difference
approximation, where n is the number of variables. This may be prohibitively ex-
pensive for large systems of equations. Curtis, Powell, and Reid made the crucial
observation that in the case where the Jacobian is sparse and the sparsity pattern is
known explicitly, the columns of the Jacobian can be grouped into n. < n structurally
orthogonal groups (two columns are structurally orthogonal if they do not both have
nonzero entries in the same row) [30]. The cost of the Jacobian evaluation is reduced
because variables in the same group may be perturbed simultaneously. As a result,
the cost of the Jacobian evaluation is n. + 1 times the cost of evaluating the set of
functions for the forward finite difference approximation and 2n,. times the cost of

evaluating the set of functions for the centered finite difference approximation. This
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is referred to as the CPR algorithm and can be viewed as a graph coloring algorithm.
Let f: R* — R™ denote a system of nonlinear equations and suppose we want to
estimate its Jacobian matrix V f(xz) € R™*" using finite differences in the minimum
number of evaluations of f(x) (it is assumed that it is more efficient to evaluate f(x)
as a whole rather than component by component). This problem can be formulated
in general as follows. Determine vectors di, ds, ..., d, € R" such that Ad;, Ads,
..., Ad, determines A € R™" directly with minimum p. Note that for the CPR

algorithm, p = n, and

1 if variable «; is in group ¢
(di); = , (5.1)
0 otherwise.

The general problem above amounts to partitioning the columns of A into p column
groups such that each column belongs to exactly one group. This problem can be
related to the graph coloring problem [29] and the chromatic number of the graph is
equal to the minimum value for p. Determination of the chromatic number of a graph
(and hence, minimum number of evaluations required to estimate V f(z) by finite
differences) is NP-complete, however, approximate algorithms such as LFO (largest-
first ordering), SLO (smallest-last ordering), and IDO (incidence-degree) ordering
can be used to obtain column grouping yielding improved performance over the CPR
algorithm [27]. Having computed the vectors d;, i = 1,...,p, the Jacobian can be
estimated. Compute V f(x)d; as follows,

Vi(x)d; = f(x+d;) = f(z) + O(|dil]), (5.2)
for i = 1,...,p. By construction, Vf(z)dy, Vf(z)ds, ..., Vf(x)d, uniquely deter-
mine V f(z). Obviously, for large, sparse problems this saving can be dramatic and

should be employed whenever possible. Unfortunately, accuracy is not affected by

this technique.
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5.2.3 RPN Evaluation of Derivatives

The standard infiz form of an equation corresponds to the usual way of writing a
mathematical expression. Using this representation of an equation within the com-
puter has the advantages that it is a very compact form of storage and it is easy for

the user to read the expression. For example, the expression

(=* +y)(y° +4)

may be represented within the computer using infix notation by the following se-
quence of fifteen identifiers: (, z, ", 2, +, v, ), -, v, ", 2, +, 4, ). The disadvantage
of the infix notation is that it is difficult to identify the operands of the various op-
erators automatically with the computer and evaluation and differentiation of this
form of the expression is extremely cumbersome, requiring several passes through
the expression. An alternative to the infix representation of an expression is reverse
polish notation (RPN), familar to those who have used a Hewlett-Packard calculator.
Using RPN, the expression above may be stored in computer memory as the following
sequence of eleven identifiers: x, 2, | y, +, y, 2, ~ , 4, +, -. This representation is
compact, yet preserves most of the information about the expression that is present
in the tree notation described in the following section. An expression stored in RPN
form is evaluated with the use of a stack. A stack is a first in, last out data structure
where elements are pushed onto the top of the stack and removed by popping them
from the top of the stack. Starting from the left of an RPN expression and moving
right, constants and variables are pushed onto the stack. When a binary operator is
encountered, the two top elements are popped from the stack, and the binary opera-
tion is performed on these values. This result is then pushed onto the stack, resulting
in a new stack with one less element. If a unary operator or function is encountered,
the top element of the stack is popped, the operation is performed, and the result
is pushed onto the stack. When the entire expression has been processed, the stack

contains a single element, the value of the expression. In order to differentiate an
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RPN expression, a second derivative stack is used in parallel with the main stack
described above. If a constant is pushed onto the main stack, its derivative, 0, is
pushed onto the derivative stack. If a variable is pushed onto the main stack, its
derivative, 0 or 1 depending upon which variable we are differentiating with respect
to, is pushed onto the derivative stack. When operators are encountered in the RPN
expression, the derivatives of these operators, defined by the simple rules of differenti-
ation, are applied. These derivative operators, in general, operate on elements of both
the main stack and second stack, and thus, derivatives and functions are evaluated
simultaneously. If the n partial derivatives of a vector-valued function f : R* — R
are required, then n + 1 stacks must be maintained. Derivatives obtained with this
method are exact (free from truncation error) and the time complexity of the RPN
evaluation is similar to that of interpreted symbolic derivative evaluation (described

below). For a detailed discussion of RPN evaluation see [67] and [123].

5.2.4 Symbolic Differentiation

An alternative to hand-coding of derivatives, finite difference approximations, and
RPN evaluation is symbolic differentiation. Symbolic differentiation is used in soft-
ware packages such as REDUCE [58], MACSYMA [85], and Maple [23]. These com-
puter algebra packages have experienced widespread use due to their ability to perform
such operations as polynomial factorization, simplification, symbolic integration, and
other formula manipulations, in addition to differentiation. They are designed to
be general purpose tools capable of handling large-scale problems requiring the au-
tomation of algebraic computation. In the symbolic environment, the mathematical
expressions can be represented as rooted directed trees. A directed tree is a connected
acyclic directed graph (digraph) where removal of one of the edges results in a dis-
connected digraph. A rooted tree is a tree where one of the vertices is distinguished
as the root. The interior vertices of the trees representing expressions are intrinsic
functions (sin, exp, etc.) or binary and unary operators (+, -, /, «, etc.) with one

or two edges pointing to their operands. The leaves of the tree (vertices without any
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children) are either literals (e.g., 2.4, 3.5, 7) or variables. The precedence relationship

of the expression is preserved in the structure of the tree. For example, the equation

_sin(ay)In(zyxows) + cos(wa)a3

exp(z122) + 1 (5:3)

is shown in tree form in Figure 5-1.

@ ®

Figure 5-1: Tree form of equation (5.3)

The tree is a clear but wasteful representation of an expression. Notice that there
are three distinct vertices representing x; and xs and two vertices representing ws.
In practice, the actual graph of equation (5.3) would have one vertex allocated for
each variable present in the expression and all operands containing these variables
would point to the same vertex. Furthermore, notice the product x;x5 appears twice
in (5.3). This too can be represented by a single subgraph, further reducing the mem-
ory required to store the symbolic form of the equation. By exploiting these common
subexpressions, the expression can be represented as a directed acyclic graph (DAG).
The task of identifying and exploiting the common subexpressions is a common task

when hand-coding expressions in FORTRAN or C (performed when intermediate vari-
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ables are introduced to avoid writing the same subexpression several times). However,
the task of identifying the common subexpressions present in an abitrary collection
of graphs is a combinatorial problem and accounts for the majority of the cost associ-
ated with generating FORTRAN code from expressions generated in Maple. Common
subexpressions not only reduce amount of memory required to represent an expression
in computer memory, but can also be exploited in the evaluation of an expression, as
will be shown below.

The data structure representing DAG vertices in computer memory must have the
following fields: a field specifying the vertex type (literal, variable, addition operator,
multiplication operator, etc.), pointers to the left and right children of the vertex, and,
if the vertex is a literal or a variable, a real-valued field containing the current value.
A formula represented in computer memory as a graph using the data structures

described above may be evaluated using the recursive algorithm shown in Figure 5-2.

REAL EVALUATE( v )
if v = literal or variable then
> Simply return the value of the vertex
return value[v] ;
elseif v = addition operator then
> Return the sum of the operands, the left and right children
return EVALUATE(left[v]) + EVALUATE(right[v]) ;
elseif v = multiplication operator then

O© 00 ~1 O Ut i W N =

> Similar code for other binary operators and unary functions

—_ =
= O

end

Figure 5-2: Recursive algorithm for evaluating the graph form of a symbolic expres-
sion.

Procedure EVALUATE takes the vertex data structure as an argument, v, and
returns the numeric value of the subexpression rooted at the argument. The expres-
sion value[v] accesses the value field of v. Expression left[v] and right[v] access the

left and right children of v. When EVALUATE is called with the root vertex as an
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argument, the return value is the value of the expression represented by the DAG.
Procedure EVALUATE makes no attempt to exploit the occurrence of common subex-
pressions present in an equation graph. This can be performed very easily by adding
two additional fields to the vertex data structure, a boolean field indicating whether
or not the vertex is a common subexpression and an binary variable flag to indicate
whether or not the subgraph rooted at the common subexpression has already been
computed for the current set of variable values. A simple preprocessing step based on
a depth-first search can be used to find and mark the common subexpression vertices
present in the graph (this task is considered in more detail in chapter 7 and is thus,
omitted here). An additional global binary integer variable is also employed for this
common subexpression exploitation. At the beginning of a calculation (e.g., DAE
integration, solution of a system of nonlinear equations, etc.), the global binary vari-
able is set to unity and the flags of all common subexpression vertices present in the
graph are set to zero. Each time any of the values of the variables are modified, the
global binary variable is changed from zero to unity or unity to zero, depending on
its current value. As the residual vector and/or Jacobian matrix are evaluated and a
common subexpression is encountered during the interpretive evaluation of a graph *,
the vertex flag is compared to the global binary variable. If the values are equal then
the common subexpression has been previously encountered and the precomputed
value of the subexpression is returned, otherwise, the subexpression is evaluated, this
resulting value is stored in the common subexpression vertex, and the vertex flag is
set equal to the global variable, ensuring that each time this common subexpression is
encountered later (and the independent variable values have not changed), the value
will not be recomputed. As shown in chapter 8, this modification can yield substan-
tial improvements when both the residual vector and Jacobian matrix are evaluated
at the same values for the independent variables.

The symbolic expression can be differentiated by applying the simple rules of dif-

'Evaluating the symbolic form of an expression held in computer memory is referred to as inter-
pretive evaluation. The alternative is to write a subroutine containing the expression which can be
evaluated by calling the compiled routine.
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ferentiation recursively to the DAG. For example, consider the product rule, d(u-v) =
v-du+ u-dv. The differentiation operator is applied recursively to the subexpres-
sions u and v, which may be complicated subgraphs of the graph representing w - v.
Note that the subexpressions u and v appear both in the original expression u - v
and the derivative of this expression. This observation can be exploited in a symbolic
environment by not creating new subgraphs for v and v in the derivative expression,
but simply sharing the same subgraphs in the original formula. Thus, the original
expression and its partial derivatives form an interconnected collection of DAGs.

Once the derivative expresssions have been generated, there are several ways in
which numerical values may be obtained. One way is to apply the recursive algo-
rithm described above for evaluating a graph to each derivative expression. This
approach will be referred to as the interpretive approach for symbolic derivative eval-
uation. Alternatively, the graph form of the expressions can be used to generate a
C or FORTRAN subroutine for derivative evaluation (the graph is converted to infix
notation and written to a file). This resulting subroutine may be compiled and linked
to code requiring the numerical derivatives. The residual and derivative expressions
may be optimized both at the code generation level (common subexpression identi-
fication) and during compilation. Once the residual and Jacobian subroutines have
been compiled, the evaluation of the residual vector and Jacobian matrix using this
approach is much faster than if the evaluation were performed using the interpre-
tive approach. As a result, the compiled approach is prefered when residual vectors
and Jacobian matrices are required repeatedly (as is the case with an iterative equa-
tion solver or integrator). Most symbolic computation packages provide utilities for
generating subroutines from symbolically derived derivative expressions. There are,
however, situations where interpretive evaluation is a better choice (see section 5.3
on equation-oriented process simulation).

The advantage of symbolic differentiation is that the derivatives are exact (free
from truncation error). If, however, the original expression contains quotients or
functions, the resulting expressions for the partial derivatives are often much more

complex than the original function. As a result, in a naive implementation of sym-
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bolic differentiation (no common subexpression evaluation), the cost of computing a
gradient is roughly n times the cost of evaluating the function, where n is the number
of variables in the function. Performance is improved by optimizing the DAGs and
performing common subexpression evaluation, however, this still often falls short of

the performance of automatic differentiation, discussed in the following section.

5.2.5 Automatic Differentiation

Three prerequisites for a differentiation method are given by Iri [63]: it should be
fast (low complexity with respect to the computation of what is being differentiated),
it should be free from truncation error, and it should be able to be performed auto-
matically. The methods discussed previously are defficient in one or more of these
prerequisites: hand-coding of derivatives cannot be performed automatically, finite
difference approximations are not exact nor, like symbolic or RPN derivatives, com-
puted very efficiently. Automatic differentiation (AD), a relatively recent technique
developed for the automatic computation of derivatives, does in fact have all of these
desired properties. A detailed discussion of AD will be deferred to the following
chapter, however, some of its advantages will be discussed here. Consider a general
nonlinear function, f : R®* — R. The cost of evaluating the gradient of f using finite
differences is n+1 times the cost of evaluating f alone (using the simple forward finite
difference approximation). The cost is roughly n times the cost of f alone when using
RPN evaluation or symbolic differentiation. Using the reverse mode of automatic
differentiation (described later), the cost of evaluating the gradient is bounded above
by three times the cost of evaluating f alone, independent of the number of variables
or the functional form of f. Furthermore, it is possible to simultaneously compute
f, its gradient, and a relatively tight estimate of the roundoff error generated during
the function evaluation at a cost bounded above by five times the cost of evaluating
f alone. AD was originally applied to the automated differentiation of computer
programs (e.g., C functions or FORTRAN subroutines) containing loops, conditional

statements, and other sophisticated programming structures, making AD a very flex-
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ible and powerful technique. AD is discussed in detail in the following chapter. This
is followed by a chapter describing a new class of automatic differentiation techniques

developed in this thesis.

5.3 Equation-Oriented Process Simulators

Equation-oriented process simulation is one application where the careful selection
of a computational differentiation method can make a substantial impact and thus,
warrants some discussion. Furthermore, many of the differentiation techniques dis-
cussed and developed in this thesis have been implemented in the equation-oriented

process simulator ABACUSS?.

5.3.1 Process Flowsheet Simulation

Process flowsheet simulation packages have been around for approximately forty years.
These tools can be roughly broken down into two categories, modular simulators and
equation-oriented simulators. Prior to the development of these packages, simulation
was performed through the use of problem specific routines written by the modeler
in a procedural language such as FORTRAN. These subroutines were compiled and
linked to numerical routines to solve the particular problem at hand. Although this
process offers a great deal of flexibility, it is time consuming, error prone, and re-
quires a great deal of expertise on the part of the modeler. In light of this difficulty,
more advanced packages were developed to assist the modeler in process flowsheet
simulation. Among the first to be developed were modular simulators. In this frame-
work, the process model flowsheet is assembled by connecting specific modules from
a unit operation library. The advantage of selecting unit operations from a library

is that the user is freed of the time consuming task of writing code for each distinct

2ABACUSS (Advanced Batch And Continuous Unsteady-State Simulator) process modeling soft-
ware, a derivative work of gPROMS software, ©1992 by Imperial College of Science, Technology,
and Medicine.
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unit operation appearing in the flowsheet model. Furthermore, these libraries form
information repositories, storing not only the model formulation but also custom tai-
lored solution algorithms for converging the unit operation in a numerical calculation.
Often, sophisticated graphical user interfaces (GUIs) are provided to assist the user
in the construction of the flowsheet. There are two main approaches for perform-
ing a steady-state flowsheet simulation, the sequential modular and the simultaneous
modular approaches. Historically, the flowsheets were solved using the sequential
modular approach. Here, the inputs to a module are specified and the unit operation
subroutine computes the outputs (using a robust custom tailored algorithm) which
are then inputs to some other unit operation routine downstream in the flowsheet.
The disadvantage of this approach is that the solution strategy is strongly tied to the
topology of the flowsheet. Furthermore, recycles in the flowsheet present a problem
because the inputs to some unit operations are not known a priori. In such cases, the
flowsheet must be solved in an iterative fashion by “tearing” recycle streams. That
is, initial guesses are provided for variables associated with the torn recycle streams
and the flowsheet is solved in a sequential fashion to compute new estimates for these
unknown quantities. The process is continued until the difference between succes-
sive values for the unknown variables is sufficiently small. A great deal of research
has gone into developing solution strategies for improving the efficiency and robust-
ness of recycle streams convergence. The sequential modular approach also performs
poorly when some of the inputs are not known a priori but are to be calculated by
specifying some of the outputs (the so-called design problem). These “design specs”
are solved in an iterative manner, much like the convergence of the recycle streams.
The simultaneous modular approach was developed to remedy the shortcoming of
the sequential modular approach when applied to flowsheets with complicated recyle
streams and design specifications. In the simultaneous modular approach, the torn
recycle streams and design specifications are solved simultaneously (although there
are still nested iterations within the physical property and unit operation routines).
The modular approach to flowsheet simulation has proven invaluable for steady-state

simulation and optimization problems. This is due in part to the enormous amount
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of research that has gone into developing flowsheet convergence strategies and to the
sophisticated, custom tailored solution algorithms within each of the unit operation
routines. The approach, however, has been less successful in solving dynamic simula-
tion problems. One reason for the limited success of the modular approach is that the
behavior of a dynamic system depends greatly on the physical characteristics (size,
geometry, etc.) of the unit operations. Accurate predictions of the dynamic responses
requires very detailed dynamic models of the equipment. It is impossible for a mod-
ular simulation package to provide a complete library containing every possible unit
operation, in sufficient detail, required for a general process flowsheet. This deficiency
has been one motivation for the development of equation-oriented process simulators.

In an equation-oriented environment, the user writes the flowsheet model using a
high-level equation-based symbolic language. Unlike “low-level” languages such as C
or FORTRAN, the languages provided by an equation-oriented simulator allow the
user to write models in a very clear and concise manner. Equations are written in
an input file much as they would on a piece of paper, using a compact mathematical
notation. This flexible, high-level representation allows the model to be completely
decoupled from the solution procedure. And thus, a variety of numerical techniques
can be applied to the same flowsheet model. Furthermore, the equation-oriented rep-
resentation can be used as a repository for process knowledge. In the initial stages
of process developement, the process model is used as a tool for design. As knowl-
edge of the process grows, the model ideally becomes more sophisticated in order to
reflect the increased understanding of the process. The process model can be used
for the initial design, start-up, simulations and optimizations during the lifetime of
the physical process, and for final decommissioning. The potential impact of an ac-
curate process model over the lifetime of the process greatly justifies the initial cost
associated with properly modeling the plant.

Many equation-oriented process simulators allow procedures to be incorporated
into the flowsheet model (for example, gPROMS and SPEEDUP allow physical prop-
erties to be computed from pre-existing subroutine libraries). Although this allows

the very rich collection of legacy models to be exploited, it has the disadvantage that

151



many details are hidden within black box subroutines. For example, ‘hidden discon-
tinuities” within a subroutine can wreak havoc with the error control mechanisms of
DAE integrators [21, 57| and will cause completely wrong parametric sensitivities to
be computed [47]. Discontinuities should be handled explicitly to ensure efficient,
robust, and correct solution of the problem.

Although the equation-oriented simulator is superior to the modular simulator for
performing dynamic simulations, the opposite is true with steady-state simulations.
Equation-oriented simulators allow a very general representation of the model to
be written and, as a result, the solution procedures must also be very general (as
opposed to the custom tailored algorithms found in the unit operation modules of
a modular simulator). Although, several strategies have been developed to improve
the robustness of steady-state simulations and the consistent initialization step of
dynamic simulations (including block decomposition and various tearing strategies),
these calculations remain very difficult to solve robustly.

Equation-oriented process simulators can be broken down into roughly two cat-
egories: complied architecture and interpretive architecture. In the compilied ar-
chitecture, the equations contained in the input file are converted to a FORTRAN
subroutine that is compiled and linked to other numerical routines. In most packages,
symbolic derivatives are constructed from the symbolic form of the equations and a
FORTRAN subroutine for Jacobian evaluation is also constructed. In an interpre-
tive architecture, the symbolic form of the process model and Jacobian is maintained
in computer memory. These data structures are “interpreted” to provide numerical
values for the residual vectors and Jacobian matrix, as explained above. Although
evaluation of compiled expressions can be as much as an order of magnitude faster
than interpreted expressions, the interpretive architecture has proven invaluable in ap-
plications such as hybrid discrete/continuous dynamic simulation. Most ‘continuous’
processes exhibit a significant degree of discrete behaviour. These discrete changes
are due to both operating conditions imposed on the process (e.g., digital regula-
tory control, start-up or shut-down operations, equipment failure, and control system

set-point changes) and to the particular representation of physico-chemical changes
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in the process model (e.g., flow reversals, phase change, and laminar/turbulent flow
transitions). Discrete changes occur at time events and state events. A time event is a
particular time where an event is known to happen (e.g., fill tank for thirty seconds).
A state event, also referred to as an implicit discontinuity, is an event whose time of
occurrence is a function of the state of the system (e.g., fill tank until level reaches
one meter). At each event, the functional form of the process model changes. When
performing a hybrid discrete/continuous simulation, events are detected (usually by
monitoring a discontinuity function which crosses zero at a particular event), the
functional form is changed, the system is reinitialized, and the integration is contin-
ued with the new functional form of the model until the next event is encountered. In
most cases, the sequence of functional forms the model assumes during the course of
a simulation is not known a priori (due to the occurrence of implicit discontinuities).
Furthermore, the number of different functional forms of the model is exponential
in the number of implicit discontinuities present. These properties of the hybrid dis-
crete/continuous simulation problem make the compiled architecture less practical for
most problems. It is possible to create general subroutines that imbed all functional
forms of the system of equations associated with IF and CASE equation, however,
for a general schedule (a set of discrete actions imposed on a continuous model), the
resulting subroutine will be very large and complex. Furthermore, the implementa-
tion of such a routine that embeds all possible functional forms of the model would
be difficult and error prone. Although, the interpretive architecture is attractive due
to the capability to rapidly switch between functional forms at a discontinuity, it also
introduces some complications that were not as important in the compiled architec-
ture. As stated above, interpretive evaluation of equation and derivative graphs is
much more costly than compiled evaluation. During normal calcuations with com-
piled code, the majority of the cost is often associated with the LU factorization of
some iteration matrix (this is why modern BDF integration codes try to use a pre-
viously factorized Jacobian matrix for as many steps as possible). In an interpretive
architecture (and, indeed, even the compiled architecture), the residual and Jacobian

evaluations can account for a substantial fraction of the overall calculation cost (this
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is particularly true for parametric sensitivity calculations as shown in chapter 8).
Furthermore, substantially more memory is required to represent an equation system
and Jacobian matrix in computer memory than as a compiled subroutine, limiting
the size of systems that can be handled. The remainder of this part of the thesis
discusses improvements that can be made in both the way the equation system and
Jacobian are represented and evaluated in an interpretive architecture. Modifications
tailored to this environment have yieled substantial performance in many calculations

performed within this type of process simulators.

5.4 Conclusion

Several computational differentiation approaches have been discussed in this chap-
ter. It is concluded that AD offers several advantages over other, more traditional,
methods for computing numerical derivatives. Also discussed is the topic of equation-
oriented process simulation. This topic is illustrated because it is an application where
the careful selection of a differentiation method can have a substantial impact both in
the size of the problems that may be handled and the performance of the calculations
performed. The next chapter of this thesis discusses the topic of AD in more detail.
This is followed by a chapter describing the improvements to AD developed in this
thesis. This part of the thesis is then concluded with a chapter containing numerical

examples illustrating the improvement.
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Chapter 6

Automatic Differentiation

As discussed in the previous section, automatic differentiation (AD) represents a
class of very powerful analytical differentiation techniques. In this chapter, AD is
discussed in detail. First, the idea of representing a computation as a sequence
of elementary operations is described and the concept of a computational graph is
introduced. Second, a description of the forward and reverse modes of automatic
differentiation (both scalar and several vector versions) is presented. This is followed
by a description of how the reverse mode of AD may be used to obtain relatively tight
estimates of the roundoff error associated with the computation of a function. This
chapter is concluded with a section containing a brief history, literature review, and
a list of several implementations of AD available. The following chapter discusses the

contributions made to this field by this work.

6.1 Computational Graph and Accumulation

This section introduces the idea of representing a system of equations as a sequence
of elementary operations and introduces the concept of a computational graph (CG).
In addition, a small example is presented motivating the use of AD over other com-

putational differentiation techniques.
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Most systems of equations of interest can be expressed as a sequence of N ele-

mentary operations and assignments to elementary variables:

for j; = 1to N
vi = Uj(Vi)iea
end
where
A;c{1,2,...,j—1} (6.1)

is the set of indices of the arguments of elementary operation j. Typically, the
elementary operation is a binary or unary operator (+, —, /, ) or a unary function
(sin, cos, In, etc.), in which case A, consists of one or two elements. The analysis
presented in this thesis, however, applies to elementary operations which are functions
of any arbitrary number of previously computed elementary variables. The elementary
operations may be executed in any order provided that all arguments of any particular
operation have been previously computed. The order of operations corresponds to
different indexing of the elementary variables. Other sources in the literature impose
the following ordering on the elementary variables: v; = x; for j = 1,... ,n are
the independent variables, v; = z;, for j = n 4+ 1,...,n + p are the intermediate
variables, and v; = y; for j =n+p+1,... ,n+p+ m are the dependent variables
of the system of equations f : R* — R™ represented as a sequence of elementary
operations. The intermediate variables simply allow the evaluation of y = f(x)
to be broken down into a sequence of elementary operations. For most systems
of equations of interest, p is much greater that n + m. This discussion does not
impose a restriction on the elementary variable indexing since different orderings can
be extracted from a graph representation of a system of equations more efficiently;

all that is required is that ¢ < j, Vi € A;. Thus, we denote the set of indices of
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independent variables as Z C {1,2,... ,n+ p+ m}, the set of indices of dependent
variables as D C {1,2,...,n+ p+ m}, and the set indices of intermediate variables
as &€ C {1,2,... ,n+p+m}. These index sets have the following properties: Z N
D=INnE=DNE=0,ZUDUE ={1,2,... ,n+p+m}, |Z| = n, [D| = m,
|E| = p, where || denotes the cardinality of the set, and N = n + m + p. These
properties may require the insertion of elementary assignments into the elementary
operation list. Representing a computation as a sequence of elementary operations is
a routine task for anyone who programs in languages such as C or FORTRAN, where
complex expressions are regularly broken down into several computational steps by
the introduction of intermediate variables. This is done to not only make the coding
of the complex expression easier to understand (and, therefore, debug) but also to
avoid repeated computation of the same quantity.

