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Abstract
The co-operative formulation of a nonlinear bilevel program involving nonconvex functions is considered
and two equivalent reformulations to simpler programs are presented. It is shown that previous literature
proposals for the global solution of such programs are not generally valid for nonconvex inner programs
and several consequences of nonconvexity in the inner program are identified. In particular, issues with the
computation of lower and upper bounds as well as with the choice of branching variables in a branch-andbound framework are analyzed. This analysis lays the foundation for the development of rigorous algorithms
and some algorithmic expectations are established.
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Introduction

Bilevel optimization has applications in a variety of economic and engineering problems and several optimization formulations can be transformed to bilevel programs. There are many contributions in the literature and
the reader is directed to other publications for a review of applications and algorithms [10, 24, 4, 14, 26, 17, 18].
Here, inequality constrained nonlinear bilevel programs of the form

min f (x, y)
x,y

s.t. g(x, y) ≤ 0
y ∈ arg min h(x, z)
z

(1)

s.t. p(x, z) ≤ 0
x∈X

y, z ∈ Y,

are considered. The co-operative (optimistic) formulation [14] is assumed, where if for a given x the inner
program has multiple optimal solutions y, the outer optimizer can choose among them. As has been proposed
in the past, e.g., [11, 2], dummy variables (z instead of y) are used in the inner program since this clarifies
some issues and facilitates discussion. A minimal assumption for an algorithmic development based on
branch-and-bound (B&B) is compact host sets X ⊂ Rnx , Y ⊂ Rny and continuous functions f : X × Y → R,
g : X × Y → Rng , h : X × Y → R and p : X × Y → Rnp . For some of the methods discussed here further
assumptions, such as twice continuously differentiable functions or constraint qualifications, are needed. Note
that equality constraints have only been omitted for the sake of simplicity and would not alter anything in
the discussion of this paper.
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For a fixed x we denote

min h(x, z)
z

s.t. p(x, z) ≤ 0

(2)

z ∈ Y,

the inner program. The parametric optimal solution value of this program is denoted w(x) and the set of
optimal points H(x). We focus on nonconvex inner programs, i.e., the case when some of the functions
p(x, z), h(x, z) are not partially convex with respect to z for all possible values of x.
Most of the literature is devoted to special cases of (1), in particular linear functions, e.g., [9]. Typically,
the inner program is assumed convex satisfying a constraint qualification and is replaced by the equivalent
KKT first-order optimality conditions; the resulting single level mathematical program with equilibrium
constraints (MPEC) violates the Mangasarian-Fromovitz constraint qualification due to the complementarity slackness constraints [29]. Fortuny-Amat and McCarl [15] reformulate the complementarity slackness
conditions using integer variables. Stein and Still [29] consider generalized semi-infinite programs (GSIP)
and use a regularization of the complementarity slackness constraints. We will discuss how this strategy
could be adapted to general bilevel programs (1).
Very few proposals have been made for bilevel programs with nonconvex functions. Clark and Westerberg
[12] introduced the notion of a local solution where the inner and outer programs are solved to local optimality.
Gümüs and Floudas [17] proposed a B&B procedure to obtain the global solution of bilevel programs; we
will show here that this procedure is not valid in general when the inner program (2) is nonconvex. For the
case of GSIP an algorithm based on B&B and interval extensions has been recently proposed by Lemonidis
and Barton [20].
We first discuss what is a reasonable expectation for the solution of nonconvex bilevel programs based
on state-of-the-art notions in global optimization. To analyze some of the consequences of nonconvexity in
the inner program we first introduce two equivalent reformulations of (1) as a simpler bilevel program and

3

as a GSIP. We then discuss how to treat the inner variables in a B&B framework and identify issues with
literature proposals regarding lower and upper bounds. Finally for KKT based approaches we discuss the
need for bounds on the KKT multipliers.

2

Optimality Requirement

An interesting question is how exactly to interpret the requirement y ∈ arg minz∈Y,p(x,z)≤0 h(x, z) which
by definition means that any feasible y is a global minimum of the inner program for a fixed value of x.
Clark and Westerberg [12] proposed the notion of local solutions to the bilevel program (1) requiring that a
furnished solution pair (x̄, ȳ) satisfies local optimality in the inner program. This is in general a very strong
relaxation.
Note though that in single-level optimization finitely terminating algorithms guaranteeing global optimality exist only for special cases, e.g., linear programs. For nonconvex nonlinear programs (NLP)

f ∗ = min f (x)
x

s.t. g(x) ≤ 0

(3)

x∈X

state-of-the-art algorithms in general only terminate finitely with an εf -optimal solution. That is, given any
εf > 0 a feasible point x̄ is furnished and a guarantee that its objective value is not more than εf larger
than the optimal objective value
f (x̄) ≤ f ∗ + εf .
Moreover, to our best knowledge, no algorithm can provide guarantees for the distance of the points furnished
from optimal solutions (||x̄ − x∗ ||, where x∗ is some optimal solution), which would allow a direct estimate
of the requirement y ∈ arg min. Finally global and local solvers for (3) typically allow an εg violation of the
constraints [25].
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We therefore propose that for bilevel programs (1) with nonconvex inner programs, it is only plausible
to expect a finitely terminating algorithm to provide guarantees that the furnished pair (x̄, ȳ) satisfies the
constraints of the inner and outer program, εh -optimality in the inner program, and εf -optimality in the
outer program