Equation (5.3),

_sin(ay) In(ay@p23) + cos(xz) 3

’

exp(riz2) + 1

(shown as a tree in Figure 5-1) can be computed by the following sequence of elemen-

tary operations:

Vo= 1
vy = Iy

vy = T3

vy = VU

Vs = 403

vg = 2

vy = sin(vy)
vg = In(vs)
vg = cos(vy)
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_ v6
Uip = Usg

U1 = UrUsg

Uiz = Uglip

vis = exp(vy)

Vg = 1

U5 = U3 + U1

Ui = U1 + U12

17 = U16/Ul5
Yy = ur

The relationship between a sequence of elementary operations and the DAG repre-
sentation of a systems of equations is very close: each interior vertex in the DAG
corresponds to an elementary operation. The remainder of this section discusses
how the partial derivatives of an expression represented as a sequence of elementary
operations may be obtained.

Let V =Z UD U E denote the complete index set. For each v;, j € (V —I), we
define the elementary partial derivative as:

d: = g—;’z i A, (6.2)

For the majority of elementary operations encountered, these partial derivatives are
well-defined and continuous in some neighborhood of the elementary function’s ar-
guments. Some obvious exceptions are logarithms, square root operations, and in-
verse trigonometric functions with arguments outside their respective domains. Key
assumptions are made on the cost of evaluating an elementary operation and its
associated elementary partial derivatives in the following section and used for the
complexity analysis throughout the remainder of this part of the thesis.

The partial derivative of y with respect to x; can be computed from the represen-
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tation of f(z) shown above and the associated elementary partial derivatives using

the chain rule:

8y . 81]17 81}16 81}11 81]7 81]17 81]16 81}11 81]8 81}5 81}4 81]17 81}15 81]13 81]4

le 8?}16 81}11 807 8?}1 8?}16 3?}11 81}8 6U5 804 81}1 6U15 81}13 804 8?}1
= d17,16d16,11d11,7d7,1 + d17,16d16,11d11,8d8,5d5,4d4,1 + d17,15d15,13d13,4d4,1-

The elementary partial derivatives are computed using the simple rules of differen-
tiation such as the product rule and the quotient rule as well as the rules for dif-
ferentiating the standard functions such as sin, cos, and In. For example, consider
v17 = 16/ 015 shown in the elementary operation form of equation (5.3). The elemen-
tary partial derivatives are: dvi7/0vig = 1/v15 and Ovy7/0vis = —vi7/v15. The DAG
form of an equation where the edges have been labeled with the elementary partial
derivatives will be referred to as a computational graph (CG). Figure 6-1 contains the

CG of equation (5.3).

cos(vy) Vig Ve/Vs
-sin(vy)

V2 Vy Vi
X X2
Vi V)

Figure 6-1: Computational graph form of equation (5.3)

Vy

V3

In general, the partial derivative of y = f(x), where f is represented as a compu-
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tational graph, is given by

9,
ay = Z H (elementary partial derivative attached to e), (6.3)
Y pePanf) ecP

where P(x;, f) is the set of all paths connecting the root vertex of f to the independent
variable vertex x; in the computational graph and the elementary partial derivative
at edge e, connecting v; and v;, is d; ;. Equation (6.3) is simply the chain rule.
Notice that the CG of and equation contains all information required to evaluate and
expression and all of its partial derivatives.

The discussion above explains how a general system of nonlinear equations can be
represented as a sequence of elementary operations and how the partial derivatives of
these equations can be extracted from the computational graph (the basis for all of
the AD methods discussed in this thesis). At first it may seem counter-intuitive that
automatic differentiation should perform any better than other analytical derivative
evaluation techniques, such as symbolic differentiation. After all, the same quantities
are being computed and the form of the partial derivative expressions are given by
the elementary rules of differentiation which apply to all techniques. This section is
concluded with a small example comparing symbolic differentiation to one variant of
automatic differentiation, the scalar sweep reverse mode. The details of this technique
will be discussed in detail in the following section.

Consider the simple nonlinear equation
z = xy - cos(xy). (6.4)

An optimized graph of this equation is shown in Figure 6-2. Applying the rules of

differentiation to graph shown in Figure 6-2 results in the following expressions:

dz/0x = cos(zy) -y + (xy) - (—sin(zy) - y) (6.5)

0z/0y = cos(xy)-x+ (xy) - (—sin(zy) - x) (6.6)
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Figure 6-2: Directed acyclic graph (DAG) of equation (6.4).

The DAG of the original expression and partial derivatives are shown in Figure 6-3.
Note that the term — sin(xy) appears twice in the partial derivative expressions. It is
possible to include rules in the symbolic differentiation code that recognize this possi-
bilty and only generate one expression for —sin(xy), however, handling these special
cases can dramatically increase the cost associated with the symbolic differentiation.
Furthermore, the identification and removal of these redundant expressions from an
arbitrary graph a posteriori is a combinatorial process.

Suppose the evaluation sequence for computing z, dz/dx, and 9z/0y were ex-
tracted from the graph shown in Figure 6-3. Based on this graph, the minimum

number of operations required to compute these quantities is

a; = ay
ay = cos(ay)
zZ = Qs

0z/0r = oy + ai(—sin(aq)y)

0z/0y = aox + ai(—sin(ay)z),

requiring a total of eight multiplies, two additions, two unary minuses, one cos, and
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Figure 6-3: Directed acyclic graph (DAG) of equation (6.4) and partial derivatives
(6.5) and (6.6).

two sin. Even if the redundant expressions were identified and handled properly,
the cost would be decreased by one sin and one unary minus evaluation. By inspec-
tion, we can see that the partial derivative expressions can be further simplified to
reduce the cost of the evaluation, however, to perform this automatically with the
computer would require symbolic transformation and common subexpression identi-
fication, which, as mentioned above, is quite expensive. Optimizations such as these
account for a substantial fraction of the time associated with compiling large residual
routines with the optimization flags turned on. Similar problems occur when generat-
ing FORTRAN code from within symbolic manipulation codes such as Maple, where
for reasonably small problems (less than 100 equations), computer memory (and user
patience) is exhausted before the code is generated.

Figure 6-4 contains the computational graph of equation (6.4). Applying one vari-

ant of the chain-rule (equation (6.3)) results in the following sequence of operations
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Figure 6-4: Computational graph (CG) of equation (6.4).

for computing z, 9z/dz, and 9z/0dy:

vy = w2y
vy = cos(vs)
Z = v3v4
dy3 = —sin(vs)

a = dsz+dyzdsy
0z/0r = «ds;
02/0y = adss

requiring a total of five multiplies, one addition, one unary minus, one cos, and one sin.
Even in this trivial example, the way in which the partial derivatives are computed

can have a significant impact on the cost of the evaluation.

6.1.1 Memory Savings

Another observation that can be made in the previous example problem is that the

memory required to represent an expression and its partial derivatives is much less
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when stored as a CG rather than a family of DAGs (compare Figure 6-4 to Figure
6-3). The number of vertices required to represent the original equation and partial
derivatives as a CG is five for the original expression and two additional vertices for
the non-trivial elementary partial derivative, dy3 = —sin(vs). The number of ver-
tices required for the DAG representation is five for the original expression and an
additional twelve for the partial derivatives (or nine if the term —sin(xy) is repre-
sented once). This difference is significant and is especially important from within an
interpretive environment where the graph data structures are persistent throughout
the course of a calculation. This dramatic saving is due to the fact that much of the
information required to compute the partial derivative is stored implicitly in the CG,
that is, we know a priori that we must multiply elementary partial derivatives along
paths and sum these products over all paths connecting a root vertex to a particular
independent variable vertex; on the other hand, this information must be stored ex-
plicitly in the DAG representation. Figure 6-5 contains an example of the elementary

partial derivatives associated with some basic binary operators. In the case of the

O ® O

R ° L 1/R 2
N TN

Figure 6-5: Elementary partial derivatives associated with binary operators: +, —,
x, and /.

addition and subtraction operator, only one unity vertex and one minus unity vertex

needs to be allocated for the entire system of equations. No additional vertices need
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to be allocated for the multiplication operator and only three additional vertices need
to be allocated for the division operator. The substantial memory savings provided

by the CG representation are further illustrated in chapter 8 of this thesis.

6.2 Forward and Reverse Modes

Obtaining partial derivatives using the computational graph and equation (6.3) is
referred to as accumulation and is simply the application of the chain-rule. Various
modes of AD can be developed by performing this accumulation in different orders.
The two basic modes are the forward and reverse sweeps. First the scalar variants of
the forward and reverse modes will be discussed, followed by a discussion of several
vector sweep versions.

A key assumption is now made on the evaluation of an elementary operation and
its associated elementary partial derivatives. This assumption will provide the basis
for several complexity bounds derived later.

Assumption 1 Elementary operations and their elementary partial derivatives are

evaluated such that

cost{gj =g;+7- ij(vi)z’eAj}
cost{v;(vi)ica, }

<3, (6.7)

where y; is an arbitrary scalar, g; is an arbitrary vector of dimension |A;|, and V
denotes the vector of partial derivatives with respect to the |A;| arguments of v;.

In other words, the calculation of the vector of elementary partial derivatives of an
operation multiplied by an arbitrary scalar and added to an arbitrary vector is no more
expensive than three times the cost of evaluating the elementary operation alone [52].
As stated in [52], this bound is very reasonable for single-processor machines even
taking into account memory accesses; it is rather conservative for most arithmetic
binary operators and elementary functions and tight for multiplication (with the

assumption that addition is half the cost of multiplication). The situation is better
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for a multiprocessor. For example, the dot product elementary operation will require
at least log, |A;| cycles, whereas its gradient incrementation is a SAXPY which can
be computed in O(1) time. Furthermore, several independent elementary operations
can be parallelized over multiple processors. However, the discussion in this text
will be limited to single-processor machines and thus provide an upper bound on the

accumulation costs.

6.2.1 Scalar Accumulation

Consider the system of equations y = f(z), f : R* — R™, and assume this system
of equations is represented as a sequence of elementary operations. Let J(x), J :
R* — R™*"  denote the Jacobian matrix of this system of equations. Suppose the
independent variables, + € R", are differentiable with respect to some parameter
and this differentiation is denoted by z’. By the chain-rule, we have the recurrence

relationship,

U;- = Z dj,ivg € R (68)
iEAj

By Assumption 1, the cost of computing v} for all j € V is bounded by

cost{y' = J(x)z'}
ost{F0)}

3, (6.9)

where cost{ f(x)} = ).y, cost{v;(vi)ica, }. The evaluation of J(z)a’ in this manner is
referred to as a forward sweep. The term “forward” refers to the fact that the Jacobian
is constructed, or accumulated, from the elementary partial derivatives by moving
forward through the list of elementary operations from vertex 1 to vertex N = |V|!.
The full Jacobian matrix can be obtained through n forward sweeps with 2’ initialized

to each of the n Cartesian basis vectors in R". As a result, the cost of evaluating the

!This is due to the fact that the summation in (6.8) is for i € A; and ¢ < j for all .
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Jacobian is bounded above by 3n times the cost of evaluating f(z) alone, a result much
worse than computing the Jacobian matrix through finite difference approximation.
(It should be noted that the methods for computing Jacobian matrices in this chapter
are free of truncation error.)

In the forward sweep, or forward mode, of automatic differentiation, we begin
at the independent variable vertices and work up to dependent variables vertices.

Alternatively, we can define a new set,
Ss={i<j<n+m+plicA} (6.10)

(in the graph representation j is in S; if vertex v; is a parent of vertex v;) and define

a new recurrence relationship,

f)i - Z dj,iﬁj S R, (611)

JES;

= 90

where 0; = -

y" f(x) € R represents the sensitivity of the system of equations with
respect to elementary variable v; with a fixed adjoint weight vector § € R™. As above,

the cost of computing the v;’s for all « € V' is bounded above by

cost{ = 91 J(x)}
e S (6.12)

The Jacobian can be evaluated by performing m reverse sweeps with the ¢’s initialized
to each of the m Cartesian basis vectors in R™. In this case, the list of operations is
traversed in the opposite order of the forward sweep, hence, reverse sweep, or reverse
mode. The cost of evaluating the Jacobian in this manner is bounded above by 3m
times the cost of evaluating f(z) alone. Again, this is unacceptable in most cases.
Note however that the gradient of a single equation in the system, say f;(z), can
be evaluated in a single reverse sweep with ¢ initialized to e;. The reverse mode

of automatic differentiation s optimal for gradient evaluations. Furthermore, it is
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possible to compute a relatively tight bound on the roundoff error associated with
a function evaluation in addition to its gradient at a small multiple of the cost of
evaluating the function alone [64] (see section 6.3).

The memory required to accumulate the Jacobian matrix using the forward mode
is the same as the memory required to evaluate the set of residuals. However, the
memory required to accumulate the Jacobian matrix using the reverse mode is O(|V])
larger than that of the residual evaluation. This is due to the storage of adjoint
quantities during Jacobian accumulation.

The inefficiencies of the scalar sweeps above are due to the fact that many of
the v; and 0;, j € V, are zero (especially early in the calculation) and, thus, there
are many needless multiplications and additions of zero performed. The next section
discusses how these unnecessary multiplications and additions can be eliminated by

performing vector sweeps.

6.2.2 Vector Accumulation

The recurrence relationships (6.8) and (6.11) can be written in vector form as

VU]' = Z dj,iV’Ui e R" (613)
iEA;
and
ﬁi - Z dj,ﬂ_Jj € ij (614)
JES;

respectively, where @; = (9y, /0v;, 0y>/0v;, . .. , 0y, /Ov;). By initializing Vv;, j € Z,
or v;, jJ € D, to the appropriate Cartesian basis vectors in R* or R™ and initializing
all other Vv; or v; to zero, the entire Jacobian can be evaluated in a single forward or
reverse sweep. The additional memory required for the vector sweeps is O(n |V|) for

the forward mode and O(m |V]) for the reverse mode. Furthermore, the ratio of the
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cost of evaluating the Jacobian to the cost of evaluating f(z) using the vector sweeps is
still bounded above by 3n for the forward mode and 3m for the reverse mode, however,
the vector sweep versions will out perform the corresponding scalar sweep versions due
to the fact that the vector version passes through the elementary operation list once,
eliminating duplicate computations. That is, if the entire Jacobian is constructed
with one pass through the elementary operation list (as opposed to constructing the
Jacobian a column at a time with the forward mode or a row at a time with the reverse
mode) there will be no duplicate passes through common sections of the operations
list (i.e., sequences of elementary operations that are common to more than one
dependent or independent variable). As with the scalar sweeps, the inefficiency of the
vector sweep forward and reverse modes is due to multiplication and addition of zero

entries in the Vu;’s and the v;’s.

Sparse Vector Accumulation

One obvious way to eliminate the unnecessary operations is to work with sparse vector
data structures for Vu; and 9; [13]. By only performing the necessary operations in
the vector recurrence relations (6.13) and (6.14), we find that the cost of evaluating
the Jacobian using the sparse vector sweep version of the forward mode is bounded
above by 3n times the cost of evaluating f(x) alone and the cost of evaluating the
Jacobian using the sparse vector sweep version of the reverse mode is bounded above
by 31 times the cost of evaluating f(x) alone, where 7 and m are the maximum
number of nonzero entries in any row and in any column of the Jacobian matrix,
respectively. One disadvantage of this approach, however, is the overhead associated
with the need for indirect addressing for the sparse vector representation of Vv; and
;.

To illustrate the Jacobian evaluation techniques described above consider the fol-
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lowing system of nonlinear equations:

S
f2

fs
fa

bl.’L'Q + T + T1T2
. X2
sin(xq) — 12—
€3
T2
T1Xo— — (Il + bg)
T3
X2
bsrs + — + by.
€3

(6.15)

(6.16)
(6.17)

(6.18)

This system of equations is shown as a DAG in Figure 6-6. Each vertex in the equation

Figure 6-6: Directed acylic graph of system of equations (6.15)- (6.18).

graph corresponds to an elementary operation with the left and right children as the

arguments. Given this representation of a system of equations along with a list of

the dependent variable vertices, the algorithm shown in Figure 6-7, based on the

depth-first search, can be used to label the vertices of the graph. In this algorithm,

the left and right children of vertex v are denoted by left[v] and right[v], respectively.

In addition, it is assumed that each vertex in the graph has an integer field, denoted

by index[v], that holds the index of the vertex.

The complexity of INDEXVERTICES is O(|V|) (the complexity of depth-first search

is proportional to the number of vertices and edges in an arbitrary graph, however,

in an equation DAG, the number of edges is roughly twice the number of vertices,
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INDEXVERTICES(v,CurrentIndex)

> Recursively set children labels.

if (left[v] # NULL) and (index[left[v]] = 0) then
INDEXVERTICES(left[v],Current Index)

end

if (right[v] # NULL) and (index|right[v]] = 0) then
INDEXVERTICES(right[v],CurrentIndex)

end

> Set label of argument.

9 if v # constant then

00 ~1 O Ut = W N

10 index[v] ¢ CurrentIndex
11 CurrentIndex < CurrentIndex + 1
12 end

Figure 6-7: Algorithm for enumerating vertices based on depth-first search.

|V|. Prior to calling procedure INDEXVERTICES, the index field of all vertices in the
graph are initialized to zero and the variable CurrentIndex is initialized to unity.
Procedure INDEXVERTICES is then called with each dependent variable vertex as an
argument. Figure 6-8 shows the graph of equations (6.15)-(6.18) with vertices labeled
with the indices obtained from procedure INDEXVERTICES and edges labeled with

the elementary partial derivatives. The index sets for the graph in Figure 6-8 are:

Figure 6-8: Computational graph of system of equations (6.15)-(6.18).

7Z=1{1,3,8},D={6,11,13,17}, and € = {2,4,5,7,9,10,12,14,15,16}. The vertices
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corresponding to the constants by, by, b3, and b, are not labeled due to the fact that
they do not participate in the Jacobian evaluation other than for the calculation of
elementary partial derivatives.

Once the elementary partial derivatives have been computed, the information con-
tained in the computational graph is all that is required for computing the Jacobian
matrix. In the case of the vector forward mode, the recurrence relationship (6.13)
is executed in the order of increasing vertex indices. The execution order for the
forward mode is shown in Figure 6-9. In the case of the vector reverse mode, the
recurrence relationship (6.14) is executed in the order of decreasing vertex indices.
The execution order for the reverse mode is shown in Figure 6-10. Note that for this

example, n = n and m = m.

VUl = 62:(0,1,())

Vo, = dy Vo = (0,ds; V7, 0)
Vuz = e; =(1,0,0)
Vo, = dysVus+dy Vo, = (dy3Vus,dy Vi, 0)
Vs = ds3Vus+ dssVos = (ds3Voy + ds 4 Vuy, ds 4V 05, 0)
Vg = dsaVus+dssVus = (dssVus, ds 2 Vs + dg s Vo2, 0)
Vv = d73Vus = (d73V03,0,0)
Vg = e3=(0,0,1)
Vg = dg1Vvy +dysVus = (0, dg,Iva, d9,8Vv§’)
Vo = diaVg+ diggVug = (dioaVoy, dioa Vg + diog Vs, dipsVug)
Vo = dizVor +diioVor
= (d11,7VU% + dll,lovv%oa dll,lovvfm d11,1ovvfl>
Vo = dip3Vus = (dip3V03,0,0)
Vuig = dizg0Voie + diz12Vors
= (d13,1ovvio + d13,12VU%27 d13,10VU%0, d13,10VU?0)
Vo = dugVus = (0,0,d145Vv5)
Vs = dis1 Vo +disgVog = (0, d15,1Vv%, d1578Vv§’)
Ve = dig14Vuig +dig15Vuis = (0, d16,15VU%57 d16,14VU?4 + d16,15vvf5)

_ _ 2 3
Vuoir = dizisVuie = (0, di716Vig, dir16 VUig)

Figure 6-9: Vector sweep forward mode evaluation of Jacobian of equations (6.15)-
(6.18). The vector components are denoted by Vv; = (Vui,..., Vol).
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617 = €4 = (07 0707 1)

b1 = diris0rr = (0,0,0,di71607;)

b5 = digastie = (0,0,0,dyg15015)

b = diguatig = (0,0,0,dig14075)

{]13 = €3 — (0,0,1,0)

b2 = diz 12013 = (0,0, d13,12015, 0)

ﬁll = €2 = (07 17 07 0)

b0 = dirro011 + diz10013 = (0, di11007, di3.10055, 0)

by = diogtio = (0, d10,907y, di0,907, 0)

by = dggdy + diagdis = (0,dg g0, dgsds,d1agdiy + disg07s5)
@7 - d1177{]11 — (0, d11,7ﬁ%17 0, 0)

@6 = € = (1707070)
@5 — d6,5ﬁ6 — (d675i\]é, 0, 0, 0)
Oy = ds405 + digalip = (d5,4@é, d10,4@fg, d10,4@?0, 0)
U3 = d5305 + d7 307 + dy304 + di2 3012
— (d5,3@é + d473fli, d773@$ + d4)3@i, d473@2 + d1273f]?2, 0)
@2 — d6,2ﬁ6 — (d672i\]é, 0, 0, 0)
Uy = doyUs + dy104 + do 109 + dis 1015

1 1 .9 2 ~3 .3 4
(doaDy + dy0y, dy10f + do 105, dy 10y + do 10y, dys1075)

Figure 6-10: Vector sweep reverse mode evaluation of Jacobian of equations (6.15)-
(6.18). The vector components are denoted by ©; = (o},... , 7).

i

The operation count for the sparse vector forward mode is 33 multiplications and
6 additions (not including the cost of evaluating the elementary partial derivatives).
The operation count for the sparse vector reverse mode is 31 multiplications and 7
additions. Of course, it is possible to eliminate ten trivial multiplications by unity
in the forward mode and seven trivial multiplications in the reverse mode, however,
this selective skipping is difficult within this framework. Furthermore, these trivial
operations become neglibible as the problem size is increased. This small example is
not to compare performance of the various modes of AD since for small dense prob-
lems the forward and reverse sweep implementations, as well as the other approaches
described in the following chapter, require roughly the same number of operations.

If sparse vector operations were not performed, the operation count would be 69
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multiplications and 27 additions for the forward mode and 88 multiplications and 36

additions for the reverse mode.

Compressed Vector Accumulation

The indirect addressing required by the sparse vector sweep versions of the forward
and reverse mode not only incurs additional overhead but also dramatically reduces
the possibility of parallelization and vectorization. An alternative to the sparse im-
plementation is based on grouping the columns and rows into structurally orthogonal
sets. This is illustrated for the forward mode of AD in [6]. Two columns of a matrix
are structurally orthogonal if they do not have nonzero entries in the same row. Sim-
ilarly, two rows of a matrix are structurally orthogonal if they do not have nonzero
entries in the same column. As discussed in the previous chapter, this technique is
also used to improve the performance of finite diffence approximation of Jacobian
matrices when the occurrence information is known explicitly. Suppose there are n
structurally orthogonal columns in J(z) € R™"™ and 7 < 7 < n. The vector Vo, in
the recurrence relationship (6.13) can be compressed into a 7 component vector. The
Jacobian matrix can then be computed using recurrence relationship (6.13) with Vv,
j € Z, initialized to e, where k is the structurally orthogonal group variable j is a
member of, and all other Vv; initialized to zero. Upon completion of the sweep, Vv;,
j € D, contain the partial derivatives of equation j with respect to variables in each
of the n groups and the Jacobian is compressed into an m x n dimension matrix. The
Jacobian can be uncompressed, using the occurrence information and column group
information, at a small fraction of the cost of evaluating the Jacobian. Similarly,
suppose there are m structurally orthogonal rows in J(x) with /i < m < m. The
sensitivity vector, 7;, can be compressed into m components and the Jacobian matrix
can be evaluated using the recurrence relationship (6.14) with #;, i € D, initialized to
e, (where row i is in group k) and all other v; initialized to zero. Upon completion
of a reverse sweep, v;, ¢ € Z, contain partial derivatives of equations in each of the m

groups with respect to independent variable 7 and the Jacobian is compressed into an
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m x n dimension matrix. Again, the cost of uncompressing the Jacobian is minimal.
This version of the vector sweep forward and reverse mode computes the Jacobian
matrix at cost bounded above by 37 (for the forward mode) and 3m (for the reverse
mode) times the cost of evaluating f () alone. The additional memory over the scalar
sweep versions is O(7 |V]) for the forward mode and O(m |V|) for the reverse mode.
Both the time and space complexity of this version of the vector sweep forward and
reverse modes is larger than the sparse vector forward and reverse modes, however,
the efficiency of the two methods depends greatly on the particular problem at hand

and the computing environment where the computations are being performed.

6.3 Rounding Error Estimation

In addition to favorable time complexity for gradient calculations, the reverse mode
of automatic differentiation has the ability to provide relatively tight estimates on the
roundoff error associated with the computation of a function [64]. Let Av; denote
the roundoff error associated with the computation of the j-th elementary operation
of a scalar-valued function f. Let v; and v;, i € Aj;, denote the computed values of

v; and v;. The roundoff error is estimated as follows:

AU]' = ﬁj(ﬁi)ieAj — Uj(vi>ieAj (619)

0;(0:)ica; — vj(Vi)ica; + 0;(0:)ica; — vj(0i)ica,

If the roundoff error is sufficiently small, the first two terms of equation (6.19) can be

approximated by a first-order Taylor series:

- ov;
Uj(“z’)ieAj - Uj(vi)’ieAj ~ Z avj- Av; (6.20)
ZEAJ' ¢
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Thus,

Av; = ZZZ{A@JF(SUJ-, (6.21)
I€EA; ¢

where first term is the error propagated to vertex j from previous computations and
6vj = 0;(0i)ica; — V;(0i)ica; is the error generated at vertex j. By applying (6.21) all
the way up to the root vertex, the total accumulated roundoff error in the evaluation

of f is given by

n+p

Af = Za% o, (6.22)

Assuming no error in the input data, the absolute roundoff error is bounded by

n+p n+p
Af[ <e Z gl =€ Z |05] - |vj] (6.23)
j=n+1 Jj=n+1

where € is the machine precision and |dv;| < € |v;]. If the absolute error in the input

data is known, the total absolute error associated in the computation of f is bounded

by

n—+p

Aff<e Y Il Ivy|+2|vy| Az (6.24)

J=n+1

Using the reverse mode, the cost of computing a function, its gradient, and an estimate
of the roundoff error is bounded above by six times the cost of computing the function
alone. These roundoff error estimates can be used, for example, in the stopping

criteria for iterative solution methods.
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6.4 Literature Review

The literature associated with automatic differentiation is quite extensive. The ori-
gins of the forward mode of AD can be traced back to the late 1950s and early 1960s
in the work of Beda [11] and Wengert [118]. The book by Rall [92] gives an excellent
description of the work done in AD between the 1950s and 1980. Speelpenning was
the first to observe that the reverse mode of AD can out perform the forward mode
in many cases [104]. Resulting from a thesis originally aimed at optimizing the code
generated by the forward mode by common subexpression sharing, he realized that
optimal gradient code can be obtain directly from the graph without optimization.
The choice between the forward and reverse modes for Jacobian evaluations, how-
ever, is not apparent and depends on the particular problem at hand. An excellent
discussion of AD is presented by Griewank in [51].

Automatic differentiation has been aimed primarily at the differentiation of pro-
grams (containing conditional statements, loops, etc.). Two distinct approaches are
used for automatic differentiation: pre-compilation and operator overloading. In the
precompliler approach, the user provides a subroutine in a language such as C or
FORTRAN for the calculation of a set of equations. The precompiler breaks down
the arithmetic operations in this subroutine into a set of elementary arithmetic op-
erations and computes the elementary partial derivatives for these operations. With
this information, a new subroutine is generated which computes the residuals and
the Jacobian. This new subroutine can be compiled and linked to other programs.
Some automatic differentiation procompilers currently available are: JAKEF [59],
GRESS [61], PADRE2 [68], and ADIFOR [14]. The second approach makes use of
the operator overloading capability of many modern programming languages such as
C++, Ada, and PASCAL-SC. Using operator overloading, the programmer can define
new data types and redefine arithmetic operators and intrinsic functions taking these
new data types as arguments so that the compiler generates the additional instruc-
tions required for the Jacobian evaluation. Some automatic differentiation packages

employing operator overloading are: ADOL-C [50], BC1 [26], and GC1 [28].
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Chapter 7

A New Class of Automatic

Differentiation Methods

In this chapter, a new class of differentiation methods, known as ‘subgraph reduc-
tion’, developed in this thesis is presented. By virtue of considering differentiation
methods from within an interpretive equation-oriented simulator, we have taken a
“oraph centered” approach, that is, the equation graph has been the basis for the
algorithms developed rather than considering the elementary operation sequence and
using the graph to illustrate the ideas. This graph centered approach has led to a
novel method for AD that is particularly advantageous for use within an interpretive
equation-oriented simulator. The basic approach is described in the first part of this
chapter. This is followed by temporal and spatial complexity analysis. Finally, each
variant of the approach is described in detail in the implementation section. Both
interpreted and compiled versions of the algorithm are described. Numerical compar-
isons illustrating the advantages of this new approach are presented in the following

chapter.
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7.1 Subgraph Reduction Approach

Consider the system of equations:

y1 = sin(3"172) (7.1)
4
e = 243 [ )
j=1
4
ys = 3" ij + Ty + 2374 (7.3)
7=1
Yy, = 37— gt (7.4)

The DAG of this system is shown in Figure 7-1. To reiterate, the interior vertices of

Figure 7-1: DAG representation of equations (7.1)-(7.4).

the graph correspond to the elementary operations with the children corresponding
to the arguments. The edges in this graph point from operator to operand. Vertices
without any children correspond to independent variables and constants. Vertices
without any parents correspond to the dependent variables. With the edges labeled
with the elementary partial derivatives, the partial derivatives of the dependent vari-
ables with respect to the independent variables can be easily extracted from the

graph using some variant of automatic differentiation described in the previous chap-
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ter. A partial derivative is simply the sum over all paths connecting the dependent
variable vertex to the independent variable vertex of the products of the elementary
partial derivatives along these paths. The order in which these sums and products
are performed is what basically distinguishes between the various modes of automatic
differentiation.

Note that the DAG shown in Figure 7-1 contains several subgraphs that are shared
by several equations: the subgraph rooted at vertex 11 is shared by equations (7.2)
and (7.3). The subgraph rooted at vertex 8 is shared by equations (7.1) and (7.4)
and the subgraph rooted at vertex 11. The subgraph rooted at vertex 6 is shared by
the subgraphs rooted at vertices 8 and 9. Finally, the subgraph rooted at vertex 7 is
shared by the subgraphs rooted at vertices 9 and 12. As before, the subgraphs rooted
at vertices 6, 7, 8, and 11 will be referred to as common subexpressions of equation
system (7.1)-(7.4). Independent variable vertices v, and v, also have multiple incident
edges, however, they are not considered common subexpressions in this discussion.

If the scalar sweep version of the forward and reverse modes are used to com-
pute the Jacobian, the accumulation is performed column-by-column or row-by-row.
Common subexpressions present a problem in this case due to the fact that there
will be repeated calculations as the Jacobian is assembled. Re-evaluation of common
subexpressions during Jacobian evaluation can be avoided by assembling the entire
Jacobian matrix simultaneously using the sparse or compressed vector versions of the
forward and reverse mode.

This chapter describes a new approach for Jacobian accumulation that obviates
the need for performing vector accumulations by replacing certain sections of the
graph with simplified graphs. This allows the Jacobian to be accumulated efficiently
through a series of scalar accumulations. Like the automatic differentiation tech-
niques described in the previous chapter there are two basic variants of this subgraph
simplification or reduction approach, the forward and reverse modes. These two basic
modes are discussed in the following section. This is then followed by a discussion
of a hybrid approach where different variants are applied to different regions of the

graph.
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This approach requires a graph representation of a system of equations. This
requirement does not present a problem since most systems of equations of interest,
even when represented as a general FORTRAN subroutine, can be readily and auto-
matically converted to an equation graph. This will be discussed in more detail in

the implementation section of this chapter.

7.1.1 Reverse Mode

Like the other versions of the reverse mode discussed in the previous chapter, this
version accumulates the elementary partial derivatives by moving through the ele-
mentary operation list from operation N down to operation 1 or, equivalently, from
the dependent variable vertices at the top of the CG down to the independent variable
vertices at the bottom. The definition of a common subexpression is different for the

reverse and forward modes of the subgraph reduction approach.

Definition 1 In the reverse mode, a common subexpression is defined as a vertex in

a subgraph reachable from more than one dependent variable vertes.

Unfortunately, this definition overcounts the number of common subexpressions present,
in a graph (each vertex contained in a subgraph rooted at a common subexpression
vertex will be considered a common subexpression). A more precise definition is
needed for the common subexpression vertices that are of interest in this chapter.

First, define the following vertex dependent variable index set:

Oq4(v)={j €D | vertex vis reachable from dependent

variable vertex v;} (7.5)

where D is the set of indices of the dependent variables. For example, for the
graph shown in Figure 7-1, O4(vi2) = {20}, Oy (v9) = {19,20}, and Oy (vs) =
{18,19,20,21}. Next, define the vertex dependent variable and common subexpres-
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sion index set:

Oq4(v)={j €V | vertex v is reachable from dependent

variable or common subexpression vertex v;}  (7.6)

By constructing Og4(-) for each vertex in the graph in a specific order (described

below), this set can be used to define the common subexpression vertices:

Definition 2 Verter vy is a common subexpression if Oy (v;) # Ogq (v;) for at least
one pair of i,j € Sy.

Recall that in section 6.1, an elementary operation in the elementary operation list
form of an equation system corresponds to an interior vertex in the DAG represen-
tation of the system. Furthermore, the indexing of the elementary operations was
defined such that the indices of all arguments of an elementary operation are less
than the index of the elementary operation itself, that is, i < j Vi € A; (this ensures
all elementary variables in an argument list have been precomputed). If the vertices
in the corresponding equation graph are indexed in a similar manner (in this case, the
index of a vertex v is greater than the indices of all vertices contained in the subgraph
rooted at v), then this ordering along with definition 2 above can be used to identify
the common subexpressions. The vertices are visited in the order of decreasing value
of index. At each vertex v;, O, (v;) is constructed from its parents index sets as

follows,

Oy (vj) = Uies; Oq (v5) - (7.7)

If during the construction of the index set the condition in definition 2 is satisfied, v; is
flagged as a common subexpression. By visiting the vertices in the order of decreasing
value of index, the definition of a common subexpression above is well-posed. Figures

7-2, 7-3, and 7-4 contain example graphs where the dependent variable and common
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subexpression vertex index set has been constructed for each vertex in the graph.

The common subexpression vertices are highlighted in the graph.

7809

36789

36789@ 36789

Figure 7-2: Common subexpression identification. Example 1.

Definition 2 is used in the example above where vertices 6, 7, 8, and 11 in the
graph in Figure 7-1 are identified as common subexpressions. If the scalar sweep
version of the reverse mode were applied to this graph, the accumulation below these
vertices would be performed several times as the Jacobian was accumulated row-by-
row. The reverse mode of the subgraph reduction approach avoids these redundant
calculations by replacing the subgraphs rooted at common subexpression vertices with
simplified graphs containing single edges pointing from the common subexpression
vertex to each of the independent variables contained in the subgraph. The “not-
so-elementary” partial derivatives attached to each of these new edges is equal to
the partial derivative of the common subexpression with respect to the independent
variable the edge points to. Figure 7-5 contains an equation graph before and after this
subgraph reduction. The common subexpression vertices in this graph are identified

by squares. (Notice that although vertex 9 in Figure 7-5 has two incident edges, it is
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35678
35678@ 35678

Figure 7-3: Common subexpression identification. Example 2.

not considered a common subexpression due to the fact that it is reachable from only
a single dependent variable vertex.) The order in which the graph reduction problem
is performed is extremely important. In the graph contained in Figure 7-5, vertex
8 is a common subexpression that is reachable from common subexpression vertex
13. Similarly, vertex 5 is a common subexpression vertex that is reachable from both
common subexpressions 8 and 13. This observation defines a ranking for the common

subexpressions.
Definition 3 Given two common subexpression vertices v; and v;, rank[v;] > rank[v;]
if v; 1s reachable from v;.

For the graph in Figure 7-5, rank[vs] > rank[vs] > rank[vy3]. By simplifying the
subgraphs rooted at the common subexpressions in the order of decreasing rank,
redundant calculations are avoided by using precomputed information. Once all of

the subgraphs rooted at common subexpressions have been simplified in a hierarchical
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@x 678

678@ 6 78

Figure 7-4: Common subexpression identification. Example 3.

manner, the Jacobian can be computed efficiently through a series of scalar reverse
sweep accumulations. The details of this process are discussed in the implementation

section later in this chapter.

7.1.2 Special Handling of Linear Equations

As described in chapter 5, the cost of computing the gradient of a function using the
reverse mode of automatic differentiation is bounded from above by three times the
cost of computing the function alone. In contrast, the cost of computing a gradient
using symbolic differentiation is roughly n times the cost of computing the func-
tion where n is the number of independent variables'. Although the reverse mode of

automatic differentiation out performs symbolic differentiation in many cases, the sit-

IThis becomes a relatively loose upper bound when common subexpression evaluation is
employed.
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A Before common subgraph
simplification

Lf\ :

After common subgraph
simplification

Figure 7-5: Equation graph before and after subgraph simplification.

uation is different for linear equations: the cost of evaluating a linear equation and its
gradient using symbolic differentiation is essentially the same as the cost of evaluating
the linear equation alone (the symbolic derivatives are simply constants), whereas,
the same bound as above holds for the reverse mode. This observation is particu-
larly important in process simulation where many of the equations encountered are
linear (conservation equations, summation of mole fraction constraints, etc.). Linear
equations can be handled in a similar manner as common subexpression vertices in
the approach described above. Given the graph of a system of equations, the first
step is to identify the linear equations and linear subgraphs of nonlinear equations.

This can be performed simultaneously with the common subexpression processing

186



with very little additional cost (see implementation section). Once these equations
are identified, their constant gradients can be computed and saved. This is identical
to reducing the subgraphs rooted at common subexpression vertices. When a linear
equation or subgraph is encountered during a Jacobian evaluation, its gradient is
simply assigned rather than computed. As shown in the implementation section, this
special handling of linear equations can be readily incorporated (particularly in the

interpretive implementation) into the framework discussed in this chapter.

7.1.3 Forward Mode

The forward mode version of the subgraph reduction approach, like the other forward
mode versions of automatic differentiation discussed in this thesis, accumulates the
elementary partial derivatives by moving through the elementary operation list from
operation 1 to operation N or, equivalently, from the independent variable vertices at
the bottom of the CG up to the dependent variable vertices at the top. As mentioned
above, the common subexpression is defined differently for the forward mode of the

subgraph reduction approach.

Definition 4 A common subexpression for the forward mode version of the subgraph
reduction approach is defined as an interior vertex that has at least two operands that

are functions of independent variables.

To make this definition more precise, define the following vertex independent variable

index set:

O, (v)={je€Z | independent variable vertex v; is contained in

the graph rooted at vertex v} (7.8)

where 7 is the set of indices of the independent variables. For example, for the

graph shown in Figure 7-1, O; (v12) = {2, 3,4}, O; (vg) = {1,2,3,4}, and Oy (vg) =
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{1,2}. Vertex vy is a common subexpression vertex if there exists at least two 7,7 €
Ay, such that O; (v;) # 0 and O; (vj) # 0. Obviously, this definition will result in
many more vertices defined as common subexpressions than the reverse mode of the
subgraph reduction approach. Because of the different order in which the vertices
are encountered during the accumulation for the forward and reverse modes, the
definition of common subexpressions in each case is not symmetric. This difference

will become apparent in the implementation section in this chapter.

7.1.4 Hybrid Approaches

As shown in section 7.3, the temporal complexity (computational cost) of the reverse
and forward modes of the subgraph reduction approach are related to the number of
common subexpressions in the graph. The fact that these common subexpressions
are defined differently for each mode, indicates that one implementation may perform
better than the other depending on the structure of the graph of the system of equa-
tions of interest (see Figure 8-1). Alternatively, it may be advantageous to apply both
modes to different regions of the graph in order to achieve improved performance over
exclusive application of either the forward or reverse mode.

One simple algorithm is to examine the common subexpressions in the graph
with large independent and dependent variable index sets. The number of operations
required for both the forward and reverse modes can be readily extracted from the
graph and the difference in the number of operations and memory requirements can
be used as a basis to determine which mode is better suited for this region of the

graph.

7.1.5 Markowitz Criteria Approach

A second “graph-oriented” approach has recently been presented in the literature
[52]. In this work, the authors view the Jacobian accumulation as a wvertex elimi-

nation problem and solve it using a greedy heuristic. The results of this paper are
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summarized below. Figure 7-6 contains an example where two vertices are succes-

sively eliminated from a graph. The Jacobian accumulation process can be viewed

d4,1 +514,3 d3,1

@

Figure 7-6: Vertex elimination problem. Vertices v, and wvs are successively elimi-
nated from the graph.

as a vertex elimination process where all intermediate vertices in the graph are elim-
inated, resulting in a bipartite graph with the dependent variable vertices on the top
and the independent variable vertices at the bottom.

Consider the following recurrence relation (originally shown in equation (6.8)),

’U;- = Z dj’i’Ull-. (79)

iEAj

For the Jacobian accumulation problem, removing vertex v, from the CG is equivalent

to eliminating it from the reucurrence above. For all j € S, substitute

Uj — d],k: Uk} + g d],’L,Ui
ki€ A;

= dvkdeU;—F d',iué
> disd > d;

i€AL k£icA;

7 /
= E : d]',i Uy,
iE./le
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where A; = A, U A; — {k}, and

dji=dj;+djk - di;

for all index pairs j € S; and i € A;. The number of multiplications performed at

vertex k during the elimination process is equal to the Markowitz count,
mark(k) = |Ag| - |Skl - (7.10)

Furthermore, one addition is performed each time a new edge is constructed (see
Figure 7-6 where an additional edge connecting vy to v; is introduced). Hence, the
cost of computing a vertex when viewed as a vertex elimination problem is related to

the Markowitz count as follows,
cost(.J(r)) oc ¥ mark(i). (7.11)

Of course, mark(i) corresponds to the Markowitz count when vertex i is eliminated
which, of course, may change during the course of the elimination. The ideal elimi-
nation order is the one that minimizes (7.11), however, the solution to this problem
is conjectured to be NP-hard. The authors chose a greedy heuristic to solve this
problem approximately.

This is a very elegant and insightful way of viewing the Jacobian accumulation
process. The problem with this approach, as stated by the authors, is that the ap-
proach requires significantly more memory than either the forward or reverse vector
sweep versions of automatic differentiations. Furthermore, the additional cost associ-
ated with determining the elimination ordering is not included, which, as the authors
suggest, is substantial. Both of these problems make this approach appear less attrac-
tive, particularly when the accumulation sequence may change several times over the

course of a calculation (as is the case with hybrid discrete/continuous simulation).
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7.2 Implementation

The details of the algorithms described in this chapter are discussed here. As men-
tioned above, this approach requires a graph representation of the system of equations
of interest. If the approach is applied within some symbolic programming environ-
ment (e.g., Maple, SPEEDUP, and ABACUSS) then this graph is already available,
having been constructed from the infix notation form of the equations provided by
the user directly from the keyboard (Maple) or through an input file (SPEEDUP and
ABACUSS). If the system of equations is in the form of a C or FORTRAN subroutine,
the graph can be readily constructed by moving sequentially through the statement
list. Arbitrarily complex DAGs can be constructed through the use of intermediate
variables that take the form of common subexpressions within the graph.

Compiled and interpreted implementations will be described. In the compiled
mode, the equation graph is an intermediate data structure from which the accumu-
lation sequence is extracted and written to a file that can be compiled and linked to
other routines to provide residual and derivative values. Once this new routine has
been constructed, the memory associated with the computational graph can be recov-
ered. In the interpreted mode, the equation graph is persistent and used throughout
the course of the particular calculation being performed. This difference results in
slightly modified algorithms, tailored to each of the two architectures.

The algorithms described below take an equation graph “as is”

, meaning that
common subexpression vertices are already present in the graph and there is no at-
tempt to identify others. The search for common subexpressions is a combinatorial
problem and has been the focus of much research in the past [49]. The identification
and exploitation of common subexpressions can offer significant speed and memory
improvements for many problems, however, this problem can be handled as a prepro-
cessing step to the differentiation algorithm.

Let G = (V,E) denote the computational graph of the equation system f : R* —
R™ where V denotes the set of vertices and E denotes the set of edges. As stated in

the previous chapter, the graph representation and the elementary operation represen-
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tation of a system of equations are closely related: each vertex in the computational
graph represents an elementary operation (this requires the introduction of elementary
assignments for each independent and dependent variable). See the Computational
Graph and Accumulation section in chapter 6 for a description of the elementary
operation list representation. Using the notation in that section, there are a total of
|V| vertices (n = |I| independent variable vertices and m = |D| dependent variable
vertices) in G. For this discussion, assume that the system of equations can be broken
down into elementary operations corresponding to binary and unary operators (e.g.,
+, —, /, etc.) and unary functions (e.g., sin, cos, exp, etc.). In this case, the number
of edges in G is bounded above by twice the number of vertices. This observation is
relevant when analyzing the complexity of the steps involved in this algorithm. The
direction of the edges in G point from operator to operand, however, the vertex data
structures also contain a parent list (that is, a list of all vertices that point to them).
Let P(vx) = {vi}ics, denote the parent list of vertex vy where the set Sy is defined
by (6.10).

7.2.1 Compiled Implementation

In this case, computational graph G is a temporary data structure used to generate
code for Jacobian and residual evaluation. The code generation is broken down into
two distinct phases: a) graph preprocessing and b) extraction of the accumulation
sequence (the actual code generation step). Obviously, the case will be different for

both the forward and reverse mode.

Reverse Mode

The preprocessing step results in a list of common subexpressions, sorted by rank, that
is used during the subsequent code generation step. For this phase of the algorithm, it
is assumed that the data structures representing the graph vertices contain an integer
field used for indexing and a boolean flag used to indicate whether or not the vertex is

a common subexpression. The preprocessing for the reverse mode can be summarized

192



in the following steps.

1. Initialize the index field of all vertices in the graph to zero,

2. Index vertices in G by calling INDEXVERTICES (see Figure 6-7) from each de-

pendent variable v;, 7 € D, and store vertices in a list, £, sorted by decreasing

value of the index,

3. Determine dependent variable and common subexpression vertex index set,

Og4(vg), for each k € £ (in decreasing order of index), and

4. Identify all common subexpressions and store in a list sorted by decreasing value

of rank.

To illustrate the algorithm, the computational graph of the system of equations,

h
f2

fs
fa

bll'z + T+ 2179
. o)
sin(ry) — x1we—
T3

xXr
I1$2—2 — (Il + bg)
T3

T
bg.’L‘g + —2 + b4,
T3

(7.12)

(7.13)
(7.14)

(7.15)

is shown in Figure 7-7. This is the same system examined in the previous chapter

(shown as a DAG in Figure 6-6). Initialization of the index field of all vertices in the

graph can be performed using a depth-first search and has complexity O(|V|). The

indexing of the variables is performed using the depth-first search based algorithm,

INDEXVERTICES, shown in Figure 6-7 in chapter 6. This initial indexing is used to

sort, the vertices for later processing and to rank the common subexpressions identi-

fied later. The common subexpression rank is related to the index by the following

relation,

rank [v;] > rank [v;] if <]
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Figure 7-7: Computational graph of system of equations (7.12)-(7.15).

This is due to the fact that INDEXVERTICES numbers vertices below vertex v be-
fore numbering vertex v itself. The CG shown in Figure 7-7 has vertices indexed
in this manner. The storing of vertices in the sorted list can be accomplished by
adding an additional vertex pointer field to the vertex data structure and can be per-
formed simultaneously while indexing. (Actually, creating the list while performing
the indexing results in an ordering opposite that required by the reverse mode.) The
complexity of this step (including the reversing of the list) is O(|V|). The next step
is to construct the dependent variable and common subexpression index set for each
vertex in V. As mentioned earlier, the dependent variable and common subexpression
index set of a vertex is related to the dependent variable and common subexpression

index sets of its parents by

Od (U) = Uuep(v)od (u) .

Let £L(G) denote the sorted list of vertices generated in the first step of the prepro-
cessing phase of the algorithm (for the example above, the first entry of this list is v;7,
the second is vy, and so on down to vy). First, the dependent variable and common

subexpression index sets of the dependent variables are constructed:

for each k €D do
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Oy (vr) = {k} ;

end

Obviously, the complexity of this step is O(|D|). The dependent variable and common
subexpression index set is then constructed for each vertex in the graph by moving

through the vertex list in decreasing order of index:

for each v, € L(G) do
Oy (vy,) = UueP(vk)ad (u) ;
if v), is a common subexpression (as defined in definition 2) then
Oy (vi) = O () U{k} ;
Flag v, as a common subexpression ;
Insert v, into common subexpression list ;
end

end

Common subexpressions can be easily identified while the dependent variable and
common subexpression index sets are constructed: a common subexpression is a
vertex that has at least two parents with distinct dependent variable and common
subexpression index sets (the order in which the vertices are encountered ensures this
definition is not circular). In addition, by moving through the vertex list in reverse
order, common subexpressions are inserted into the front of a second list as they are
identified. This common subexpression list is already sorted in the order of decreasing
value of common subexpression rank by virtue of the order in which the vertices are
examined. A flag is set in each common subexpression vertex so that they can be
easily identified during subsequent processing. A very pessimistic upper bound for
the common subexpression identification is O(k?|V|) where & is equal to the number
of common subexpressions and dependent variables contained in the graph, however,
for non-pathological or sparse problems, this step is extemely fast even for very large
systems (requiring a fraction of a second for systems containing tens of thousands of

equations).
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After the preprocessing step, we have a sorted list of common subexpression ver-

tices. Let CS denote this list. For the graph shown in Figure 7-7,

CS = {U4, ’Ul()}.

All memory required to hold the dependent variable and common subexpression index
sets can be recovered at this point. The basic idea of the code generation step is to cre-
ate lists of vertices in an order that they will be encountered during the accumulation
phase. The algorithm for generating these lists, REVERSEACCUMULATIONLIST, is
shown in Figure 7-8. This algorithm assumes the vertex data structure has a boolean

field named encountered and accessed in the usual manner (e.g., encountered|[v]).

REVERSEACCUMULATIONLIST(L,v)

1 o If vertex has already been encountered, return.
2 if encountered|[v] = true then
3 return ;
4 else
5 encountered[v] « true ;
6 end
7 if v = independent variable or common subexpression then
8 > Insert this vertex to the front of the list.
9 INSERTVERTEX(L,v) ;
10 return
11 end
12 > Recursively visit left and right children and flag paths.
13 AcTivEPATH(v,left[v]) ;
14 REVERSEACCUMULATIONLIST(L left[v]) ;
15 AcTIVEPATH(v,right[v]) ;
16 REVERSEACCUMULATIONLIST(L,right[v]) ;
17 > Insert this vertex to the front of list.
18 INSERTVERTEX(L,v) ;
19 end

Figure 7-8: Algorithm for generating a list of vertices in the order required by the
reverse mode.
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Procedure REVERSEACCUMULATIONLIST constructs a list of vertices in a reverse
order, that is, the order they will be encountered during a reverse scalar sweep. The
procedure INSERTVERTEX simply inserts a vertex to the front of list £. The proce-
dure ACTIVEPATH simply flags the edge between vertex v and its children as being
active (a vertex field is assumed to be available for this). This flag is used during
the subsequent code generation phase. The complexity of REVERSEACCUMULATION-
LisT is proportional to the number of vertices contained in the subgraph rooted at
the argument vertex. Let £(vy) denote the list constructed by calling REVERSEAC-
CUMULATIONLIST with £ initialized to () and v = v, (and the encountered field in all
vertices in the subgraph rooted at vy set to false). The following lists are generated

from vertices vy, v19, V17, V13, V11, and vg:

= {vs, 01,03},

= {U10,U9,U8,U1,U4},

= {7117,7116,?)15,?)1,?)14,?)8},
- {U13, V12, U3, Ulo},

= {v11,v10,v7,v3}, and

- {U6,U5,U4,U3,U2,U1}.
These lists contain the vertices in the order in which the accumulation would be

performed using the reverse mode to compute the gradient of the subexpression rooted

at each of the argument vertices. For example, the following sequence of operations
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can be generated given the list £(v;7) above:

@17 = 1

g = dirie - 17
U5 = di6,15 * V16
U1 = dis1 U1

8f4/8l‘2 = @1

~

V14 = d16,14'U16

Ug = dyag-U1a +disg- U5

6f4/(9:c3 = ,&8

The subgraph rooted at vertex v;7 does not contain common subexpressions and thus
the gradient may be efficiently computed through a scalar sweep. The exploitation
of the common subexpressions is illustrated later in this section where the entire
Jacobian of equations (7.12)-(7.15) is constructed.

Pseudocode for computing the accumulation sequence is shown in Figure 7-9. The
arguments of procedure REVERSEACCUMULATION are a list of vertices, £, generated
as described above, a gradient vector, Vf, a constant vector, g, and a scalar, .
Here it is assumed that the vertex data structures have the following fields: a real
variable, adjoint, and two vertex pointers for the left and right elementary partial
derivatives. The procedure GETNEXTVERTEX simply removes the next vertex in the
list and returns it. Function d(u,v) simply returns the value of the elementary partial
derivative attached to the edge connecting vertices u and v. The set P’(v) denotes

the subset of parents of v that are active and is defined as

P'(v) = {u € P(v) | Path between u and v is active.}
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REVERSEACCUMULATION(L,V f,g,c)
1 © Copy the constant vector g into the gradient vector V f.
2 Vf<g;

3 > Initialize the dependent variable vertex adjoint to the constant o
4 v+ GETNEXTVERTEX(L) ;
5 adjoint[v] « o ;
6 > Mowve through the list until empty.
7 while £ # () do
8 v + GETNEXTVERTEX(L) ;
9 adjoint[v] + 0 ;
10 > Loop over the active parents.
11 for each v € P'(v) do
12 adjoint[v] «— adjoint[v] + d(u,v) - adjoint[u] ;
13 end
14 if v = independent variable x; then
15 (Vf); < (Vf);+ adjoint[v] ;
16 else if v = common subexpression then
17 Vf « Vf+ adjoint[v] - Vv ;
18 end
19 end

Figure 7-9: Algorithm for reverse accumulation from vertex list.

where the path is flagged as active during the list construction. The paths are flagged
as active during the vertex list construction due to the fact that during a particular
gradient, evaluation, when a common subexpression is encountered, not every parent
is involved, only those associated with the graph of the vertex whose gradient is
desired. For example, when evaluating the gradient of vertex vy3 in Figure 7-7 and
vertex vy is encountered, only the edge connecting vy3 and vy is active while the
edge connecting vy; to vy is not (the opposite holds when evaluating the gradient of
vertex vyy).

On line 17 of REVERSEACCUMULATION, it is assumed that the gradients of all
common subexpressions contained in the graph rooted at the argument vertex have
been precomputed (i.e., the graph has been previously reduced). The order in which
REVERSEACCUMULATION is called during a Jacobian evaluation (described below)

ensures this will be the case. If the list, £, was constructed from the dependent
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variable vertex corresponding to the graph of f : R®* — R, then the following

quantity will be computed upon completion of REVERSEACCUMULATION:

g+aVif.

Notice that all operations in REVERSEACCUMULATION are scalar operations except
for the SAXPY operation on line 17. This can be handled in one of several ways.
First, Vf can be represented as dense n vector, in which case the complexity at this
step would be O(n). However, for large, sparse problems, there will be many un-
necessary calculations performed. Alternatively, the independent variable index sets
for all dependent variable and common subexpression vertices can be precomputed
(O(n|V]) complexity assuming only unary and binary operators and functions are
contained in the graph) and sparse vector operations can be performed. Although
this was cited as a deficiency of the sparse vector implementations of the forward
and reverse modes, it should be noted that in the subgraph reduction approach, this
indirect addressing is only performed at the common subexpression vertices and inde-
pendent variables, not at every vertex contained in the subgraph rooted at a common
subexpression as it would in the sparse vector implementations. Finally, if the ap-
proach were implemented in a vector computer, it may be advantageous to use the
compressed vector ideas described in the previous chapter. In this case, Vf would
be a dense n dimensional vector. As with the vector implementations of the forward
and reverse modes, the optimal representation of V f depends both on the problem at
hand and the computer architecture in which the computations are being performed.

Code for the gradient evaluation can readily be generated using a modified version
of REVERSEACCUMULATION; instead of computing the adjoints, lines of code corre-
sponding to the operations being performed are written to a file. Given the procedures
described above, the code generation phase of the algorithm can be summarized as

follows.
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Initial Phase — Residual and Elementary Partial Derivative Evaluation

The first step is to extract the elementary operation list from the graph and write the
computational sequence to a file. As a result, residuals are computed simultaneously
with the Jacobian. Second, the expressions for the elementary partial derivatives are
written to the file (these calculations use some of the elementary variables computed

during the residual evaluation).

Subgraph Reduction Phase — Common Subexpression Gradient Evalua-
tion

It is assumed that the encountered field of all vertices in the computational graph
of the system of equations of interest have been initialized to false and the active
fields of all edges have been initialized to non-active. The complexity of this step is
proportional to the number of vertices and edges in the graph (O(|V)]) if only unary
and binary operators and functions are present).

For each common subexpression in the list CS (in the order of decreasing rank)

perform the following steps:
1. Call procedure REVERSEACCUMULATIONLIST to generate a list of vertices L,

2. Call the modified REVERSEACCUMULATION procedure to generate code for
computing the gradient of the common subexpression (in this case, g is set to

zero and « is set to unity), and

3. For all vertices in L, reset the encountered field to false and the active field of
its edges to non-active (obviously this step is proportional to the number of

vertices in £ plus the number of edges associated with these vertices).

The precomputed elementary partial derivatives are used in this accumulation se-
quence. The steps above correspond to reducing the subgraphs rooted at the com-

mon subexpression vertices. Performing these steps in the order of decreasing common
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subexpression rank ensures that the gradient of every common subexpression encoun-
tered in REVERSEACCUMULATION will have had code for its evaluation previously

written.

Jacobian Accumulation Phase — Dependent Variable Gradient Evaluation

Once the graph has been reduced in the step above, the full Jacobian can be con-
structed evaluating the gradient of each dependent variable vertex.

For each dependent variable vertex, v, k € D, perform the following steps:
1. Call procedure REVERSEACCUMULATIONLIST to generate a list of vertices L,

2. Call the modified REVERSEACCUMULATION procedure to generate code for
computing the equation gradient (Jacobian row). If ¢ # 0 and « # 1 then the

quantity computed will be « times the current row of the Jacobian plus g,

3. For all vertices contained in L, reset the encountered field to false and the

active field of its edges to non-active.

The gradient of each dependent variable is independent of the gradients of the other
dependent variables and thus, the order in which the dependent variables are exam-
ined does not matter.

Applying this approach to equations (7.12)-(7.15) results in the accumulation
sequence shown in Figures 7-10, 7-11, and 7-12. The computation of the residuals
and elementary partial derivatives have been omitted in this example. Furthermore,
some of the trivial initializations (e.g., line 9 of REVERSEACCUMULATION) have been
omitted.

The operation count required to compute the Jacobian is 29 multiplications and 7
additions (not including the evaluation of the elementary partial derivatives). This is
roughly the same as the sparse vector forward and reverse described in the previous
section (however, in this framework, it is much easier to avoid trivial multiplications
by unity). This is not a surprise since it is expected that the sparse and compressed

vector techniques and the subgraph reduction approach will perform similarly for
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Common subexpression vy

81]4/81’1 = d4,3

Common subexpression vyq

ﬁ9 = le 9

ﬁl = d9,1 ’09
81]10/81‘2 = @1

ﬁS = d9,8 ’09
a?}lg/al'g = ?AJg

ﬁ4 — le 4

leg/axl = ?AJ4 . 6U4/a$1
a?}lg/al'z = 6?}10/8:62 + ’04 . 6U4/65L'2

Figure 7-10: Reverse mode subgraph reduction of computational graph shown in
Figure 7-7.

small, dense problems without complicated subgraphs rooted at common subexpres-
sion vertices. As stated in the previous chapter, this example problem is not used to
compare the performance of the various approaches. Examples are contained in the
following chapter that illustrate the improvement offered by the subgraph reduction
approach.

Forward Mode

The preprocessing step for the forward mode of the subgraph reduction approach
also results in a list of common subexpressions, sorted by rank, that is used during
the subsequent code generation phase. The preprocessing can be summarized in the

following steps.

1. For each vertex in the graph, initialize the index field to zero, the encountered

field to false, and the active fields of all edges to non-active,

2. Index vertices in G by calling INDEXVERTICES (see Figure 6-7) from each de-

pendent variable v;, 7 € D, and store vertices in a list sorted by increasing value
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Gradient of equation f;

@6 = 1
Vs = d6,5 * Us
Vg = d5,4 *Us

8f1/8x1 = @4'81]4/81’1
afl/afb'z = @4'6?]4/81’2

U3 = ds3- 05
df1/0x1 = 0Of1/0x1 + 03
Uy = dgp - Us
Uy = doy -2

afl/al'g = 8f1/8x2 + @1
Gradient of equation f

1 = 1

U0 = diro- U1
Ofs/0x1 = 19 Qvig/Or
Ofs/0xy = 19 - Qvig/Oxs
Ofs/0x3 = 10 - Ovyg/0xs
vy = d11,7 ST

U3 = drz- U3

afg/al'g = afz/al'g‘i‘?}g

Figure 7-11: Reverse mode subgraph reduction approach applied to computational
graph shown in Figure 7-7 after subgraph reduction (continued in next figure).

of the index (this is achieved by appending the vertices to the end of a list),
3. Determine the independent variable index set, O; (v.), for each k£ € V, and

4. Identify all common subexpressions and store in a list sorted by decreasing value

of rank.

These steps are described in detail below.
As with the reverse mode, the cost of initializing the fields of all vertices in the
graph is O(|V]). Furthermore, the vertex indexing and list construction can be per-

formed simultaneously in O(]V|) time by appending the vertices to the end of the list
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Gradient of equation f3

013

12

3
dfs3/0x1
10
df3/0x1
df3/0x
Jfs/0x3

Gradient of equation f;
U17
U16
U15
Uy
8f4/8l‘2
U14
Us

8f4/8l‘3

1

d13,12 . 7713

d12,3 : ’012

Us

d13,10 . 7713

afg/al'l + ’010 . 8’010/81'1
{]10 . 81]10/81‘2

?}10 . a?}lg/al'g

1

di76 * V17

dig,15 * D16

di5, - U1s

01

di6,14 * D16

disg - V15 + diag - U1a

Us

Figure 7-12: Reverse mode subgraph reduction approach applied to computational
graph shown in Figure 7-7 after subgraph reduction (continued).

as they are indexed. For the forward mode, rank and index are related as follows,

rank [v;] > rank [v;] if @>j.

The next step is to construct the independent variable index set for each vertex in V.

The independent variable index set of a vertex is related to the independent variable

index sets of its children by

O (k) = Ujea, O; (v5) -
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Let £(G) denote the sorted list of vertices generated in the first step of the prepro-
cessing phase of the algorithm (for the graph shown in Figure 7-7, the first entry of
this list is vq, the second is vy, and so on up to wvy7). First, the index sets of the

independent variables are constructed:

for each k£ €7 do
O; (v) = {k} ;

end

The independent variable index set is then constructed for each vertex in the graph
by moving through the vertex list in increasing order of index (this ensures that the

definition of common subexpression for the forward mode is not circular):

for each v, € £(G) do
O (k) = Ujea, O; (v;) ;
if v), is a common subexpression (as defined in definition 4) then
Flag v, as a common subexpression ;
Append v to the end of the common subexpression list ;
end

end

The complexity of this step is O(n? |V|) where 7 is the maximum number of nonzeros
in any row of the Jacobian matrix. The factor of 72 is due to the fact that, in an
arbitrary graph, each vertex may have n children each of which have index sets of
cardinality . However, the complexity of this step will be O(7n |V]) if only unary and
binary operators and functions are present in the graph. As with the reverse mode
implementation, this bound is pessimistic. Once again, common subexpressions can
be easily identified while the independent variable index sets are constructed with
little additional cost: a common subexpression is a vertex that has at least two
children vertices with nonempty independent variable index sets. By moving through
the vertex list in forward order, common subexpressions are inserted into the front of
a second list as they are identified. A flag is set in each common subexpression vertex

so that they can be easily identified during subsequent processing. The independent
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variable index sets associated with the dependent variables contains the Jacobian
occurrence information. Let CS denote the common subexpression list. For the

example shown in Figure 7-7, the common subexpression list will be

CS = {016,015701071197@5,@4}-

As with the reverse mode, the preprocessing results in a sorted list of common
subexpression vertices which is used in the subsequent code generation phase. The
memory required to hold the independent variable index sets can again be recovered.
Like the reverse mode, the accumulation sequence will be generated from lists ex-
tracted from the graph in the proper order. For the forward mode, the algorithm for

generating these lists, FORWARDACCUMULATIONLIST, is shown in Figure 7-13. The

FORWARDA CCUMULATIONLIST (£,v,0°)

1 o If vertex has already been encountered, return.

2 if encountered[v] = true then

3 return ;

4 else

5  encountered[v] < false ;

6 end

7 > If vertex is not original vertex, append to end of list.
8 if v # v° then

9  APPENDVERTEX(L,v) ;

10 end
11 > Return if we’ve reached the end of a chain.
12 if v = dependent variable or
( v = common subexpression and v # v°) then
13 return ;
14 end
15 > Recursively visit all parents of vertex v.
16 for each u € P(v) do
17 ACTIVEPATH(u,v) ;
18 FORWARDACCUMULATIONLIST(L,u,v°) ;
19 end

Figure 7-13: Algorithm for generating a list of vertices for the forward mode.
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arguments of FORWARDACCUMULATIONLIST are a vertex list, £, the current vertex
to be processed, v, and the original vertex from which FORWARDACCUMULATION-
LisT was called, v°. Procedure ACTIVEPATH simply flags the edge connecting u and
v as being active (a field in the vertex data structure is assumed to be available for
this). This flag is used during the subsequent code generation phase. Once the list
has been constructed using FORWARDACCUMULATIONLIST, the vertices in the list
must be sorted in the order of increasing value of index. This step can be performed
in O(llog, ) time, where [ is the number of entries in the list. Let £(vy) denote the
list generated by calling FORWARDACCUMULATIONLIST with v, as an argument. For
the example shown above, the lists generated from the common subexpressions would

be (after sorting),

L(ve) = {uir},
L(vis) = {vie},
L(vo) = {ow, v},
L(vg) = {vio},
L(vs) = {wve}, and
L(vy) = {vs,vi0}-

(7.16)

Applying the procedure to each of the independent variable vertices results in the

following lists,

Ty ﬁ(U3) = {U47U57U770117U127U13}7
XTo ﬁ(U1> - {,027,047,067?]97?]15}7 and
Tr3 ﬁ(Ué;) = {097U14,U16,U15}-

(7.17)
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Pseudocode for computing the forward accumulation sequence is shown in Figure

7-14. The arguments to FORWARDACCUMLATION are a list of vertices, £, generated

FORWARDACCUMULATION (L, f )
1 > Loop through vertex list.

2 V1

3 while £ # () do

4 u < GETNEXTVERTEX(L) ;

5 > Sum over all active paths.

6 u = e d(u, w)w' ;

7 if (v = common subexpression and u # v) then
8 > Incorporate precomputed sensitivity vector.

9 fe f+ua;
10 else if u = dependent variable f; then
11 fie fitu';
12 end
13 end

Figure 7-14: Algorithm for forward accumulation from vertex list.

as described above, a sensitivity vector, f , and the vertex corresponding to the sensi-
tivity vector (i.e., f = 8f/0v and v is either a common subexpression or independent
variable vertex). The summation term involves only elements associated with paths
from v to the current vertex (these are flagged by procedure ACTIVEPATH during
the list construction). Upon completion of this procedure, f contains the following

information:

ofi  Ofu,
ov’' T ov

f=A
As with the reverse mode, f can be represented as a dense m vector, a compressed
m vector, or a sparse vector depending on the problem and computer environment at
hand. If the sparse or compressed vector approach is applied, then the independent

variable index set of each dependent variable and common subexpression must be

determined a priori.
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Code for the accumulation can be readily generated using a modified form of
FORWARDACCUMULATION, where, like the reverse mode, lines of code are written to
a file rather than actually performing the computation. The code generation phase

is similar to the reverse mode and consists of the following phases.

Initial Phase — Residual and Elementary Partial Derivative Evaluation

As with the reverse mode, the first step is to extract the elementary operation list
from the graph and write the computational sequence for residual and elementary

partial derivative evaluation to a file.

Subgraph Reduction Phase — Common Subexpression Sensitivity Evalu-
ation

It is assumed that the encountered field of all vertices in the computational graph
of the system of equations of interest has been initialized to false and the active
fields of all edges have been initialized to non-active. The complexity of this step is
proportional to the number of vertices and edges in the graph (O(|V]) if only unary
and binary operators and functions are present).

For each common subexpression in the list CS (in the order of decreasing rank)

perform the following steps:
1. Call procedure FORWARDACCUMULATIONLIST to generate a list of vertices L,

2. Call the modified FORWARDACCUMULATION procedure to generate code for
computing the sensitivity of the dependent variables with respect to the current

common subexpression, and

3. For all vertices contained in L, reset the encountered field to false and the
active field of its edges to non-active (like the reverse mode, this step is pro-
portional to the number of vertices in £ plus the number of edges associated

with these vertices).
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The precomputed elementary partial derivatives are used in this accumulation se-
quence. The steps above correspond to reducing the subgraphs above the common
subexpression vertices. Performing these steps in the order of decreasing common
subexpression rank ensures that the sensitivity vector of every common subexpres-
sion encountered in FORWARDACCUMULATION will have had code for its evaluation

previously written.

Jacobian Accumulation Phase — Column Evaluation

Once the graph has been reduced in the step above, the full Jacobian can be con-
structed by evaluating the sensitivity of dependent variable vertices with respect to
each independent variable vertex (i.e., constructing the Jacobian column-by-column).

For each independent variable vertex, v, k € Z, perform the following steps:
1. Call procedure FOWARDACCUMULATIONLIST to generate a list of vertices L,

2. Call the modified FORWARDACCUMULATION procedure to generate code for

computing the Jacobian column,

3. For each vertex in L, reset the encountered field to false and the active field

of its edges to non-active.

Like the reverse mode, the order in which the independent variables are processed
does not matter.

Applying this approach to equations (7.12)-(7.15) results in the accumulation
sequence shown in Figures 7-15, 7-16, and 7-17 contain the accumulation sequence
that can be extracted from the CG shown in Figure 7-7.

The Jacobian is accumulated column-by-column with 23 multiplications and 7
additions. In the forward mode of the subgraph reduction approach, trivial multipli-
cations by unity are easily eliminated which accounts for the lower operation count

than the other AD approaches examined with this example problem.
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Common subexpression vig

8f4/8v16 = d17,16

Common subexpression v;s

a](24/31115 = d16,15'af4/8U16

Common subexpression vyg

8f2/8v10 = d11,10
8f3/8v10 = d13,10

Common subexpression vy

a](22/309 = d10,9'3f2/3v10
af:),/avg = d10,9'8f3/av10

Common subexpression vs

afl/a% = d6,5

Common subexpression vy

8f1/6v4 = d5,4 . 8f1/805
8f2/8114 = d10,4 : a](22/31110
af3/av4 = d10,4 : af3/av10

Figure 7-15: Forward mode subgraph reduction of computational graph shown in
Figure 7-7.

7.2.2 Interpreted Implementation

In the previous section, algorithms are presented describing how code can be gen-
erated for Jacobian evaluation by extracting the accumulation sequence from the
graph. These same algorithms can be applied within an interpretive architecture as
well. However, a slightly different implementation of the reverse mode of the sub-
graph reduction approach has be found more attractive in an interpretive architecture,
particularly when applied to the hybrid discrete/continuous simulation problem.
First, suppose there is a symbolic form of the computational graph of a system of

equations of interest available. Procedure REVERSEMODE shown in Figure 7-18 can
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First column of Jacobian matrix.

df1/0x1 =

of1/0x1 =

0fy/0x1 =

Dfs/0x) =

v o=

vy =

Dfy/0x1 =

Vip =

Vig =
dfs3/0x4

Second column of Jacobian matrix.

vh =
Of1/0xy =
Dfs)0ry =
Dfs/0ry =

vy =
Of1/0xy =
Dfy)0ry =
fs/0xy =
Ofy)0ry =

ds 3+ Of1/0vs
0f1/0x1 + dy3
dy3 - afz/a?kl
dyz - 0fs/0v4
drs

di17 - UI7
dfa2/0x1 + vy,
di23

!
d13,12 %P

df1/0x1 + vis

da 1

dy - afl/a?kl
d4,1 ’ 8f2/804
d4,1 ’ 8f3/81}4
dg2 - Uy
df1/0x2 + vg
O fa)0xs + dy 4
0fs3/0xs + dy
d15,1 : 8f4/3U15

. 8f1/8v4

. 8f2/81]9
. afg/a?]g

Figure 7-16: Forward mode subgraph reduction approach applied to the CG shown
in Figure 7-7 after subgraph reduction (continued in next figure).

be used to compute the Jacobian of the system of equations row-by-row by calling

this procedure from each of the dependent variable vertices. If REVERSEMODE is

called with v initialized to the root vertex of the graph representing f : R — R,

v initialized to the scalar o, and V[ initialized to the constant vector g, then the

following quantity is computed,

g+a-Vf.
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Third column of Jacobian matrix.

a](22/3I3 = d9,8'3f2/8v9
afg/afb'g = dg’g'afg/a?)g

UI14 = d14,8
8f4/8x3 = d15,8 : 8f4/5’015
vig = diga " Uiy

8f4/(9:c3 = 6f4/8:v3 + ’Ui6 : 8f4/(9?)16

Figure 7-17: Forward mode subgraph reduction approach applied to the CG shown
in Figure 7-7 after subgraph reduction (continued).

Procedure REVERSEMODE is simply a recursive implementation of the chain-rule:

9,
ay = Z H (elementary partial derivative attached to e), (7.18)
Y pePanf) ecP

where P(x;, f) is the set of all paths connecting the root vertex and independent
variable vertex x; in the computational graph and the elementary partial derivative
at edge e, connecting v; and vj, is d; ;. The products in this formula are performed
on lines 7 and 8 of REVERSEMODE. Here, the run-time stack is employed to hold
these quantities as they are being computed. The summation part of the chain-rule
formula above is performed on line 4. This recursive implementation has been found
to be very efficient when applied in an interpretive architecture. Furthermore, the
normal scalar sweep version of the reverse mode requires O(|V|) memory to store the
vertex adjoints, whereas in this implementation, by employing the run-time stack of
the computer, the memory requirements are reduced to O(log,(|V|)) (the depth of the
graph) on average®. The disadvantage of this approach, however, is that the accumu-
lation below subgraphs rooted at common subexpression vertices will be performed
several times. This drawback can be remedied by applying the techniques discussed in
this chapter. First, it is assumed that the vertex data structures have an integer rank

field and two integer pointers into a real workspace array (this real workspace is used

20f course it is possible to create pathological problems which are simply long chains of unary
operations, in which case, the depth of the graph is O(|V]).
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REVERSEMODE( v, 0, Vf )

1 if v = independent variable x; then

2 > Accumulate elementary partial derivative product
3 > in appropriate position of gradient vector.

4 V[l Vbt

5 elseif v = binary operator then

6 > Compute adjoint quanities for left and right child vertices.
T Ve < U - Ov/0left [v]

8 Vyight <— U - Qv /Oright [v]

9 > Pass adjoints down to child vertices.
10 REVERSEMODE(left[v],0;c 4,V f)
11 REVERSEMODE(right[v],0,ignt,V f)
12 elseif v = unary operator or intrinsic function then
13 :
14 > Code similar to above.
15
16 end

Figure 7-18: Recursive version of scalar sweep reverse mode of automatic differen-
tiation.

to hold the sparse gradients of the dependent variables and common subexpressions).
As in the compiled implementation of the reverse mode, the Jacobian evaluation is
broken down into two steps, a preprocessing phase and an accumulation phase. The
preprocessing phase, described below, simply identifies and ranks common subexpres-
sions and allocates the workspace required to hold their sparse gradients. A modified
version of REVERSEMODE is then used to accumulate the equation gradients.

The preprocessing phase can be summarized in the following steps.
1. Initialize the rank field of all vertices in the graph to zero,

2. Call procedure DFs-RANK (see Figure 7-19) from each dependent variable ver-

tex, v, k € D, to set the vertex rank fields,

3. Identify all common subexpressions and store in a list sorted by decreasing value

of rank (see below),
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4. For each common subexpression vertex and each dependent variable vertex,
determine the independent variable index set (the dimensionality of the index
sets is the amount of memory that must be allocated in the real workspace),

and

5. Allocate the sparse gradient workspace by setting the workspace pointers of

each common subexpression and dependent variable vertex.

Drs-RANK(v)

if v = independent variable or constant then
return ;
end

rank[v] < rank[v] + 1 ;
Drs-RaNk(left[v]) ;
DFs-RANK(right[v]) ;
end

~ O Ot i W N~

Figure 7-19: Depth-first search (DFS) algorithm for setting the rank field of the
graph vertices for subsequent common subexpression identification and ranking.

The children of a vertex are encountered at least as many times as their parents
in procedure DFs-RANK. A common subexpression vertex, in this case, is defined as

a vertex v such that

rank[v] > rank[u] for at least one u € P(v).

Furthermore, the value of the rank field gives the relative ordering of the common
subexpressions present in the graph. Since a child of a vertex is encountered at least as
many times during DFS-RANK as its parents, if common subexpression u is contained
in the graph of common subexpression v then rank[u| > rank[v], which is precisely
the definition of ranking for the reverse mode.

The definition of common subexpression and algorithm for identifying them is

different for the compiled version of the reverse mode than the interpretive version
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described here. This difference, which results in more common subexpressions for the
interpretive version, is due to the way the vertices are encountered during the DFS-
based REVERSEMODE (and the modified version of this routine for the subgraph
reduction approach, MODIFIEDREVERSEMODE, described below). This discrepancy
between the definitions of common subexpressions for the compiled and interpretive
versions is discussed later in this section.

Let CS denote the sorted list of common subexpression vertices. The next step
is to determine the independent variable index sets of the common subexpressions in
CS and the dependent variable vertices, v, k € D. This occurrence information is
used to determine how much space must be allocated in the real workspace array used
to hold sparse gradients and required when performing the sparse vector operations
performed in the subsequent accumulation step. The complexity of constructing these
index sets is O(n?|V|) for the same reasoning described in the forward mode compiled
implementation. As before, the complexity will be O(n |V|) if only unary and binary
operators are present in the graph. The independent variable index sets should be
constructed in the following order: common subexpressions in the order of decreas-
ing rank and then dependent variable vertices (this ensures the same part of the
graph will only be encountered once during the construction of the index sets). Upon
completion of the preprocessing step, we have a sorted list of common subexpres-
sion vertices, workspace allocated for the storage of the common subexpression and
dependent variable vertex gradients, and the independent variable index sets (occur-
rence information) required to perform the sparse vector operations. The workspace
used to compute the dependent variable gradients should be the actual array used
to hold the Jacobian matrix (thereby eliminating the need for copying the computed
Jacobian and also reducing the amount of space required for its computation). Fur-
thermore, typical sparse LU decomposition routines (e.g., MA48 [39]) require more
real workspace than the amount needed to hold the sparse Jacobian matrix. This ad-
ditional workspace can be used to store the common subexpression gradients during
the Jacobian evaluation and thus, very little additional memory is required for this

approach. The modified version of REVERSEMODE is shown in Figure 7-20. This
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is identical to the previous version except for the fact that it is assumed that the
common subexpression gradients have been precomputed (i.e., their subgraphs have
been reduced) and can be incorporated into the equation gradient via the chain-rule

(line 4 of MODIFIEDREVERSEMODE).

MODIFIEDREVERSEMODE( v, 0, V)

1 if v = common subexpression vertex then
2 > Incorporate gradient of common subexpression vertex, Vv,
3 > into Vf by means of the chain rule.
4 Vi« Vf+1-Vu
5 elseif v = independent variable x; then
6 > Accumulate elementary partial derivative product
7 > in appropriate position of gradient vector.
S VI« ViG] +0
9 elseif v = binary operator then
10 > Compute adjoint quantities for left and right child vertices.
11 Opepr < 0 - Ov/0left [v]
12 Uyight <— U - Ov/Oright [v]
13 > Pass adjoints down to child vertices.
14 MODIFIEDREVERSEMODE(left[v], e,V f)
15  MODIFIEDREVERSEMODE(right[v],0yignt, V f)
16 elseif v = unary operator or intrinsic function then
17 :
18 > Code similar to above.
19
20 end

Figure 7-20: Recursive version of scalar sweep reverse mode of automatic differen-
tiation with common subexpression vertex elimination.

The Jacobian accumulation step can be summarized as follows.

1. Compute common subexpression gradients in the order of decreasing value of

rank by calling MODIFIEDREVERSEMODE from each vertex in CS and

2. Compute the dependent variable gradients (the Jacobian rows) by calling MoD-

IFIEDREVERSEMODE from each dependent variable vertex, v, k € D.
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Performing the gradient computations in the order described above ensures that each
time a common subexpression is encountered in MODIFIEDREVERSEMODE, its gra-
dient will have been precomputed.

As stated above, the definition of common subexpression is different for the com-
piled and interpretive versions of the reverse mode of the subgraph reduction ap-
proach. This is due to the fact that by using the DFS-based MODIFIEDREVERSE-
MoDE and by storing the vertex adjoints in the run-time stack, the accumulation
along the edges between a dependent variable vertex and a common subexpression
vertex contained in its graph is independent for each path connecting these two ver-
tices (the same holds for common subexpression vertices and higher ranking common
subexpression vertices contained in the same subgraph). To illustrate this, consider

the fragment of a computational graph shown in Figure 7-21. Suppose that vertices

First path during
recursive implentation

Second path during
recursive implentation

Figure 7-21: Fragment of a computational graph. Vertices vy5 and wvyg correspond
to dependent variables.

va5 and vog correspond to dependent variables and that a complicated graph lies below

vo1. For both the compiled and interpretive versions of the reverse mode, v9, will be
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considered a common subexpression. Now suppose we are computing the gradient of
common subexpression vy, (i.e., reducing this portion of the graph). The following

operations would be carried out in the compiled implementation,

@24 - ]_

’023 - d24,23 . 624

’022 - d24,22 ) 624

@21 = d22,21 : @22 + d23,21 : @23

Vertex vy is encountered once and the accumulation below this vertex is carried out
in the usual manner. Now consider the evaluation of the gradient of vertex v,y using
MODIFIEDREVERSEMODE. The accumulation (products of the elementary partial
derivatives) would be carried out along the left path to ve; from vy and below then
the accumulation would be carried out along the right path to vy, from vy and below
a second time. Clearly, this is just the redundancy we are trying to avoid. In the
interpretive version of the reverse mode of the subgraph reduction approach, vertex
vy will also be considered a common subexpression and its gradient will have been
precomputed. The disadvantage, however, is that the chain-rule operation will be
performed twice at this vertex when evaluating the gradient of common subexpression
voq. This can be avoided through the use of lists (in which case, the operations for both
the compiled and interpretive implementations of this approach will be the same),
however, the additional advantages described below often warrants these occasional
redundant operations.

The advantages of this interpretive version of the reverse mode are as follows.
First, the special handling of the common subexpressions allows the efficient recursive
implementation of the reverse mode to be applied without fear of the accumulation
being performed below the common subexpressions multiple times. Second, there is

substantial memory savings by storing sparse vectors only at the common subexpres-
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sion vertices® and the memory required to store the vertex adjoints is O(log,(|V])).
Furthermore, if memory is limited, only a portion of the common subexpressions can
be handled, resulting in less optimal, yet still improved, performance. Simple graph
analysis can be used to determine which common subexpression should be discarded.
In addition, linear equations can be handled very efficiently and in a consistent man-
ner in this approach. Linear equations and linear subgraphs of nonlinear equations
can be identified during the common subexpression search at little additional cost.
The linear subgraphs are determined in a recursive manner (through a call to a mod-
ified DFs-RANK); a subgraph rooted at v is linear if v is an addition operator and
both of its children are linear, or v is a multiplication operator and one of its children
is a constant and the other is linear (or constant), or v is a function and its argument
is a constant, etc. Sparse gradients can be allocated for these linear equations that
can be computed once a priori and used for every subsequent Jacobian evaluation.
This has been found to yield significant performance improvements for typical process
models containing several linear equations as shown in chapter 8. Lastly, but particu-
larly important for Jacobian evaluations required during a hybrid discrete/continuous
simulation, is the preprocessing step is very efficient (taking a fraction of a second
for problems containing several tens of thousands of equations). In a hybrid dis-
crete/continuous simulation, the functional form of the process model may change
many times over the course of a calculation. Efficient preprocessing can have a sub-
stantial impact on the overall calculation times in this situation. The disadvantage
of this approach (as opposed to the compiled implementation above), however, is
that the chain-rule operation will be performed as many times as the common subex-
pression is encountered (as described above). This leads to some inefficiency if the
common subexpression is encountered multiple times during a single gradient calcu-
lation (the operations are not redundant if the common subexpression is encountered
multiple times during different gradient evaluations). However, in most cases, this

inefficiency is more than compensated for by the other advantages of this approach.

3In fact, very little (if any) additional memory is required if the workspace used in the LU
factorization routines is employed to hold these sparse vectors.
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7.3 Analysis of the Subgraph Reduction Approach

In this section, the memory requirements and operation count of the new approaches
are analyzed. Let cost(-) and space(-) denote the number of operations required and
the amount of memory required, respectively, when computing some quantity. These
are different than the asymptotical bounds shown elsewhere in this thesis (denoted
by O(-)) in the they represent the exact cost (arithmetic operations, indirect ad-
dressing, memory accesses, etc.) and space. The temporal and spatial complexity
analysis described below does not take into account the space required to store the
computational graph or the cost associated with evaluating the elementary partial

derivatives.

7.3.1 Reverse Mode

In the case of the sparse vector implementation of the reverse mode, the following

bounds hold [52],

space(V f(x))
cost(Vf(x)) < 3m-cost(f(x)). (7.20)

IN

m - space(f(x)) (7.19)

where space(f(z)) is O(]V|). As stated in chapter 6, both of these bounds are some-
what pessimistic, especially in the case of systems of equations with large, sparse
Jacobian matrices.

In the case of the reverse mode implementation of the subgraph reduction ap-

proach, the amount of space required to evaluate the Jacobian matrix is
NCS

space(Vf(x)) < Space(f(x))+2ﬁj§ (7.21)

where N, is the number of common subexpressions in the graph, § is the space

required to hold a single partial derivative, and 7; is the number of independent
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variables contained in common subexpression j, the cardinality of the independent
variable index set, O; (v;). The summation term accounts for the sparse gradients
stored at the common subexpression vertices. If dense vectors are used then 7;
is replaced by n and if compressed vectors are used then n; is replaced by 7, the
number of structurally orthogonal columns in the Jacobian matrix. In the case of
the interpretive version, the term space(f(x)) (the space required to hold the vertex
adjoints) is replaced by a term proportional to the height of the computational graph.
In order to derive the operation count bound, consider the three equations represented
by the equation graph shown in Figure 7-5 (after subgraph reduction). Equation f;
is rooted at vertex 21, equation f; is rooted at vertex 22, and equation f3 is rooted at
vertex 23. Suppose these equations are evaluated such that common subexpressions
are not recomputed. When f; is evaluated, values of the subexpressions rooted at
vertices 8 and 13 are stored. When f5 is evaluated, the previously computed value
stored at vertex 13 is used. Similarly, the value stored at vertex 8 is used when
evaluating f3. Figure 7-22 shows which vertices are encountered during each equation

evaluation.

Figure 7-22: Vertices encountered during residual and Jacobian evaluation.

Using the new approach, the cost of evaluating the gradient of f;, V f1, is bounded
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above by 3 times the cost of evaluating f; (this includes setting up the new edge
values during the subgraph simplification) plus the cost of the chain-rule operation
at common subexpression vertex 13 (when a common subexpression is encountered,
the precomputed gradient is incorporated into the Jacobian row via the chain-rule
— see line 17 of the algorithm for reverse accumulation in the subgraph reduction
approach, Figure 7-9). Denote the cost of the chain-rule operation at vertex 13 by
C7s. This cost depends on the particular variation of the reverse mode of the subgraph
reduction approach applied (e.g., sparse, compressed, or dense vector representation
of the gradients) and the computer environment in which the computations are being
performed (e.g., a serial or a vector computer). The cost of evaluating V f, is bounded
above by 3 times the cost of evaluating f, (exploiting common subexpressions in the
evaluation) plus the cost of the chain-rule operation at vertex 13. Finally, the cost of
evaluating V f3 is bounded above by 3 times the cost of evaluating f; plus the cost of
the chain-rule operation at vertex 8, C'{". The cost of evaluating the entire Jacobian

is

cost(Vf(x)) = cost(Vfi)+ cost(V fz) + cost(V f3) (7.22)

< 3-cost(fi) + Cf5 + 3 cost(fa) + CFy + 3 - cost(fs) + Cg

NCS
< 3-cost(f) + Zﬁle;’"
7=1

where 772; is the number of equations that contain common subexpression j, that is,
the cardiality of the dependent variable index set, Oq (v;). If sparse vector operations
are performed at the common subexpression vertices, the cost of the chain-ruling
at a common subexpression vertex is equal to the number of independent variables

contained in the common subexpression multiplied by the cost of the operation a =
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a+ b * ¢ (denote this cost by ¢)*. Thus, the cost of a Jacobian evaluation is

Ncs

cost(Vf(z)) < 3-cost(f(x)) + Z 1h;7¢. (7.23)

If the Jacobian evaluation is performed on a vector computer, it may be advanta-
geous to represent the common subexpression gradients as compressed 7 dimensional

vectors, in which case, an O(1) SAXPY call can be employed.

7.3.2 Forward Mode

In the case of the sparse vector implementation of the forward mode, the following

bounds hold [52],

space(Vf(x)) < n-space(f(z)) (7.24)
cost(Vf(x)) < 3n-cost(f(x)). (7.25)
Like the sparse reverse mode, these bounds are somewhat pessimistic.

In the case of the forward mode implementation of the new approach, the amount

of space required to evaluate the Jacobian matrix is:
space(V f(x)) < space(f(x))+ Z(m] —1)8 (7.26)

where N, is the number of common subexpressions (as defined for the reverse mode)
in the graph and 7; is the number of dependent variables reachable from common
subexpression j (i.e., the cardinality of the dependent variable vertex set, O, (v;)).
The first term above, space(f(z)), accounts for the intermediate variable stored at

the graph vertices (the w' in Figure 7-14)) and the second term accounts for the

4This cost should also include the cost of the indirect addressing of the sparse vectors and all
memory accesses required.
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additional memory required to hold the common subexpression adjoints. The cost of

a Jacobian evaluation is given by:
NC*S
cost(Vf(x)) < 3 - cost(f(x)) + Y _ 1jié (7.27)
j=1

where N} is the number of common subexpression vertices defined for the forward
mode.

In the remainder of this section, the operation count and the spatial complexity of
the sparse vector reverse mode and the reverse mode version of the new approach will
be compared. Similar arguments hold for the comparison between the sparse forward
mode and the forward mode of the new approach. Suppose an equation graph contains
a common subexpression vertex v shared by m, equations. In addition, suppose there
are no other common subexpression vertices in the subgraph rooted at v and v is not
contained in the subgraph of another common subexpression vertex (v will be referred
to as an isolated common subexpression). Let G(v) denote the subgraph rooted at
v. The amount of memory used in G(v) for the sparse vector implementation is
N,m,§, where N, is the total number of vertices in G(v) and § is defined above.
The amount of memory used in the new approach is (N, — 1 + n,)$, where n, is the
number of independent variables contained in G(v). The quantity N, — 1 accounts
for the storage of adjoints (this memory can be recovered once the subgraph has
been reduced) and n, accounts for the sparse gradient stored at v. Since there are at
least 1, vertices in G(v) (the independent variables), N, > n,. In addition, 7, > 2
since v is a common subexpression. Thus, N,m,s > (N, — 1 + n,)s. Now suppose
an additional common subexpression vertex, u, is added to G(v). The amount of
memory required by the sparse vector reverse mode increases by N,0m,$ where N, is
the number of vertices in G(u) and dm, = |O,4 (u) — O4 (v)| is number of additional
equations u is common to. The additional memory required by the new approach
is (ny, — 1)$ (or zero if Oy (u) = O4(v)). Again, N, > n, and, thus, for 67, > 0,

less additional memory is required for the new approach. However, since 61, may
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equal zero, it is possible to construct simple computational graphs that require less
memory for Jacobian evaluation with the sparse vector reverse mode than with the
new approach. However, as the common subexpressions become larger and more
complex (where memory usage becomes an issue), the memory savings of the new
approach become dramatic. In order to compare the computational performance of
the sparse vector reverse mode and the new approach, consider a computational graph
with a single isolated common subexpression vertex v which contains n, independent
variables and is shared by m, equations. The cost of accumulating the elementary
partial derivatives above v is the same for both approaches since this step is simply
a series of scalar multiplications and additions. The cost below v is bounded above
by 31, - cost(v) for the sparse vector reverse mode and bounded above by 3 - cost(v)
for the new approach. There is an additional cost at v for the new approach due to
the chain-rule operation. This cost is 1,7,¢ where ¢ is the same as defined above.?

The difference between the two approaches is

AC - 01—02

= 3, K - cost(v) — (Myn,¢ + 3K - cost(v))

where C is the cost of accumulating the Jacobian using the sparse vector reverse
mode, C5 is the cost using the new approach, and 0 < K < 1 is some constant that
changes the inequality in the bound for the cost below v to an equality. What is
important is that the cost below v for the sparse vector reverse mode is precisely m,

times greater than the new approach. The cost of the new approach is less when

AC >0

5This is an overestimate since the actual number of additions depends on the occurrence infor-
mation of the equations containing the common subexpression.
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or

My Ty C

t >
cost(v) > S — 1)

For large complicated subexpressions, cost(v) will be large and K will be close to
unity. Thus, we can expect the new approach to perform substantially better when
the common subexpressions are large and complex (see Figure 8-1). The two ap-
proaches perform similarly for simple common subexpressions since both cost(v) and
n, are small. Extending this comparison to the forward mode version of the sub-
graph reduction approach and the sparse vector sweep version of the forward mode is
straightforward. By analogy, the forward mode of the subgraph reduction approach
will perform better if the subgraphs above common subexpression vertices are large
and complicated. This analysis provides a metric for deciding how to reduce various
parts of the computational graph in a hybrid mode for the subgraph reduction ap-
proach; the cost (time and space) can be determined for both the forward and reverse

mode at each common subexpression vertex to decide how each portion of the graph

should be reduced.

7.4 Conclusions

A new class of automatic differentiation techniques are developed in this thesis. This
approach can be applied to both the forward and reverse modes, resulting in some-
times dramatically lower operation counts and memory requirements than other ap-
proaches for computational differentiation. This approach requires a graph of the
system of equations of interest, which can be readily and efficiently generated from
most representations of the system of equations. The algorithms required to generate
the accumulation sequence for the Jacobian evaluation are efficient both in terms of
temporal and spatial complexity, allowing very large, complex systems of equations

to be considered. Furthermore, a simple and efficient graph analysis can be used to
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determine which version of our new approach is best suited to a given problem or if a
hybrid algorithm may yield beneficial results. Of particular importance is the efficient
interpretive implementation of the reverse mode of the subgraph reduction approach.
As shown in the following chapter, this modification dramatically reduces the meme-
ory requirements and improves the computational efficiency associated with Jacobian
evaluation when applied within an interpretive architecture equation-oriented simu-

lator.
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Chapter 8

Numerical Examples

8.1 Comparison of Automatic Differentiation and

Symbolic Differentiation

The various approaches for residual and Jacobian evaluation described in chapters
5, 6, and 7 were implemented in the software package ABACUSS!. ABACUSS is
an equation-oriented process simulator capable of efficient symbolic manipulation
of large-scale systems of nonlinear equations. A particularly important feature of
ABACUSS is the ability to simulate combined discrete/continuous processes. When
simulating such processes, it is convenient to use an interpretive architecture which
allows for rapid switching between different functional forms of the process model
that occur at discontinuities in the problem. If compiled code were used for residual
and Jacobian evaluations, a new residual and Jacobian subroutine would have to be
generated each time the system of equations changed at a discontinuity. Alterna-

tively, subroutines for all possible systems of equations could be generated a priori

LABACUSS (Advanced Batch And Continuous Unsteady-State Simulator) process modeling soft-
ware, a derivative work of gPROMS software, ©1992 by Imperial College of Science, Technology,
and Medicine.
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resulting in much faster simulation execution. The disadvantage of this approach is
the number of possible systems of equations grows exponentially with the number of
discontinuities in the problem, making this approach infeasible for all but the most
trivial examples. Thus, these various residual/Jacobian evaluation approaches are
performed in an interpretive manner. It is important to emphasize, however, that the
complexity bounds described in chapters 6 and 7 consider only the number of arith-
metic operations and memory accesses required to compute the system of equations
and partial derivatives. They do not, however, take into account the various overheads
associated with carrying out the calculations in an interpretive environment.

Comparisons of five approaches for residual and Jacobian evaluation are shown
below. In approach 1, the Jacobian is computed by symbolic differentiation and the
residual and partial derivative expressions are evaluated without taking advantage
of common subexpressions. Approach 2 also evaluates the symbolic expressions for
the residuals and partial derivatives, however, common subexpressions are exploited
in the evaluation. Approach 3 computes the residuals the same way as approach 2,
however, the Jacobian matrix is evaluated using the recursive reverse mode of au-
tomatic differentiation shown in Figure 7-18. The Jacobian is constructed row by
row from each dependent variable node. Approach 4 uses the recursive implemen-
tation of the subgraph reduction approach of automatic differentiation (see Figure
7-20) with special handling of linear equations. Finally, approach 5 uses the sparse
vector implementation of the reverse mode. All numerical calculations shown below
were performed on a Hewlett-Packard 9000/735 workstation. Table 8.1 contains a
summary of the various approaches used.

The various approaches described above are used to evaluate the residuals and
Jacobian matrix of thirteen example problems. Table 8.2 contains the dimensions of
these systems of equations and the memory required to store the symbolic system of
equations and Jacobian. The second through sixth columns of this table contain the
dimensions of the systems of equations: n is the number of variables, m is the total
number of equations, Myneqr 1S the number of equations that are linear, nz is the

number of entries in the Jacobian matrix that are not identically zero, and n.;, is the
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Table 8.1: Description of computational differentiation methods tested.

Residual Jacobian
Approach Evaluation Method Evaluation Method
Interpreted graph, Symbolic expressions,
1 no exploitation of no exploitation of
common subexpressions. common subexpressions.
Interpreted graph, Symbolic expressions,
2 with exploitation of with exploitation of
common subexpressions. common subexpressions.
Interpreted graph, Basic recursive scalar
3 with exploitation of sweep reverse mode.
common subexpressions.
Interpreted graph, Recursive reverse mode of
4 with exploitation of subgraph reduction approach
common subexpressions. | with handling of linear equations.
Interpreted graph,
5 with exploitation of Sparse vector sweep reverse mode.
common subexpressions.

number of common subexpressions present in the system of equations. The remaining
two columns contain the number of vertices in the graph representing the system of
equations and the partial derivative information. The first two approaches are based
on symbolically generated derivatives and, thus, require the same number of vertices
to represent the system of equations and Jacobian. Similarly, the remaining three
approaches are all based on the computational graph representation of a system of
equations and require the same number of vertices.

Table 8.3 shows the performance of the various approaches. Columns 2 through
6 contain the time, in microseconds, for a residual and Jacobian evaluation. Table
8.4 contains the ratio of the time for a Jacobian evaluation to the time for a residual
evaluation.

The first four systems of equations in the Tables 8.2 and 8.3 are contrived highly
nonlinear equations illustrating the performance capable with the reverse mode of au-
tomatic differentiation applied in a symbolic environment. The equations are shown
in Appendix F. The first problem consists of a single highly nonlinear equation with-

out any common subexpressions. In this problem, there are no linear equations or
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Table 8.2: Dimensions of the systems of equations examined and memory allocated
for each of the various graphs.

System dimensions Total number of vertices
Symbolic | Computational

System n m Minear nz Nes | €Xpressions graph
Pathological 1 3 1 0 3 0 87 37
Pathological 2 | 20 10 0 110 2 4400 242

Pathological 3 | 154 150 0 12,950 | 4 55,000 8,900

Pathological 4 | 602 100 0 600 3 18,000 4,800

UNIQUAC 171 160 10 1,280 | 5 9,700 3,400

NRTL 341 330 100 1,910 | 2 12,000 5,300

Bubble Point | 171 171 12 1,271 5 10,000 3,600

Flash Vessel 494 | 494 43 3,245 | 14 24,000 9,200
Helmholtz 12 7 6 48 0 404 217
Valve 40 40 25 111 0 356 204
Weir 6 6 4 11 0 62 41

PSA 3,614 | 3,614 | 810 | 18,616 | 18 233,000 81,000

Batch Column | 2,435 | 2,435 | 1,269 | 11,060 | 833 114,000 20,000

common subexpressions which is why approach 4 takes same amount of time as ap-
proach 3. The performance of the subgraph reduction reverse mode (approach 4)
is particularly dramatic in problems 2 and 3 which contain several highly nonlinear
equations with complicated common subexpressions. The overhead of operating in
an interpretive environment is particularly evidenced by the poor performance of the
sparse vector reverse mode (approach 5) for this problem. The remaining nine systems
of equations are common chemical engineering examples. UNIQUAC and NRTL are
activity coefficient models which compute activity coefficients for a ten component
system. Bubble Point computes the bubble point temperature of a ten component
system using the UNIQUAC model for the liquid phase activity coefficients. Flash
Vessel models the operation of a flash vessel for a ten component system. Liquid
phase nonideality is modelled with the UNIQUAC model. Helmholtz computes the
Helmholtz free energy of a five component system. Valve is a set of equations describ-
ing the flow through a buffer tank that has a linear inlet valve and an equal-percentage
outlet valve. Weir models the filling of a tank with a weir. PSA is a partial differen-

tial equation model of a pressure swing adsorption system containing two columns.
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Table 8.3: Timing for residual and Jacobian evaluation.

Timings in microseconds
System 1 [ 2 [ 3 | 4 | 5
Pathological 1 196 102 81 81 121
Pathological 2 | 52,150 | 7,805 3,750 1,130 4,710
Pathological 3 | 238,692 | 130,769 | 92,769 | 68,615 | 156,615
Pathological 4 | 45,150 | 26,700 | 17,150 | 16,650 | 24,050
UNIQUAC 53,500 | 31,167 | 20,167 | 20,000 | 32,833
NRTL 33,040 | 22,400 | 12,000 | 11,680 | 19,200
Bubble Point | 32,417 | 22,500 | 12,583 | 12,167 | 19,750
Flash Vessel | 85,250 | 58,250 | 36,500 | 35,750 | 56,000
Helmholtz 902 454 462 436 752
Valve 735 615 684 496 786
Weir 70 62 60 55 80
PSA 442,000 | 336,000 | 268,000 | 264,000 | 378,000
Batch Column | 434,000 | 270,000 | 188,000 | 180,000 | 202,000

Backward finite differences are used for the spatial discretization. Finally, Batch Col-
umn is an index 2 DAE (differential-algebraic equation) formulation of a five tray
batch distillation column separating five components. Liquid phase activity coeffi-
cients are computed using the UNIQUAC model. Before the residuals and Jacobian
matrix were evaluated, the index was reduced to 1 by differentiating a subset of the
algebraic equations. This index reduction results in new equations that share com-
mon subexpressions with the equations in the original index 2 formulation. In this
problem, the common subexpressions are, however, relatively simple and exploiting
them does not significantly reduce the cost of the Jacobian evaluation as shown by
the difference between the timings for approaches 3 and 4. In all cases, the subgraph
reduction reverse mode of automatic differentiation with special handling of linear
equations and common subexpressions performs significantly better than the other
evaluation methods. Since typical chemical engineering problems contain a significant
number of linear equations (mass and energy balances, summation of mole fractions,
etc.), it is important to handle these equations properly. This is particularly evident
In these cases, approaches 3 and 5 do

in the Valve and Weir example problems.

not perform as well as approach 2. The linear equation and common subexpression
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Table 8.4: Ratio of time for Jacobian evaluation to time for a residual evaluation.

cost{V f}/cost{f}

System 1 | 2 | 3 | 4] 5
Pathological 1 | 5.64 | 2.38 | 1.61 | 1.61 | 3.00
Pathological 2 | 20.37 | 24.59 | 11.30 | 2.71 | 14.70
Pathological 3 | 5.48 | 6.20 | 4.09 | 2.76 | 7.48
Pathological 4 | 5.14 | 3.41 | 1.83 | 1.73 | 2.98
UNIQUAC 7.64 | 3.16 | 1.75 | 1.67 | 3.48
NRTL 7.38 | 4.96 | 2.19 | 2.04 | 4.11
Bubble Point | 5.95 | 4.51 | 2.08 | 1.98 | 3.84
Flash Vessel | 5.32 | 3.66 | 1.92 | 1.80 | 3.39
Helmholtz 3.90 | 1.43 | 1.46 | 1.32 | 3.00

Valve 1.87 | 1.57 | 1.86 | 1.07 | 2.29
Weir 1.54 | 1.50 | 1.40 | 1.00 | 2.20
PSA 333 | 243 | 1.75 | 1.69 | 2.86

Batch Column | 5.29 | 2.46 | 1.41 | 1.37 | 1.66

analysis is very inexpensive and can be performed easily in a symbolic environment.
Finally, note that the ratio of the time for a Jacobian evaluation to the time for a
residual evaluation, shown in Table 8.4, are for most cases well below the upper bound
given for the approaches tested. This is typical for sparse problems. The ratios for
approaches 3 and 4 are the similar to those expected from compiled code. The other
ratios in this table are higher than that possible in compiled code due to overhead of
working in an interpretive environment.

The comparisons shown above illustrate the superior performance of automatic
differentiation compared to the other evaluation methods performed on symbolic ex-
pressions. The typical chemical engineer, however, is often more concerned about
calculations other than simple residual and Jacobian evaluations. The next example
compares the approaches above when they are applied to evaluate residuals and Ja-
cobians during the solution of a DAE and its parametric sensitivity equations. Maly
and Petzold [73] have developed a new exact algorithm for dynamic sensitivity cal-
culations that avoids the need to factor the Jacobian matrix defining the sensitivity
equations at each integration step. This advance offers significant speed improve-

ments over existing methods [69], which require a Jacobian factorization at each step
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to calculate accurate sensitivities [65] (the original method of [69] effectively solves a
perturbed sensitivity system, the solution of which can not be guaranteed to lie within
some distance of the true sensitivity system). Even though the method of Maly and
Petzold does not require a Jacobian factorization at each step, analytic evaluation
of the sensitivity equations (i.e., their residuals) will require one or more Jacobian
evaluations per step (although this number is unrelated to the number of parameters
for which sensitivities are required). Hence, while this new method is more efficient,
we have observed that for realistically sized problems (100-60,000 equations), the re-
peated Jacobian evaluations at each step make up a significant fraction of the overall
computational costs. This example thus shows the significant improvements in overall
solution time that the methods introduced in chapters 6 and 7 can yield.

The problem examined is the pressurization/blowdown operation of a two column
pressure swing adsorption system (PSA in Table 8.2). The calculations are performed
using ABACUSS and DSL48S [42, 43], which is a modified form of DASSL [16] with
the sparse linear algebra solver MA48 [39] embedded. The first example shown in
Table 8.5 determines the sensitivity to the temperature in one column. The second
example determines the sensitivity to the temperatures in each of the columns. Each
of these examples determine the sensitivities during a thirty second operation. The
second through fifth columns of Table 8.5 contain the number of integration steps,
residual evaluations, Jacobian factorizations, and sensitivity residual evaluations, re-
spectively, required for the calculation. Finally, the remaining four columns contain
the time, in seconds, required for the sensitivity calculation. In this example, only

approaches 1, 2, 3, and 4 are used to compute the residuals and Jacobian.

Table 8.5: Sensitivity calculation results.

Sensitivity calculation statistics Timings in seconds
Number of Resid. | Jacobian | Sensitivity
parameters | Steps | Eval. Fact. Resid. Eval. 1 2 3 4
1 195 453 35 906 293.26 | 222.14 | 193.18 | 189.26
2 190 4411 32 1,323 306.21 | 234.52 | 207.44 | 201.74

As expected, approach 4 performs significantly better than the other evaluation
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methods. This example shows the importance of evaluating residuals and Jacobians
efficiently. A Jacobian evaluation is required for each Jacobian factorization and each
sensitivity residual evaluation. When these evaluations are performed by interpreting
symbolic expressions, the cost of this evaluation may be significant compared to the
cost of factorization, which is typically considered to dominate the cost of a numerical
calculation. However, the empirically observed complexity of factorizations is nearly

linear, rather than the much more pessimistic asymptotic analysis.

8.2 Comparison of Subgraph Reduction and Sparse

Vector Approaches

Several example problems are compared to illustrate the performance of the various
approaches described in this thesis. The first problem, PSA, is a model of a pres-
sure swing adsorption system also examined in the previous section. Backward finite
difference spatial discretization of this problem converts the PDE into a set of differ-
ential /algebraic equations (DAEs). This problem was tested for several refinements
of the discretization. UNIQUAC is an activity coefficient model which computes the
activity coefficients for a fifty component system. The number of equations is much
greater than fifty due to the large number of intermediate variables required for the
calculation. The last problem, BATCHCOLUMN, is an index-2 model of a batch
distillation column. An equivalent index-1 model is generated automatically through
a series of differentiations, increasing the number of common subexpressions present
in the problem. Tables 8.7 and 8.8 contain a summary of the problem dimensions,
memory requirements, and operation counts for four approaches (summarized in Ta-
ble 8.6: the reverse mode of our new approach (subgraph reduction reverse mode or
SRRM), the sparse vector reverse mode (SRM), the forward mode of our new ap-

proach (subgraph reduction forward mode or SREM), and the sparse vector forward

mode (SEM).
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Table 8.6: Summary of approaches tested.

‘ Approach ‘ Description ‘
SRRM Subgraph reduction, reverse mode
SRM Sparse vector sweep reverse mode
SRFM | Subgraph reduction, forward mode
SFM Sparse vector sweep forward mode

Table 8.7 contains the dimensions of the various systems of equations examined
and the amount of memory required to hold the vertex gradients and adjoints. In this
table, n is the number of variables, m is the number of equations, nz is the number
of entries in the Jacobian matrix that are not identically zero, c., is the number of
common subexpressions (as defined for the reverse mode) in the equation graph, and
the remaining four columns contain the total number of entries required to hold the
vertex gradients and adjoints. Table 8.8 contains the number of operations required
to accumulate the entire Jacobian using the various approaches. The numbers given
in this table are the number of multiplications and additions shown as an ordered
pair: (multiplies,adds). These numbers do not include the cost of evaluating the
elementary partial derivatives since this cost is the same for each approach. The total
time for performing the graph analysis steps described in chapter 7 was less than
0.30 seconds on an HP 735 workstation. Linear equations were not exploited (by

precomputing their constant gradients a priori) in any of these examples.

Table 8.7: Dimensions of the systems of equations examined and memory allocated
for each of the various graphs.

System dimensions Total number of entries
System n | m | nz | Nes SRRM | SRM | SRFM | SFM
PSA, N=100 3,018 3,018 15,607 20 35,081 49,829 48,839 85,255
PSA, N=200 6,018 6,018 31,207 20 68,461 99,629 97,639 170,455
PSA, N=500 15,018 | 15,018 78,007 20 175,081 | 249,029 | 244,039 | 426,055
PSA, N=700 21,018 | 21,018 | 109,207 20 245,081 | 348,629 | 341,639 | 596,455
UNIQUAC 2,851 2,800 30,400 5 37,397 86,499 67,340 442,670
BATCHCOLUMN | 13,837 | 13,837 32,863 2,197 83,193 94,231 90,966 138,568

As shown in Tables 8.7 and 8.8, our new approaches require less memory and
perform fewer operations than the other approaches. In the case of the PSA prob-

lem, the operations count of the SRFM approach grows closer to that of the SRRM
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Table 8.8: Number of operations during Jacobian accumulation (multiplies,adds).

| System [ SRRM [ SRM [ SRFM [ SFM |
PSA, N=100 (53472,5802) (58626,5802) (47621,5998) (88048,5802)
PSA, N=200 (96867,11602) | (107221,11602) | (95221,11998) | (149311,14022)
PSA, N=500 (242067,29002) | (268021,29002) | (238021,29998) | (373111,35022)
PSA, N=700 (338867,40602) | (375221,40602) | (333221,41998) | (522311,49022)
UNIQUAC (64682,5450) (83599,5450) (83599,5450) | (424168,5450)
BATCHCOLUMN | (65013,2817) (70400,5214) (61624,4194) (95747,4353)

approach. This is due to the fact that the common subexpression size does not grow
dramatically with the number of edges pointing to the common subexpression. Since
the cost of the SRFM approach increases with the number of edges pointing to the
common subexpression, the savings become less dramatic. Although the operation
counts for each of the approaches described above are somewhat similar, measuring
only arithmetic operations does not take into account a distinct advantage of the
subgraph reduction approaches, namely, limiting the sparse vector operations to only
the common subexpression vertices. The remainder of this section presents a small
example where the operation counts between the various approaches are dramatically
different.

As described in the previous section, the new version of the reverse mode should
perform better than the others for problems with large common subexpressions. The

next example is the simple system of equations:

n

v+ (OO wry j=1,....n (8.1)

=1

The subgraph of the common subexpression vertex in this system, Y " | z;, grows with
the size of the problem. The four approaches are applied to this problem for different
values of n. Figure 8-1 contains a plot of the number of multiplies required during the
Jacobian accumulation (not counting elementary partial derivative evaluation) versus
the dimension of the system.

As shown in Figure 8-1, the reverse mode version of the new approach performs
significantly better than the other approaches as the size of the common subexpression

increases.
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Figure 8-1: Number of multiplies versus system size for system (8.1).
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Chapter 9

A Homotopy Approach for

Nonconvex Nonlinear Optimization

The rapid progress being made in the speed and memory of computer resources is
allowing mathematical models describing chemical processes to become increasingly
complex. The advent of such models requires that more sophisticated algorithms be
employed in order to obtain a solution. The poor performance of the locally con-
vergent algorithms used in current process simulators when applied to these complex
problems warrants, in many cases, the use of the more powerful, globally convergent
algorithms. Highly nonlinear mathematical models also pose a particular a problem to
current optimization methods. Experience has shown that state-of-the-art optimiza-
tion algorithms, such as SQP [53, 91] and the MINOS/Augmented package [82], have
difficulty converging highly nonlinear problems. The problem is further complicated
when nonlinear inequality constraints define nonconvex feasible regions. In addition
to convergence problems, multiple local optima are generally a result of highly non-
linear objective functions and constraints. The approach described in this part of the
thesis is motivated by the following facts: (1) increasingly complex models are being
used to describe chemical process unit operations more accurately, (2) the improved

disturbance rejection capabilities of modern control strategies is making it possible to

242



operate a chemical process closer to (and possibly within) complex solution regimes,
and (3) there is now a widespread use of equation-oriented process simulators in the
chemical process industries. These simulators generally have the symbolic form of the
set, of equations describing a flowsheet model explicitly available to manipulate. This
opens the door to new approaches to flowsheet optimization not possible when current
optimization algorithms were being developed. This chapter discusses an alternative
approach to nonlinear optimization. In this approach, the necessary conditions for
local optimality of a nonlinear optimization problem are reformulated as a system of
nonlinear equations and solved using the ‘globally convergent’ homotopy continuation
method. Theoretically, this approach has the following benefits: (1) homotopy con-
tinuation methods can locate solutions where other locally convergent methods fail,
(2) there is a possibility of locating multiple points satisfying the necessary condition
for local optimality, and (3) the system of equations remains sparse. Unfortunately,
several numerical problems were encountered when this method was applied to the
large problems for which it was intended. This chapter describes the approach men-
tioned above for nonlinear optimization, presents some small example problems, and
concludes with a discussion as to why the method failed for the large-scale systems

of interest.

9.1 Introduction

Over the past several decades, process modeling technologies have been proven an
invaluable tool in the development and optimization of chemical processes. Originally,
modular simulators dominated this technology, however, equation-oriented simulators
are increasingly being used due to their flexibility in defining a model and their
superior ability over modular simulators to solve optimization and dynamic problems
(see chapter 5). A recent trend seen in equation-oriented simulators is the use of
an interpretive architecture [9] [89]. Process simulators based on an interpretive

architecture maintains the symbolic form of the process model in computer memory
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where it is available to manipulate throughout the solution sequence. This feature
allows for the exploration of combined symbolic and numeric algorithms, algorithms
which combine numerical aspects with symbolic manipulation for constructing the
problem and/or enhancing numerical calculations.

As chemical companies and process contractors strive to remain competitive, the
flowsheet models employed while designing a process or studying an existing one are
becoming increasingly detailed, accurate, and complex. The more accurately a sim-
ulation reflects the actual process, less pilot plant information is required and better
cost estimates may be given to the customer. The impact of this is that models
are becoming increasingly difficult to solve even as computer architecture continues
to improve. In addition, even when a more accurate model is employed, nonlinear
programs are constrained to avoid complex solution regimes, possibly preventing op-
eration at “better” steady-states. At one time, this was acceptable because the PID
controllers used were generally not capable of controlling within these possibly un-
stable regimes. However, as control strategies become more advanced (for example
the model predictive controller) the improved disturbance rejection may make oper-
ation within such regimes realizable. The complex solution spaces of these models
are characterized by hysteresis, multiple steady-state solutions (stable and unstable),
and possibly periodic or chaotic behavior. The classic example of multiple steady-
state solutions in process models is the exothermic reaction. Consider the simple

exothermic series reaction,

A— B —C, (9.1)

carried out in a nonadiabatic CSTR. Farr and Aris [41] identified up to seven steady-
state solutions and twenty-three solution diagrams. In addition to exothermic re-
actions, autocatalytic, enzyme, and aerobic fermentation reactions typically exhibit
multiple solutions and hysteresis under some operating conditions. However, reactors
are not the only unit operation that exhibit this complex behavior. Intricate sepa-

ration schemes are also known to have multiple steady-state solutions. For example,
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interlinked distillation systems have been shown to separate ternary mixtures more
efficiently than multiple, separate distillation columns [107, 110]. By applying homo-
topy continuation, Chavez et al.determined multiple steady-state solutions for three
different interlinked column configurations [24]. As described in chapter 1, heteroge-
neous azeotropic distillation columns also exhibit multiple steady-states. In the work
of Kovach and Seider [62] and Widagdo et al.[120], multiple solutions were found as a
second liquid phase was added to the trays. In addition, it was necessary to employ
homotopy continuation to converge the model near limit points.

Supercritical extractors are another example of a unit operation exhibiting a com-
plex solution space. The fluid in this process is near its critical point and thus small
variations in operating conditions may cause abrupt phase change. In addition, mul-
tiple solutions may exist when operating within the two phase region. Cygnarowicz
and Seider studied the extraction of acetone from water with supercritical CO5 [32].
For high solvent /feed ratios at a given pressure (greater than the critical pressure of
C'O,) two solutions were obtained, corresponding to local and global minima of the
utility cost. Nonlinearities arise not only in unit operations, but also in flowsheet
integrated to achieve greater thermodynamic efficiency [99].

Homotopy continuation techniques have been used to determine solutions to sys-
tems of equations where Newton or quasi-Newton methods fail, either due to poor
starting guesses or singularities. Although homotopy continuation methods can be
traced back to 1934 in the work of Lahaye, they have only been applied to chemical en-
gineering problems within the last decade. While homotopy continuation techniques
are generally more computationally expensive than the locally convergent Newton or
quasi-Newton methods, they nevertheless have been successfully applied to relatively
large problems. In the calculations involving the interlinked distillation systems de-
scribed above [24], three-hundred and fifty equations were solved (fifty percent of the
equations were nonlinear and contained transcendental terms). Book [56] used homo-
topy continuation to solve the Williams-Otto plant model, containing five units, nine
streams, and six species. The nonlinear partition of this model involved 85 equations.

Book also used homotopy continuation to simulate a distillation column model, where
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the nonlinear portion consisted of nine-hundred and seventeen equations. Homotopy
continuation has also been applied to parametric optimization. Vasudevan et al.used
artificial parameter homotopy continuation to connect a known KKT point of a non-
linear program with one set of parameters to an unknown KKT point of the same
problem but with a second set of parameters [114]. The parameters of interest in the

objective function and constraints are replaced by:

cl:)\bl+(1—)\)al izl,...,np

where n, is the number of parameters being considered, a; is the value of parameter i
in the known problem, and b; is the value of parameter 7 in the desired problem. The
KKT necessary conditions are converted to a system of nonlinear equations using the
same procedure as described in section 9.3. Homotopy continuation is applied to this
system of equations, allowing A to vary from zero (the original problem) to unity (the
desired problem).

Equation-oriented process simulation technology has steadily improved over the
last several years. As these simulators grow in popularity, they are being used to
model increasingly complex processes such as those described above. Optimization
problems on flowsheets containing these complex unit operations generally contain
highly nonlinear constraints and may contain multiple local optima. One example is
the minimization of the utility costs for a supercritial extraction process [32]. Suc-
cessive quadratic programming (SQP) was applied to a model of this flowsheet from
several different initial guesses and two minima were found. The multiple optima
were due to the retrograde effect of the supercritical fluid. In addition to the oc-
currence of multiple optima, supercritical extractors operate near the critical point
of a substance. Applying Newton’s method near the critical point results in many
convergence failures.

The topic of this part of the thesis is nonlinear optimization. The following section
contains a description of some current optimization techniques. This is followed by an

alternative strategy based on homotopy continuation. This approach will be shown
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to be related to SQP. This part of the thesis will be concluded with some examples
of this approach as well as some pitfalls encountered when applying it to large-scale

systems.

9.2 General Strategies for Nonlinear Optimization

Consider the general nonlinear programming problem:

(NLP) minimize f(z) (9.2)
subject to h(z) = 0 (9.3)
glz) > 0 (9.4)

where z € R*, f: R" — R h: R* — R™ (m < n), and g : R* — RP. Here
f is the objective function and h and ¢ are the equality and inequality constraints,
respectively. For a typical process flowsheet optimization problem, A includes the
MESH (Material balance, Equilibrium, Summation of mole/mass fractions, and Heat
balance) equations, design constraints, and any other equations required to model the
flowsheet, and ¢ represents the allowable limits for the operation of the process. A
typical flowsheet optimization problem is large and sparse. Unlike the sparse banded
matrices obtained from the discretization of a differential operator, the sparsity pat-
tern of a flowsheet model does not show any structure. The objective function is
usually economic and the constraints are generally highly nonlinear. In addition, the
constraints generally contain several non-smooth functions. Two types of non-smooth
functions occur in flowsheet models: those with non-smoothness due to actual physical
phenomena and those in which the non-smoothness is due to modeling abstractions.
Some examples of the former type are: the heat of vaporization of a compound at the
critical temperature and phase and flow transitions. An example of the second type
is physical property models. In general, physical property models contain a certain

amount, of empiricism and are only valid within a certain range of state variables;
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thus, the functions are usually piecewise continuous. The inequality constraints keep
the process within an acceptable operating range. For example, pressures must be
bounded away from the design pressure of vessels, compositions must be bound away
from flammable or explosive regions, and product composition must satisfy purity
specifications.

Subject to a suitable constraint qualification, the first-order necessary condition
for a candidate point to be a local optimum of NLP are the Karush-Kuhn-Tucker
(KKT) conditions. For the nonlinear programming problem above, the KKT condi-

tions are:
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where u and v are the KKT multipliers. Conditions (9.7) through (9.9) are the
complementarity conditions.

The first optimization strategy considered is the feasible-path approach. Currently,
a popular feasible-path algorithm is the generalized reduced gradient method [1]. The
generalized reduced gradient method belongs to a class of nonlinear optimization
techniques known as Newton-type approaches. In these approaches, gradient infor-
mation is used to generate a sequence of descent directions such that the objective
function is lowered at each iteration. The algorithm is terminated (hopefully at a
minimum) when the search direction vector has a sufficiently small magnitude. In
the feasible-path strategy, the equality and inequality constraints are satisfied at each
iteration. Thus, in the case of flowsheet optimization, the entire flowsheet model
must be converged at every iteration. The inefficiency of this requirement has led

to the next strategy considered, the infeasible-path approach. The previous approach
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required the equality and inequality constraints to be satisfied at each iteration of
the optimization algorithm. In the infeasible-path approach, the equality constraints
are converged simultaneously with the optimization problem. It is still important to
satisfy the inequality constraints at each iteration since they may be formulated so
that the problem avoids singularities that may be present. Two popular infeasible-
path strategies are the SQP (Successive Quadratic Programming) [53, 91] and MI-
NOS/Augmented package [82]. These methods are discussed below.

9.2.1 Successive Quadratic Programming

SQP has been successfully applied to many optimization problems. In this approach,
a series of quadratic optimization subproblems are solved to obtain search (or descent)
directions. Consider the nonlinear programming problem above. The QP (Quadratic

Program) subproblems are of the form:

1
(QP)  minimize,  f(2%) + Vf(x’“)TdJridTVME(x’“,uk,y’“)d
subject to  h(z") + Vh(a¥)d =0

g(@*) + Vg(a*)d >0
where V,,L(x"*, u*, 1*) is the Hessian of the Lagrangian. The Lagrangian is given by:
L(z,u,v) = f(x) — v h(z) —u’g(x). (9.13)

Using the Hessian of the Lagrangian in the objective function gives some additional
information about the curvature of the constraints that the normal second-order Tay-
lor series expansion of f(x) does not provide. In most implementations of SQP, a
positive definite approximation of the Hessian of the Lagrangian is employed. This
approximation, updated during the iterative process using, for example, the BFGS

(Broyden, Fletcher, Goldfarb, and Shanno) update formula, approaches the actual

249

(9.10)
(9.11)

(9.12)



Hessian of the Lagrangian as the algorithm converges to a solution. Using this ap-
proximation has the following advantages: (1) the positive definite matrix ensures the
QP subproblem is well-posed and (2) the approximation formula does not required
second-order partial derivatives. In the case of a modular simulator, these partial
derivatives would, in general, be evaluated using finite differences. This requirement
would be prohibitively expensive.

The search direction obtained by solving this QP subproblem is the same as the
direction obtained by applying Newton’s method to the KKT necessary conditions
(considering only the active inequality constraints and their multipliers). Similar
to Newton’s method for solving systems of nonlinear equations, this method will not
converge unless the algorithm is initialized sufficiently close to the solution. To achieve
global convergence, a merit function or trust region strategy may be employed. One

example of a merit function is the [y-penalty function:

V(@) = f(@)+ | Y max{0,gix)} + > (@)

where the parameter p is set to a value greater than the largest (absolute value)
KKT multiplier. At each iteration, a stepsize, «, is chosen such that ¢(z + ad; u)
is minimized. The SQP algorithm has been shown to require relatively few function
evaluations compared to other techniques, making it ideal for modular simulators,
where function evaluations are expensive. Let x* denote a solution of the original
nonlinear program. If z* is a regular KKT point, (z*,u*, v*) satisfies the second-
order sufficiency conditions (the projection of the Hessian of the Lagrangian onto the
null-space of the active constraints is positive definite), and the algorithm is initialized
sufficiently close to the solution, superlinear convergence is obtained [10].

One problem associated with the SQP method is that the QP subproblem may not
have a feasible region, and hence no solution, if the linearized constraints are incon-
sistent at any particular iteration. For example, linearizing the constraint z7 +z3 = 1

at the origin results in the inconsistent requirement —1 = 0. In addition, nonconvex
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constraints not satisfied at the current iterate may also cause this to happen. This
problem can be avoided by relaxing the constraints, thereby creating an artificial fea-
sible region, allowing the algorithm to continue [91, 112, 31]. The QP subproblem is

reformulated as:

QP minimize +VfE"Td+ ldTVML', o uk R d +
d 2

M(£+£2/2)

subject to  h(2*)(1 — &) + Vh(2F)d = 0
g(2*)(1 =€) + Vg(a*)d > 0
§>0
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where M is a large positive number. If & = 0, the original QP subproblem is feasible.
For 0 < £ < 1, the search direction will cause the constraints to be violated and
it will be necessary to perform some correction for the violated constraints after
the step is taken in the SQP iteration. Finally, if & = 1 and d = 0, it will be
necessary to reinitialize the SQP algorithm. This relaxation technique has no rigorous
mathematical justification and is subject to failure for some problems. As the size of
the nonlinear program increases, the QP subproblem becomes computationally very
expensive. Three approaches for improving the efficiency of the QP are given below.

In situations where obtaining an exact Hessian of the Lagrangian matrix is ex-
pensive, the approximation described above is generally employed. However, there
are two major problems associated with the BEGS update, By: (1) it may become
ill-conditioned and (2) it is dense (even though V,.L£ may be sparse). The first
problem is corrected by scaling the variables when necessary. Biegler and Cuthrell
(1985) determined when scaling was necessary by monitoring the condition number
of By. The second problem, which limits the size of problems to less than about 1000
variables, may be mitigated by using decomposition techniques [71, 113]. The decom-
position approach is based on the observation that in many flowsheet optimization

problems, the number of degrees of freedom (n — m) is relatively small compared to
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n. Decomposition strategies exploit this situation by solving a smaller quadratic pro-
gram in the null-space of the linearized active constraints. A generic reduced-space
SQP algorithm has essential four phases: (1) an initialization phase to determine an
initial feasible point and to partition the variables into m dependent variables and
n — m independent variables, (2) calculate the search direction for the dependent
variables using linear algebra, (3) compute the search direction for the independent
variables from the smaller QP subproblem, and (4) perform a line search. Steps (2),
(3), and (4) are performed iteratively. Step (1) may be applied during the course of
the iterative process if a QP subproblem becomes infeasible. If sparse linear algebra
techniques are used in step (2), this decomposition strategy extends the size of the
nonlinear program that can be solved to several thousand as long as the number of
degrees of freedom remains relatively small (less than a few hundred).

There arise many situations where the number of degrees of freedom is not small.
This occurs in, for example, continuous optimal control problems, multiperiod design,
and data reconciliation. If differential equations are present in the constraints, they
are generally reduced to a set of algebraic equations by using finite difference equations
[20], the method of weighted residuals [72], or orthogonal collocation [33]. This process
results in a large number of unknowns and, thus, increases the degrees of freedom of
the nonlinear program. In addition, even if the number of degrees of freedom is small
relative to the size of the system, the actual number may be quite large. If this is the
case, using the dense BFGS update is too computationally expensive. An alternative
technique to large-scale SQP is described by Betts [12]. In this case, the large, sparse
Hessian of the Lagrangian is used instead of the dense BFGS update. To ensure the

QP subproblem is well-posed, the Hessian of the Lagrangian is modified as follows:

Ve L(z,u,v) = Vo L(x,u,v) + 7(lo| + 1)1

where V,,L(x,u,v) is the exact Hessian of the Lagrangian, o is the Gerschgorin
bound for the most negative eigenvalue of V,,.L(z,u,v), and 7 € [0, 1] is the Lev-

enberg parameter. A trust region strategy is used to ensure 7 — 0 as the algo-
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rithm converges to a solution. In this approach, the QP subproblem is solved using
a technique based on the Schur-complement method of Gill et al.[48]. The Schur-
complement method makes it possible to infer whether or not the projected Hessian
is positive definite. If necessary, the Levenberg parameter is adjusted to ensure the
matrix remains positive definite during the iteration process.

A third approach for large-scale SQP is described by Sargent et al.[97]. In addi-
tion to some minor modifications made to several aspects of the SQP algorithm, an
interior-point algorithm is employed in the QP subproblem. In this approach, the
exact Hessian of the Lagrangian is employed to take advantage of the sparsity of the
system. The interior point algorithm requires the projection of the Hessian of the
Lagrangian onto the null space of active constraints to be non-negative definite. To

ensure this, the symmetric factorization of V,,£ = LDL" is modified as follows:

(D)“ == maX{O, (D)“} 1= 1, e, n.

9.2.2 MINOS

A second state-of-the-art optimization algorithm is the MINOS/Augmented package
[82]. MINOS has been applied successfully to large, sparse problems that are mostly
linear. In general, more function evaluations are required than with SQP, making
MINOS less apt to be used with modular simulators and other situations where func-
tion and derivative evaluations are expensive. This algorithm is, however, easily
adapted to equation-oriented simulators and has been implemented in ASCEND [89]
and SPEEDUP [83]. Like SQP, MINOS is an infeasible path, Newton-type approach.
The inequality constraints are converted to equalities by including slack variables
with the appropriate sign (determined by their bounds). At each iteration, the con-
straints are linearized and a complete optimization is performed with the augmented
Lagrangian as the objective function (in contrast to the quadratic approximation used
in SQP). By projecting the gradient of the objective function onto the null-space of

the linearized constraints, unconstrained optimization techniques may be employed
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(as long as the variables are monitored so they do not leave their bounds).

In general, the MINOS/Augmented package performs well for large, sparse, mostly
linear problems. Since a full optimization is performed in the space of linearized
constraints at each iteration, function and gradient evaluations are extensive, making
this algorithm best suited for situations where these calculations are very efficient
(e.g., equation-oriented simulators).

Currently, SQP [53] is considered to be one of the most efficient methods for solving
general nonlinear programming problems. However, SQP has trouble converging
highly nonlinear constraints and it is designed to find a single optimal point. In
addition, SQP is only applicable when there are fewer than a few hundred degrees
of freedom. Ideally, we would like to have an optimization algorithm that can be
applied to problems that SQP has difficulty converging, has the ability to find multiple
local optima, and is capable of solving large problems with many degrees of freedom.
One such approach, discussed in this chapter, is to convert the Karush-Kuhn-Tucker
conditions, the first-order necessary conditions for a local optima, into an equivalent
set of nonlinear equations and solve these equations using the globally convergent
homotopy continuation method. This approach was first proposed by Sun and Seider
[108]. In the research proposed here, nonparametric optimization problems will be
considered. The KKT necessary conditions will be converted to a system of nonlinear
equations using Mangasarian’s theorem which guarantees complementary slackness.
The artificial parameter differential arclength homotopy continuation method will be
applied to this system of equations. This method is capable of determining solutions
not obtainable with Newton-type methods. In addition, it is possible to track out
multiple (possibly all) KKT points from a single starting point. Finally this problem
remains sparse throughout the calculation. Since the KKT necessary conditions are
used, some post-processing will be necessary to determine which type of stationary

points were obtained.
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9.3 Homotopy Approach for Nonlinear Optimiza-

tion

The problem with solving the necessary conditions for optimality of a nonlinear pro-
gramming problem (the KKT conditions, (9.5)-(9.9)) directly using some iterative
method is that they are a mixed system of nonlinear equations and inequalities. So-
lutions to equations (9.5)-(9.7), if found, may or may not be KKT points depending
on the sign of the inequality residuals and associated KIKT multipliers. The following
theorem due to Mangasarian allows the complementarity conditions to be converted

into an equivalent system of nonlinear equations

Theorem 1 (Mangasarian)
Let 0 be any strictly increasing function from R into R (a > b < 6(a) > 6(b)),

and let 0(0) = 0. Then z solves the complementarity problem

z > 0
9(z) =2 0
dglz) = 0

for z e R™ and g : R™ — R™ f and only if

0(lgr = =1]) = 0(g1) = 0(z1) = 0

0(|gm — 2m|) — 0(gm) — 0(2m) = 0.
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With this theorem, the KKT conditions may be represented by the following set

of nonlinear equations:

Vf(z)— Vh(@) v —-Vg(x)'u = 0 (9.18)
hz) = 0 (9.19)
0(|gi(x) — ui|) — 0(gi(x)) — O(u;) = 0 i=1,...,m (9.20)

Every solution satisfying equations (9.18)-(9.20) is a KKT point of the original NLP.

In this work, these equations are solved using homotopy continuation

9.3.1 Homotopy Continuation

Homotopy continuation has been used in the past to solve systems of equations when
a good initial guess is not known a priori or when the equations contain many singu-
larities. Suppose F'(x) = 0 is the set of equations we are interested in solving. One

popular homotopy is the convex linear homotopy given by:

H(z,\) = AF(2) + (1 — VG() (9.21)

where \ is the homotopy parameter and G(z) is set of equations which has a known
solution G(2°) = 0. The idea behind homotopy continuation is to begin at A = 0 and
x = 2° where H(2°,0) = 0, and track the homotopy path given by H(x,\) = 0 to
A =1 and x = z*, a solution of F(x) = 0. Chapter 2 describes a similar application
of homotopy continuation, however, in chapter 2, the systems of equations at A = 0
and A = 1 had physical significance; the system at A = 0 corresponded to an ideal
representation of phase equilibrium, the system at A = 1 corresponded to a nonideal
representation, and A\ corresponded to a deformation from ideality. The physical
homotopies in chapter 2 gave rise to bifurcations in the homotopy branches that

were exploited in the computation of azeotropes and heteroazeotropes. As will be
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shown below, these bifurcation will typically not be encountered for the homotopies
described in this chapter.
One homotopy, which is robust for solving general sets of nonlinear equations, is

the Newton homotopy:

H(z,\) = F(z) — (1 = \)F(2°) (9.22)

In this case, G(x) = F(x) — F(2°). Another popular homotopy is the fixed-point
homotopy:

H(x,\) = AF(x) + (1 = \)(x — 2°) (9.23)

Here, G(z) = 2 — .

We are interested in under what conditions a smooth, non-bifurcating path, ¢(§) €
H~'(0), exists and connects H(z°,0) and H(z*, 1), where z* is a solution to F'(z*) =
0, the system of equation whose solution we desire. The question of whether or not a
smooth path exists is answered by the following theorem presented in Allgower and

Georg [4].

Theorem 2 Let zero be a regular value of H(x,\), i.e., (VH aa—i[) has mazimal
rank n V (x,\) € H1(0) = {(x,\) | H(z,\) = 0,2 € R", \ € R}. Then the curve, c,

defined by H(xz,\) = 0, satisfies one of the following two conditions:

1. The curve ¢ is diffeomorphic to a circle (i.e. there is a period T > 0 such that

c(s1) = c(s2) if and only if sy — sy is an integer multiple of T')

2. The curve c is diffeomorphic to the real line (i.e., ¢ is injective and ¢ has no

accumulation points for s — +00 )
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Thus, if 0 is a regular value of H(x,\), the curves will be smooth and non-
bifurcating. According to the parameterized Sard’s theorem [25], the set of z°, where
H(2°,0) = 0, such that 0 is not a regular value of H(x,\) are in a set of measure
zero. A set of measure zero in R” is a subset of R* that can be contained in the union
of neighborhoods, in R*, with total volume smaller than any positive number. The
probability of selecting, at random, an item from a set of measure zero is zero. Thus,

0

as long as x” is chosen at random, independent of the structure of the problem, the

homotopy path will be smooth and non-bifurcating with probability 1.

The second question, when does the homotopy path cross A = 1, holds when:

1. the Jacobian matrix, (VIH ‘ %—If), has maximal rank n on the set

S={(x,\) | H(z,\) =0,z € R",0 < A < 1},

2. H(x,0) = 0 has a unique solution z°,

3. the set S is bounded.

The first item above will be true, with probablity 1, if 2° is chosen at random.

0

The second item will be true if G(z) has a single solution, 2. This is always the

case for the fixed-point homotopy, equation (9.23), however, the Newton homotopy,
equation (9.22), may have multiple solutions at A = 0, corresponding to roots of the
equation F(x) = F(2°). A theorem by Smale [103] provides conditions when the
Newton homotopy crosses A = 1:

Theorem 3 (Smale)

Let D C R* and F : R* — R" satisfy the assumptions below:

1. Fis a C* —map,

2. D C R" is open and bounded and 0D, the boundary of D, is a connected C'*

manifold of R™,

3. 0 s a reqular value of F,
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4. F(x)#0 Yz € 0D,
5. the Jacobian VF(x) is nonsingular ¥ x € 0D, and
6. the Newton direction —V F(x) ' F(z) is not tangent to 8D at x € dD.

Let 2° € D be chosen such that 0 is a reqular value of the map H(x,\) = F(z) —
(1 — N)F(2°) (recall that by Sard’s theorem, if x° is chosen at random, 0 will be
a reqular value of H(x,\) with probability 1). Let Cho be the connected component
of {(x,\) | H(z,\) = 0, € R", A\ € R}. Finally, let s € R +— (x(s),\(s)) be a

parameterization of Cyo such that
1. x(0) = z° and A(0) = 0,
2. &(0) points into D, where & = dx/ds.
Then there is a parameter so > 0 such that
1. x(s) € D for 0 < s < sy,
2. x(sg) € 9D,
3. A(sg) > 1.

Consequently, the curve Cyo passes through D x {1} in an odd number of points

(x*,1) € D x {1} with F(z*)=0.

Thus, provided some conditions, the Newton homotopy will locate at least one, and

possibly more, solutions of F'(x) = 0.
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The theorems above establish conditions for the existence of a smooth, non-
bifurcating homotopy path connecting A = 0 and A = 1. The following discussion
describes how this path is tracked numerically!.

The homotopy path described above is tracked using a calculation known as dif-
ferential arclength continuation. This algorithm was introduced by Klopfenstein [66].

First, the variables (x, \) are parameterized with respect to arclength, s,
H(z(s), A(s)) = 0. (9.24)

This equation is then differentiated with respect to arclength to obtain the following

set of equations,

( V.H(xN) om/oN ) &) _g (9.25)

ds

(dx/ds and d\/ds are the tangents on the path at the current point). Arclength is
defined by

() (3)- () -

The last two equations above are combined to form the following fully-determined

system,

V.H(z,\) OH/OA @\ (o 07
(dz/ds)”  d)\/ds 2 1) '

This system is solved, using the tangent at the previous point within the matrix, for

!The task of numerically tracking a path is described in chapter 2 using a locally parameterized
continuation process. A different technique is employed in this chapter and an automatic scaling
algorithm is developed that better handles the numerical problems encountered in this work. Scaling
was not a problem encountered during the continuation with the homotopies of chapter 2.
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the tangent at the current point. The next point on the curve is given by

o = ok pP dz " (9.28)
ds
d\\*
PURRI Ly L it 9.29
+ 7 (9.29)

where h* is the current stepsize. This predicted point is brought closer to the path

using Newton’s method with corrector steps orthogonal to the previous tangent,

V.H(x,\) 2 or \ H 0.0
(ds) ds OA 0

Tj1 = Ty + 5.Tj (931)

Aj+1 - )‘j + (SA] (932)

The subscript in equations (9.31) and (9.32) refer to the j-th corrector iteration. By
parameterizing with respect to arclength, a monotonically increasing parameter of
the curve, it is possible to trace the path through turning points.

The discussion above contains conditions under which the homotopy path exists
and how it can be tracked numerically. According to theorem 1, if zero is a regular
value of H(x,A) then the path will be connected. Even if the path is connected, it
may be connected at £oo. Lin [70] provides conditions for when the homotopy path

is connected at +oo:

1. If A — 0 as 2; — +o0 and x;/F; — 0 then the homotopy path is connected

at —x; and A = 0.

2. If v+ — o as A — +oo. The homotopy path is connected at = 7 and

A = Foo.

These conditions determine how the path can be connected at the opposite infinity.

In order to facilitate the detection of when a variable approaches an asymptote,

261



Seader et al. [98] developed two mapping functions which map (—oo, 00) — (—1,1):

_ 2y
AR

(9.33)

and

~ Yi

i = ———
V31—

By taking the predictor step in the mapped space, it is easy to tell when a branch

(9.34)

must be switched using the criteria (1) and (2) above.

9.3.2 Summary of Homotopy Approach

The approach described in this chapter is simple: use symbolic transformation tech-
niques to transform an NLP into an equivalent system of nonlinear equations (using
Mangasarian’s theorem to handle the complementarity condition) and solve the re-
sulting system for multiple solutions using either a Newton homotopy or a fixed point

homotopy with variable mappings.

9.4 Comparison with SQP

SQP has been applied successfully to a wide variety of nonlinear optimization prob-
lems. A relationship between the approach described in this chapter and SQP is
shown below.

First, consider the Newton homotopy given in equation (9.22). Differentiating
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with respect to s,

dx d\
VF(@)L + P22 =0, .
()7 + Fa") 7= =0 (9.35)

Combining this equation with equation (9.22) set to zero, we obtain,

de _ d)/ds

i B VFE(x) 'F(x). (9.36)

Now consider the global Newton method. The global Newton method can be inter-

preted as the integration of the autonomous ODE system,

dx 4
pri —VF(z) F(x). (9.37)

A damped Newton method, given by the iteration formula,

2" = 2F — oAV (M) ("), (9.38)

can be obtained by a first-order explicit integration of equation (9.37) with a stepsize,
a¥, chosen such that ||F(z*1)|| < ||F(2*)||. The direction given by equation (9.37)
is the same as the direction given in equation (9.36). Allgower and Georg [4] show
that unlike the global Newton method, calculations remain stable near singular points
with the Newton homotopy.

Now consider the nonlinear programming problem given in equations (9.2)-(9.4).
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The KKT conditions may be expressed as:

Vi) = Vh(a) v —Vga(z) us = Vo L(x,v,uy) =0

h(z) =0
ga(r) =0
(UA > 0)

(9.39)
(9.40)
(9.41)

(9.42)

where g4(x) denotes the set of active inequality constraints. This system of nonlinear

equations may be solved using a damped Newton method:

Ve L(x,v,u) —Vh(z)T —Vga(x)? dx V.L
Vh(z) 0 0 ov | = | hx)
Vga(z) 0 0 ou ga(x)

Tjp1 =T+ Oéjéxj
Vit1 = Vj + a;ov;

Ujp1 = Uj + Oéjéuj'

(9.43)

(9.44)
(9.45)
(9.46)

(9.47)

As described earlier, SQP converges to an optimum by obtaining search directions

from the solution of a QP subproblem formed by taking quadratic approximations

of the objective function and linearization of the constraints. The current point is

updated by moving in the direction obtained in the QP by a stepsize determined by

the minimization of some merit function. It can be shown that the search directions,
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(0x,0v,du), obtained by solving system (9.43) above are exactly the same as the
search directions obtained in the QP subproblem of the SQP method, thus, SQP can
be interpreted as applying a damped Newton method to the KKT conditions of the
original problem.

A relationship between the damped Newton method and homotopy continuation
is shown above. Since SQP may interpreted as applying a damped Newton method
to the KKT conditions of the original problem, there is a relationship between SQP
and the homotopy continuation approach for solving NLPs. There are, however, sev-
eral differences. Stepsize for the SQP method is chosen by minimizing a scalar merit
function or a trust region strategy, whereas stepsize for the homotopy continuation
approach is determined by the curvature of the path, by the number of corrector
iterations required to bring the predicted point back to the path, or by some other
stepsize algorithm. Most implementations of the SQP method use a positive-definite
approximation of the Hessian of the Lagrangian, V,,L(z,v,u), to ensure that the
search directions move the iterates to a beneficial KKT point (i.e., KKT point corre-
sponding to a local minimum), whereas in the homotopy continuation approach the
analytical Hessian of the Lagrangian used and solutions may or may not correspond to
local minima. The quadratic program subproblem of the SQP method determines the
active constraints, whereas the homotopy continuation approach uses Mangasarian’s
theorem to ensure the complementary slackness condition is satisfied at the solutions.
The SQP method will converge to a single KKT point, the homotopy approach may
potentially compute several KKT points. The damped and global Newton methods,

and thus, the SQP method are unstable in complex solution spaces. This is not a
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problem for the homotopy approach. Finally, the approximation of the Hessian of the
Lagrangian used in the SQP method (usually, the Broyden, Fletcher, Goldfarb, and
Shanno (BFGS) update) is dense regardless of the sparsity of the analytical Hessian

which seriously limits the size of the NLP that can be solved.

9.5 Implementation

The approach described in this chapter applies homotopy continuation to a set of
nonlinear equations equivalent to the KKT conditions. These equations, (9.5)-(9.9),
are a mixture of model equations and partial derivatives. Requiring the user to
derive these equations by hand would be impractical and extremely error prone. This
is where symbolic manipulation technology plays a pivotal role, making the method
practical for large systems of equations.

This algorithm has been implemented in the process simulator ABACUSS?[9]. As
described in chapter 5, ABACUSS is a large-scale, equation-oriented process simulator
based on an interpretive architecture. The user writes an optimization problem in
the form of equations (9.2)-(9.4) in an input file. These equations are stored in
computer memory as a directed acyclic graph when the input file is translated. In
addition, partial derivatives are calculated and also stored within the equation graph
(see part 2 of this thesis). Flowsheet models are generally very large (10,000-100,000

equations is typical), however, the Jacobian of these equation is very sparse. Thus,

2ABACUSS (Advanced Batch And Continuous Unsteady-State Simulator) process modeling soft-
ware, a derivative work of gPROMS software, ©1992 by Imperial College of Science, Technology,
and Medicine.
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only partial derivatives that are not identically zero are computed and sparse linear
algebra routines are employed in the continuation calculations [39]. The homotopy
continuation algorithm used to find the KKT points requires subroutines that return

the current values of equations (9.18)-(9.20) and the Jacobian of these equations:

Ve L(x,v,u) —Vh(z)T —Vg(x)T
Vh(z) 0 0 (9.48)

V.O(z,u) 0 V.O(z,u)

where L(x,v,u) is the Lagrangian defined previously and

Oi(w, u) = 0(lgi(x) — wil) — 0(gi(x)) — O(u) (9.49)

are the Mangasarian constraints. The actual equations (9.18)-(9.20) are, however,
not constructed symbolically. When a residual or Jacobian evaluation is required,

the values are computed by combining the various terms in the equation.

9.6 Algorithm Improvements

A major advantage of the equation-oriented simulator is that it allows the user to write
models independently of the numerical algorithms that will be applied to them. This
flexibility has the disadvantage that the equations may not be in a form that is ideal
for the solution algorithm. A common example of this is variable scaling. A typical

model of a chemical process will have variables representing energy and concentrations
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and these variables often differ by several orders of magnitude. Even if the variables
are initially the same order of magnitude, they may change significantly along the
homotopy path. This observation presents a problem to the arclength continuation
algorithm described above. Let y = (2, A). The next point on the curve is predicted
by:

k
S T o (s 9.50
y v+ (ds> (9.50)

where (dy/ds)" is obtained by solving the linear system (9.27) at the current point

y*. The arclength constraint,

dy\" [ dy
— — =1 9.51
<ds> <ds> (9-51)
implies that |dy;/ds| <1 Vi. Thus,

|yt — yf

%k
ds

Now suppose that yF™ ~ 10° and yf“ ~ 107° (y¥*! may represent the internal

= |h"| < |pf| Vi (9.52)

energy inside a reactor and yf“ may represent the concentration of some chemical
species in that reactor). This causes difficulty in the stepsize calculation algorithm. If
the stepsize is chosen such that the large magnitude variables are tracked efficiently,

ie.,

yi =y~ 10°
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the stepsize will be very large, resulting in far more corrector iterations since the
variables with smaller magnitude will be further from the path after the predictor
step. A more serious problem is that the solution may jump to another branch on
the path. In addition, most stepsize algorithms require the user to specify an upper
bound for the calculated stepsize. If the variables have large differences in magnitude
anywhere along the path, it is very difficult for the users to specify a priori a reasonable
upper bound for the stepsize. In order to improve the stepsize selection, the variables
are scaled to be order one quantities for the predictor step. Let y denote the original

variables and Y denote the scaled variables. Select scaling factors such that

Y; =By ~O(1) Vi

The arclength criteria must be satisfied in this new space, thus,

dy; dY; dy; ds

= ——=— 9.53

ds dy; ds ds ( )
dy; ds

— pB.2717° 9.54

bi ds ds ( )

where § denotes the arclength in the new space. To obtain ds/ds,

(&) (&) = 2@ @) o
ds 1 (9.56)

N YT
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Thus,

dY; B3; dy;

J s} (9.57)
T ayasy

The tangent in the original space is obtained as described previously. The stepsize is
computed in this new space.

This procedure was tested on the following problem:

T 3
3.221 (—) 1.652y> = 4.875 9.58
too0) T (9:58)
2050( v )2+07002 — 2.730 (9.59)
P\ 1000 = '

From the initial point, (2°,3°) = (500, 1), all four solutions were obtained on a single

path. A plot of y versus A is shown in figure 9-1.

-2 T T T T
-1.0 -0.5 0.0 0.5 1.0 1.5
Homotopy Parameter

Figure 9-1: y versus A

Table 9.1 contains the number of steps, from the starting point, taken to reach
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each solution and the total number of factorizations of the Jacobian matrix required

for both the scaled and unscaled cases.

Table 9.1: Comparison of continuation with and without variable scaling for equa-
tions (9.58) and (9.59)

with scaling | without scaling
Solution | steps | fact. | steps fact.
1 15 41 16 35
2 19 62 24 62
3 60 149 44 314
4 65 181 53 339
1 192 466 121 831

In the case where the variables were scaled, approximately two corrector iterations
were required per step, indicating that the predicted point was not too far from the
path. In the case where the variables were not scaled, approximately six corrector
iterations were required per step, thus, the variables were much further from the path.
Although, it did not happen in this case, when the predicted variables are far from
the path, there is a much greater chance of unwanted branch switching. An additional
advantage of the variable scaling is that an upper bound for the step size of 0.1 was
used for a great variety of problems, whereas in the case where the variables were not
scaled, several attempts were made for each problem to find a suitable upper bound

for the stepsize.

9.7 Nonlinear Optimization Example

A simple nonlinear programming problem exhibiting multiple local optima is the

minimization of the Himmelblau function [94]. The two cases examined, both uncon-
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strained and constrained, are shown below.

min (27 + a9 — 11)2 + (2, + 23 — 7)? (9.60)
and
min (2 + 29 — 11)? + (2, + 23 — 7)? (9.61)

Using a Newton homotopy, all nine solutions of the unconstrained case were obtained
from the starting point 2° = (=5, —5). Of the nine fixed-points, four are local minima,
one is a local maxima, and four are saddle-points. To determine the type of fixed-
point, the eigenvalues of the Hessian of the objective function were examined. A

summary of the calculation is shown in table 9.2.

Table 9.2: Summary of results for problem (9.60)

T T type steps | fact.
3.000 | 2.000 | minimum 19 50
3.385 | 0.074 saddle 34 95
3.584 | -1.848 | minimum 73 189
-0.128 | -1.954 saddle 115 | 296
-0.271 | -0.923 | maximum | 124 | 327
0.087 | 2.884 saddle 211 | 527
-2.805 | 3.131 | minimum | 253 | 626
-3.073 | -0.081 saddle 292 | 721
-3.779 | -3.283 | minimum | 312 | 784

Using the same homotopy, all seven solutions of the constrained case were obtained

from the starting point 2° = (6,5) and u = 10. A plot of z; versus ) is shown in figure
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9-2 and a plot of x5 versus A is shown in figure 9-3. Of the seven fixed-points, three
are local minima, two are local maxima, and two are saddle-points. To determine the
type of fixed-point, the eigenvalues of the Hessian of the Lagrangian were examined.

A summary of the calculation is shown in table 9.3.

Table 9.3: Summary of results for problem (9.61-9.62)

T T u type steps | fact.
3.000 | 2.000 | 0.000 | minimum 48 112
3.385 | 0.074 | 0.000 saddle 94 229
3.584 | -1.848 | 0.000 | minimum | 141 | 333
-0.128 | -1.954 | 0.000 saddle 206 | 488
-0.271 | -0.923 | 0.000 | maximum | 260 | 641
-0.500 | -0.500 | 8.000 | maximum | 469 | 1115
-3.541 | -3.541 | 32.331 | minimum | 483 | 1167

-5 T T
0.9 1.0 11 12
Homotopy Parameter

Figure 9-2: x; versus A

The function used for the Mangasarian equations (9.20) was 0(z) = 23, which
is the simplest function that is C? and satisfies the requirements given in Magasar-
ian’s theorem. This is the same function used by Vasudevan [114] in the parametric
optimization of an optimal-fuel orbital problem.
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-5 T
0.9 1.0 11
Homotopy Parameter

Figure 9-3: x5 versus A

9.8 Problems with Approach

Although the homotopy continuation approach looks promising in theory, there are
several problems associated with its implementation. One problem with the fixed-
point homotopy with mappings (equations (9.33) and (9.34)) is that when the vari-
ables approach infinity, a few elements of the Jacobian matrix become very large and
the matrix becomes highly ill-conditioned. This leads to inaccurate predictors and
correctors which cause the path to be lost. The reasons causing the ill-conditioning
are not remedied by row and column scaling and there are no large-scale, sparse QR
factorization routines that would make the factorization more stable. In the case of
the Newton homotopy, equation (9.22), the homotopy path often goes off to infinity
before reaching A = 1. For some problems, several attempts had to be made to find a
suitable starting point but with limited success. Another problem with this approach

is that variable bounds have to be included as inequality constraints. Unlike the SQP
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method which handles bound violations by truncating the stepsize, including the ad-
ditional constraints drastically increases the dimension of the system for problems
with many variable bounds. Finally, all fixed-points of equations (9.18)-(9.20) are
obtained. This requires post-processing to determine whether or not the solution is
a local minimum.

In short, the approach described in this chapter was originally intended for large-
scale, highly nonlinear optimization problems with the hope of obtaining several (pos-
sibly all) KKT points. The problems described above, including the lack of theoretical
guarantees all KK'T points will be obtained, were the impetus for deciding to change
directions in the research. The two main techniques used in this phase of the research
were symbolic transformation/differentiation and homotopy continuation. These ap-
proaches were applied with far greater success in the techniques developed in the first

two parts of this thesis.

9.9 Conclusions

The approach described in this chapter has the potential to be an effective alternative
to SQP for nonlinear optimization. First, unlike the damped Newton method which
is applied in SQP, homotopy continuation calculations are stable near singular points.
Second, homotopy continuation is capable of systematically generating multiple so-
lutions, whereas the SQP method is designed to find a single local optimal point.
Finally, the SQP method is able to handle problems where the number of degrees

of freedom are less than a few hundred. In the case of the homotopy continuation
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method, the system of equations solved is sparse, thereby allowing large problems to
be solved when sparse linear algebra routines are employed. Although this approach
seems promising, there have been several problems associated with its implementa-
tion as mentioned above. First, the theorems given in section 9.1.3 simply provide
conditions for when the homotopy path connecting A = 0 and A = 1 exists. This
path depends on the initial point 2° and in many cases, several attempts have to be
made to find a suitable starting point. Using a fixed-point homotopy with mappings
to recover from an unbounded branch by switching to the opposite infinity has prob-
lems due to the ill-conditioning of the Jacobian matrix when the variables become
very large. Finally, the fact that the variable bounds must be included as inequality

constraints will, in some cases, make the problem very large.
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Chapter 10

Conclusions

Several topics relevant to the design and simulation of heteroazeotropic systems have
been developed in this thesis. Specifically, an algorithm for computing the homo-
geneous and heterogeneous azeotropes present in a multicomponent mixture and an
efficient class of techniques for analytical derivative evaluation have been developed.

A necessary task when analyzing and designing azeotropic and heteroazeotropic
systems is the a priori determination of all homogeneous and heterogeneous azeotropes
present in a multicomponent mixture. The technique described in chapter 2, under
reasonable assumptions, will compute all homogeneous and heterogeneous azeotropes
predicted by the phase equilibrium model employed. The technique is independent
of both the representation of the nonideality of the mixture and the topology of the
liquid-liquid region. Furthermore, the approach can be extendend to handle any num-
ber of liquid and/or solid phases in equilibrium (provided there is a suitable model
available that can compute the chemical potential of a solid in a solid solution). The

approach can also be extended (as described in chapter 3) to systematically and ef-
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ficiently explore the phase equilibrium structure of a multicomponent mixture under
system and/or property parameter variation, including the capability of detecting in-
cipient homogeneous and heterogeneous azeotropes (i.e., azeotropes that do not exist
under current conditions or property parameter values but may exist under differ-
ent conditions) and the determination of the bifurcation values where they appear,
disappear, or switch between each other. This capability of exploring the phase equi-
librium structure is a very powerful tool for the modeler, assisting in the specification
of the conditions under which to perform a simulation and the interpretation of the
simulation results, and for the experimentalist while fitting property model parame-
ters, providing a systematic and efficient means of exploring of the capabilities and
limitations of the phase equilibrium model.

The second major topic of this research is relevent to the simulation of het-
eroazeotropic systems. A new class of automatic differentiation techniques, known as
the subgraph reduction approach, have been developed that both increase the speed
in which analytical derivatives are computed and reduce the amount of space required
for storing and computing the Jacobian matrix of a system of equations. Further-
more, an efficient interpretive version of the reverse mode of the subgraph reduction
approach has been developed that dramatically improves the efficiency (increased
speed and reduced memory requirements) of derivative evaluation within an inter-
pretive simulator architecture compared to existing approaches. Due to the efficient
preprocessing step of this interpretive implementation, this approach is ideally suited

for hybrid discrete/continuous simulation.

278



10.1 Future Directions and Recommendations

Chapter 2 of this thesis provides a general framework for computing univariate ther-
modynamic states. The examples contained in this thesis consisted of homogeneous
azeotropes and heteroazeotropes of systems with two immiscible liquid phase in equi-
librium. In principle, the framework can be extended to more than two liquid phases
in equilibirium, systems exhibiting eutectics, systems exhibiting heterogeneous reac-
tive azeotropes, etc. The examination of eutectics is currently limited due to the lack
of a suitable model that is capable of computing the chemical potential of a solid in
a continuous solid solution. Provided such a model is available, the homotopy map
would correspond to a deformation from the ideal solubility of the solid components
to that predicted by the nonideal chemical potential model.

The extensions to the heteroazeotrope finding algorithm described in chapter 3
can be used while estimating property model parameters and determining the sen-
sitivity of the phase equilibrium model with respect to these parameters. This is
briefly explained in section 4.2.8. The technique described in chapter 3 can be used
while parameters are being fit to the experimental data and if azeotropes and het-
eroazeotropes are not predicted by the model under the current set of parameters,
the location of the bifurcation or intersection point corresponding to the azeotrope
or heteroazeotrope that is not predicted (inside the physical composition space) can
be used to systematically adjust the parameters.

The ability to determine how an azeotrope or heteroazeotrope varies with sys-

tem parameters is very useful when designing separation systems. The techniques
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developed in this thesis not only allows the modeler to determine how the azeotropic
states vary, but also provides efficient means for predicting when an azeotrope or
heteroazeotrope appears by monitoring the location of bifurcation and intersection
points associated with nonphysical branches. This technique obviates the need for
performing a computationally expensive phase stability test many times during the
design study which would be otherwise necessary in order to determine when the new
azeotropes or heteroazeotropes appear.

Although the area of heteroazeotropic simulation and analysis has been studied
extensively in the past, there are several areas in need of improvement. Currently,
in order to correctly construct heterogeneous residue curve maps and perform het-
eroazeotropic dynamic simulation, a phase stability test must be performed at each
step during the integration (and on every tray of a heteroazeotropic column). To
guarantee correctness of the residue curves and column profiles, a computationally
expensive phase stability test such as that of McDonald or Stadtherr must be applied.
The cost of such calculations is a strong motivation to develop novel, more efficient
techniques. An alternative approach may be to construct convex regions containing
the heterogeneous regions in state space. This can be performed as a preprocessing
step using the techniques developed in chapter 3 of this thesis. The location of the
trajectory relative to these regions can be used to determine whether or not a more
expensive phase stability test should be employed to accurately determine the point
at which one or more additional phases appear or disappear. For a certain class of
systems it may be possible to decide when it is necessary to perform a phase sta-
bility test by monitoring the bifurcation and intersection points associated with the
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heteroazeotrope finding algorithm of nonphysical branches.

Another area of intersest is heteroazeotropic batch distillation. Heteroazeotropic
distillation is typcially carried out as a continuous process. Processes in the phar-
maceutical industry, however, are largely batch in nature. Furthermore, in order to
exploit solvent recovery techniques, it may be necessary to combine various streams
in a process (or multiple processes) that split into multiple liquid phases. The ability
to perform heterogeneous batch distillation would greatly increase the separations
possible.

The automatic differentiation techniques developed in this thesis have been suc-
cessfully applied within an interpretive architecture. Theoretical analysis has been
performed to bound the operation count and memory requirements required for com-
piled implementations of the subgraph reduction approach, however, there are ac-
tually several more considerations than simply these bounds. For example, a gen-
eral residual subroutine containing the system of equations of interest typically con-
tains programming structures such as IF equations, DO loops, embedded subrou-
tine/function calls, etc., which complicate the matter of generating an equation graph
required by the subgraph reduction approach. IF equations can be represented in the
graph as through the use of conditional vertices, with children correponding to the
true and false conditions of the logical expression. Through the use of these condi-
tional vertices, conditional accumulation sequences can be generated for the Jacobian
evaluation. DO loops can be handled in a couple of ways. First, the loops can be
“unrolled”, creating a sequence of normal assignments from which the graph can be

constructed. Alternatively, the sparse vector implementations of the forward or re-
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verse modes can be applied to the subset of equations contained within the loop. This
would allow the compiler to perform loop optimizations (a very sophisticated class of
techniques) on this portion of the code. The best alternative would depend on the
structure of the code contained within the loop and the optimizations possible when
unrolling the loop. Embedded subroutines and functions can be handled in a recur-
sive manner: performing the automatic differentiation algorithm to the embedded
subroutines and functions, replacing these subroutine and function calls with calls to
subroutines that also evaluate the derivatives of the code contained in the original
subroutine, and incorporation of these derivatives into the entire Jacobian via the
chain-rule. In short, the rich structure of a general subroutine offers several compli-
cations and opportunities when applying the techniques of automatic differentiation
to generate derivative code.

In addition, the hybrid techniques briefly mentioned in chapter 7 can be further
developed to reduce the operation count or memory requirement (or both). In ad-
dition, the graph can be analyzed to determine an accumulation sequence that is
suitable on a parallel computer.

Another interesting application of automatic differentiation is to combine the ac-
cumulation of derivatives from the computational graph with interval arithmetic.
Interval Jacobians and Hessians are used in many calculations (e.g., interval New-
ton/generalized bisection techniques for solving nonlinear systems of equations, global
nonlinear optimization, etc.). Furthermore, the order in which the interval operations
are performed can dramatically effect the “tightness” of the interval extension (recall

that, as described in chapter 2, the interval extension of a function overapproximates
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the image set of the function). By analyzing the computational graph, it may be
possible to extract accumulation sequences that minimize the width of the interval

extension of a Jacobian or Hessian.
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Appendix A

Derivation of the Homogeneous
and Heterogeneous Residue Curve

Maps

A.1 Homogeneous Residue Curve Maps

Suppose we have a quantity L of liquid with composition x contained in a vessel. Next,
suppose we boil off a quantity V' with composition y. The change in the quantity
and composition of the liquid is thus, L — AL and x + Ax. Applying a species mass

balance,

xL = (v + Az)(L — AL) + yV. (A1)
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Since, by an overall mass balance, V = AL,

L = (r+ Azx)(L—AL)+yAL

= oL —a2AL+ Azl — AzAL + yAL.

Rearranging,

LAx = AL — yAL — AxAL.

Dividing by AL/L,

Ax
AL/L

=x—y— A

Taking the limit as AL/L — 0 (and thus, Az — 0),

lim Ar d_a: =x
aLji—»o AL/L — df

- Y,

(A.4)

(A.5)

where d¢ = dL/L. The quantity £ can be interpreted as a dimensionless ‘warped

time’ required to evaporate the contents in the vessel. It can also be interpreted as a

dimensionless height in a packed column operating at total reflux [38]. Note that the

direction of increasing £ on the residue curves defined by (A.5) corresponds to the

direction of increasing temperature along the curve (implicitly defined by the residue

curve map).

285



A.2 Heterogeneous Residue Curve Maps

Suppose we have a mixture of n; immiscible liquid phases in equilibrium in a vessel.
The amount contained in each liquid phase is L") with composition ), i =1,... ,ny.
Suppose we boil off a quantity V' with composition y, which is in equilibrium with

the ny, liquid phases. Applying a species mass balance,

nr, nr
Zx(i)L(i) _ Z(x(z’) + Ax(i))(L(i) — AL(i)) +yV. (A.6)
i=1 =1

The overall mass balance indicates V' = > """, ALY thus,

nr, nr nr
S 2010 = 3 (@0 + AsO) (LD — ALO) 443 ALY, (A7)
=1 =1 i=1

Expanding the equation above and cancelling terms, we have,

nr, nr nr nrL
0=—>) (@ALD)+ > (AxLW) =3 (AzPALD) +y > ALY (A8)
i=1 i=1 i=1 i=1
Now, define the overall liquid composition as
x’L’ = Zx(’)L(’) (A.9)
i=1

where L = """ L is the total number of moles of liquid originally present in the

vessel. Substituting the overall composition and quantity into (A.8),

Az°L° = 2°AL° — yAL® — Az°AL°. (A.10)
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As above, divide by AL°/L° and take the limit as AL°/L° — 0 (noting the Az® — 0),

Az’ dx’
li = =% — . A1l
a0 ALoJLe  de Y (A-11)

The dimensionless ‘warped time’, £, has the same interpretation as in the homoge-

neous case above.
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Appendix B

Proof of Lemma 1

The necessary conditions are trivial. Assume that we are on a k-ary branch and there
is a bifurcation point, corresponding to an intersection between the k-ary branch and
a (k + 1)-ary branch, at &. Without loss of generality, assume that the necessary
conditions for a bifurcation point are satisfied for 7 = £+ 1. By definition, on a k-ary

branch the following conditions always hold

(A1.l) zj #0forall j=1,... F,

(Al.2) a;=0forall j=1,...,k, and

(A1l3) zj=0foral j=k+1,... ,n.

Similarly, along a (k + 1)-ary branch the following hold
(Al4) z; #0forall j=1,... k+1,

(A1l5) a;=0forall j=1,... ,k+1, and

(A1.6) zj=0forall j =k+2,... ,n.
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Let ¢(;)(&) denote an i-ary branch. At the intersection of a k-ary and a (k + 1)-ary

branch:

ey (§) = w1y () = (x(£), T(E), A(€))- (B.1)

Since a; = a;(¢(§)), on the k-ary branch, (A1.5) and (B.1) imply

ar(Cw)(§)) = anr1(Cw+1)(§)) = 0.

Furthermore, on the (k + 1)-ary branch, (A1.3) and (B.1) imply

Tey1(§) = 0.

As above, without loss of generality, assume that the necessary and sufficient
conditions are satisfied for j = k& + 1. Necessary and sufficient conditions for a

bifurcation from a (k 4 1)-ary branch onto a k-ary branch at ¢ are

(Al?) Ik+1(§) = 0,

(AL8) dagpr/dE|_; # 0,

(A1.9) rank VF(§) = N — 1 where N =n + 1, and

(A1.10) OF /Oxy4y ‘525 € R(Vies1F(€)) where Vi, y1) denotes partial derivatives with

respect to all variables except xj ;.
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To prove sufficiency we must simply show that at there are two distinct tangents

at ¢(§) where dxgy1/d¢ = 0 on one tangent and dxyy1/d§ # 0 on the other (this
second tangent is known at the bifurcation point when the (k+ 1)-ary branch is being
tracked). Let Py € RV=UXN denote the projection matrix that removes the i-th
entry of the vector it multiplies (P is formed by simply removing the i-th row of
the identity matrix in R¥*Y). Let G = P41y F. The Jacobian matrix of G is equal
to the Jacobian matrix of F with the (k + 1)-th row removed. Since at & = € the

(k + 1)-th row of VF is zero,
rank VG(§) = rank VF(§) = N — 1.
Furthermore, condition (A1.10) implies
rank V,.,,G(€) = N — 1.
Thus, VG (€) € RV -D*N hag the maximal rank of N — 1. Now, at £ = ¢,

Fé)=o.

Differentiating with respect to &,
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and

_ . de _ - de, oG dx
VG() - = Vi G () — AR
(§> [k+1] (§> dé— + axk;+1 5:5 dé—

i =0 (B.2)

where ¢, denotes the N dimensional vector formed by removing the (k + 1)-th
element from ¢ (i.e., ¢y = Py1)¢). Taking & to be arclength along the curve, the

following constraint is also imposed

de\" (de [ dCyy T dCp, 411 dryyy 2_
(d?) (d_é“)_(d&) <d£>+<d£>_1' (B:3)

Setting duy,1/d¢ = 0, we see that (B.2) and (B.3) become

and uniquely define dé,,,;/d¢. Condition (A1.9) implies that a;(£) # 0 for all j =
k+2,...,n and thus all variables xy,o, ... ,x, remain fixed at zero on both branches

that intersect at €.

291



Appendix C

Proof of Lemma 2

As in Appendix 1, assume that we are currently on a k-ary branch where the following

holds:

(A2.1) z; #0forall j=1,... F,

(A2.2) xf #0forall j=1,...,k,

(A2.3) x]U #0forall j=1,...,k, and

(A2.4) x]-:x§:x§I:0forallj:k+1,...,n.

The necessary condition for a bifurcation from a k-ary heterogeneous branch to a

(k — 1)-ary heterogeneous branch at a point (&) is

xj(&) =0 for some j € {1,...,k}. (C.1)
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Without loss of generality, assume z4({) = 0 on the k-ary branch. The necessary

condition follows from the fact that at the bifurcation point,

€)1y = (E)wy = (@(€),27(€), 2™ (£), T(€), 5(€), M) (C.2)

where the subscript denotes the dimensionality (the number of nonzero mole fraction
elements) of the branch.
The necessary condition for a bifurcation from a (k — 1)-ary branch to a k-ary

branch at a point &°(€),

[5(6) = 1] 71(8) = [s(8) = KI(©)] 74 (§) = 0 for some j € {k,...,n},  (C3)
follows from (C.2) and the fact that the condition above holds on the k-ary branch
when (&), k < j < n, crosses zero at the bifurcation point.

Proof of the necessary and sufficient conditions is similar to the homogeneous case.
As mentioned above, assume that the intersection between the (k — 1)-ary and k-ary
heterogeneous branches occur where z;, = 0. Necessary and sufficient conditions for

a transcritical bifurcation point at §N are:

(A2.5) z¢(&) =0,

(A2.6) duy/d€|_; # 0,

(A2.7) rank VF°(€) = N° — 1 where N° = 3n + 2, and

(A2.8) aF’”/awk‘§:5 € R(V[HFO(@) where V) denotes partial derivatives with re-
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spect to all variables except xy.

Again, to prove sufficiency, we must show that two tangents exist at &, one with
dvy/dé = dxl/dE = dxl!/dé = 0 and the other where these tangent components are
nonzero (this second tangent is known at the bifurcation point). Condition (A2.7)
implies the dimensionality of the null-space of VF°(€) is two. Furthermore, as shown
in section 3.1.1, rows k, k + n, and k + 2n are linearly dependent. Therefore, one of
these rows can be removed without changing the rank of the matrix. Let G° = P(k)FO

where P is defined in Appendix 1. Thus,

rank VG°(§) = rank VF°(£) = N° — 1 (C.4)

and VG°(¢) € RV -Dx(N°+1) hag maximal rank. As before, let VG denote the

Jacobian matrix with respect to all variables except xj. Condition (A2.8) implies

rank V,G°(€) = N° — 1. (C.5)

At & (€), the following hold:
Fo(§) = 0 (C.6)
PuwF(€) = G°(€) =0 (C.7)
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Differentiating,

ol X dc® ol T déok 0G° dzy,
VG (@d—{ = VG (&) —

TN T = 0. (C.8)

Similar to the homogeneous case, equation (C.8) along with the arclength constraint:

deg, T deg, dri\ > B
<d£> <d£>+<d_£> =1 (€9)

and assumption (A2.6) imply there exists two tangent vectors at ¢, one with dry /d¢ =

0 and the other with dxy/d€ # 0. On ¢°(€), the following hold:

v, = Klof (C.10)

v, = s+ (1—s)xi! (C.11)

These imply that both dzl/d¢ and da'’ /d¢ have zero and non-zero values at €.
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Appendix D

Proof all binary heteroazeotropes
will be computed with the

homotopy method

In this appendix, a proof is presented that guarantees all binary heteroazeotropes
will be computed using the homotopy method described in this paper. This proof is
necessary since if a k-ary (k > 2) heteroazeotrope were obtained through a series of
bifurcations on lower dimensional heterogeneous branches, we must have at least a
binary heterogeneous branch initially. This is not a problem for the homogeneous case
since the k-ary azeotropes are obtained through a series of bifurcations originating
from a pure component branch which can always be constructed.

Figure D-1 contain a schematic of a zy-diagram for a mixture exhibiting a het-

eroazetrope. By applying the same analysis as in section 2.1 for the homogeneous
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Figure D-1: Schematic of an zy-diagram for a binary mixture exhibiting a het-
eroazeotrope.

azeotropes, we see that there will always be a bifurcation point on the pure component,
branch of the lower boiling species in the binary mixture. Furthermore, continuity
of the K-value implies that there will always be at least one spurious homogeneous

azeotrope corresponding to the heteroazeotrope. It is reasonable to assume that
HF < AH!"",  i=1,2, (D.1)
and that the following quantities,

(81n'yl> and <81n'yl> (D.2)
Ay 29, T,P Oy @1, T,P '

do not simultaneously vanish at any point in . Thus, according to theorem 1, the

binary homotopy branch passing through the bifurcation point will be diffeomorphic
to the real line in the interior of & and will leave & through A = 1 at the spurious

binary azeotrope.
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If a binary heteroazeotrope exists then the heterogeneous branch passing through
the heteroazeotrope will enter §°. (The heterogeneous branch will not be tangent
at the side of §° where A = 1 since the heteroazeotrope is necessarily an unstable
node[74].) Furthermore, if zero is a regular value of the the binary heterogeneous
map in the interior of S then the heterogeneous branch will leave through the side
of §° defined by s = 0 or 1 (provided multiple heteroazeotropy does not occur in S°)
since there is no solution at z; = 0, ¢« = 1,2. Thus, the heterogeneous branch will
pass through the spurious binary branch which is reachable from a pure component
branch and the binary heteroazeotrope will be computable through the homotopy

method.

298



Appendix E

Rank of Jacobian of Heterogeneous

Homotopy Map

This appendix provides a discussion of the rank of the Jacobian of the heterogeneous
homotopy map. As described in Chapter 2, zero being a regular value of this ho-
motopy map, along with a couple of other reasonable assumptions on the homotopy
path, will guarantee that the homotopy method will compute all heteroazeotropes
predicted by the phase equilibrium model of interest.

The Jacobian of the heterogeneous homotopy map is shown in equation (2.57).
The first 3n columns are partial derivatives with respect to x, #’, and 2!/, respectively.
The remaining three columns are partial derivatives with respect to 7', s, and A,
respectively (assuming pressure is held fixed). The heterogeneous branches are far

more complex than their homogeneous counterparts. This complexity is also reflected
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in the heterogeneous Jacobian,

I OFp/ox! 0 oF? /0T
0 oFg/ox!  9Fg/ox’T  OFg/OT

VFe(z,x! !l T s \)=

I —sI (s—1)I 0
el 0 0 0
0 el 0 0

0

0

OFp /oA

OFg /oA

(E.1)

(see Chapter 2 for a definition of the various terms). In this appendix, the first 3n

columns of the matrix will be analyzed. First, define

I OF?/ox! 0
A=1 0 0Fg/os’ 0OF2/02!

I —sI (s—1)I

and
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The matrix A can be further decomposed to

I —diag{A;}—Xdiag{z! K}G' 0
A = 0 —diag{y/}—Mdiag{z!7/}GT —diag{¥/!}-Ndiag{z!Iy]T}GI! (E4)
I —sI (s—1)I
I —diag{A;} 0 0 diag{z! KI}GT 0
= 0 7diag{’yi]} 7diag{"yi”} —A 0 diag{x{'yf}GI diag{x{l’yiH}G” (E5>
I —sI (s—1)I 0 0 0
= I'=AB. (E6)

By inspection, we see that N(T') is spanned by

Furthermore, if rank [G'] = rank [G!'] = n — 1 then N(A) is also spanned by z. If

A is multiplied by z, we have

when # and ! lie within the physical composition space. Thus, the first 3n columns
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of the Jacobian of the heterogeneous homotopy map are independent in the interior

of §°.
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Appendix F

Example Problems from Chapter 8

The following equations were developed to illustrate the significant increase in per-

formance of the reverse mode of automatic differentiation applied in a symbolic in-

terpretive environment.

Problem 1

Problem 2

Yi

sin(cos(x +y+ 2)m) +1

=0
1 + x2y?ze™v?

n n

= (O (xj+in(r2) xp))) (@i — In(a123)) -

j=1 k=1
O (wj+e™)a Vi=1,..n
7=1
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where x, y € R".

Problem 3

ri(a+ 3 — Zyj) = (Z yizi)n(zi+a+ 6% Vi=1,..,n (A.3)
7=1

=1
n

a = Y (B+y;) (A-4)

J=1

n

B o= (B +7z)yi + il (A5)

i=1

where o, 3, vy € Rand x, y, 2 € R™.

Problem 4

Ty = (ﬁ%P1/0'38yi1/0.3871>2i/wi - (5061]31/0'38%'1/0'38)' (A-6)

(Oaggpl/o.%yil/o.gs—lzi + asqiP + ayw; P) Jw? + ;AP Yi=1,...n

where oy, as, a3, 3, P, AP € R and w, x, y, z, w, ¢ € R".
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