g(x̄, ȳ) ≤ 0
p(x̄, ȳ) ≤ 0

(4)

h(x̄, ȳ) ≤ w(x̄) + εh
f (x̄, ȳ) ≤ f ∗ + εf ,

where w(x̄) is the optimal solution value of the inner program for the given x̄ and f ∗ is the optimal solution
value of the bilevel program (1). Note that as a consequence of εh -optimality in the inner program, f ∗ ≤
f (x̄, ȳ) need not hold (as Example 2.1 shows). Example 2.2 illustrates that the same behavior can be
observed in nonconvex (single level) NLPs when constraint violation is allowed.
Example 2.1 (Consequences of ε-Optimality in the Inner Program). Consider the bilevel program

min y
y

s.t. y ∈ arg min −z 2
z

(5)

y, z ∈ [−1 + δ, 1],

for some small δ > 0. The inner program gives y = 1 and therefore the unique optimal solution is y ∗ = 1
with an optimal objective value of 1. Assume that the optimality tolerance of the inner program εh is such
√
√
that εh ≥ 2 δ − δ 2 . Based on definition (4) all y ∈ [−1 + δ, − 1 − εh ] and y ∈ [ 1 − εh , 1] are admissible
and as a consequence an objective value of −1 + δ can be obtained for the bilevel program (5).
Example 2.2 (Consequences of ε-feasibility in Nonconvex Nonlinear Programs). Consider the nonconvex
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nonlinear program

min x
x

1 − x2 ≤ 0

(6)

x ∈ [−1 + δ, 2],

for some small δ > 0. There are infinitely many feasible points x ∈ [1, 2] and the problem satisfies the
linear/concave constraint qualification [6, p. 322]. The unique optimal solution is x∗ = 1 with an optimal
objective value of 1. Assume that the feasibility tolerance of the nonlinear constraint εg is such that εg ≥
p
p
2 δ − δ 2 . All x ∈ [−1 + δ, − 1 − εg ] and x ∈ [ 1 − εg , 2] are admissible and as a consequence an objective
value of −1 + δ can be obtained for (6).

3

Reformulations

One of the major difficulties associated with the solution of (1) is that the two optimization programs communicate with each other through a solution set H(x), possibly infinite. To facilitate the following discussion,
two equivalent optimization formulations are introduced that communicate with each other through a solution value. These formulations have been proposed in the past by other authors [13, 14, 3] and are also
similar to the difference function discussed by Amouzegar [2], where convexity is assumed and the variables
y do not participate in the outer constraints.
By the introduction of an additional variable w and the use of the dummy variables z, the bilevel program
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(1) is equivalent [13, 14] to

min f (x, y)

x,y,w

s.t. g(x, y) ≤ 0
p(x, y) ≤ 0
h(x, y) − w ≤ 0
x∈X

(7)

y∈Y

w∈R

w = min h(x, z)
z

s.t. p(x, z) ≤ 0
z ∈ Y.

What is achieved with the introduction of the extra variable w is that the outer and inner program are
coupled by a much simpler requirement, namely the optimal solution value of an optimization program
(min) as opposed to the set of optimal solutions (arg min).
In principle (7) could be solved using multi-parametric optimization as a subproblem. As a first step a
global multi-parametric optimization algorithm would be used for the solution of the inner program for all
x ∈ X dividing X into regions where the minimum w(x) is a known (smooth) function. The second step
would be a global solution of the outer program for each of the optimality regions. This procedure is not
suggested as a solution strategy since it would be overly computationally intensive. Note that application of
this solution strategy to the original bilevel program (1) would require a parametric optimization algorithm
that furnishes all optimal solutions as a function of the parameter x, and to our best knowledge this is not
possible at present.
The simplified bilevel program (7) allows the following observation: a relaxation of the inner program
results in a restriction of the overall program and vice-versa. This observation also holds for other programs
with a bilevel interpretation such as GSIPs, see [21], but does not hold for the original bilevel program
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(1) because any alteration of the inner program can result in an alteration of its set of optimal solutions
and as such to the formulation of an unrelated optimization problem. We will show though that since
relaxing the inner program in (7) results in an underestimation of w, the constraint h(x, y) − w ≤ 0 becomes
infeasible. Indeed, consider any x̄ and the corresponding optimal objective value of the inner program (2)
w̄. By the definition of optimality we have h(x̄, y) ≥ w̄ for all y feasible in the inner program, i.e., ∀y ∈ Y ,
s.t. p(x̄, y) ≤ 0. As a consequence no y exists that can satisfy all the constraints of (7) exactly if w̄ is
underestimated. If εh optimality of the inner program is acceptable and the magnitude of the underestimation
is less than εh it is possible to obtain (approximately) feasible points of (7).
The bilevel programs (1) and (7) are also equivalent to the following GSIP [3]

min f (x, y)
x,y

s.t. g(x, y) ≤ 0
p(x, y) ≤ 0
x∈X

(8)
y∈Y

h(x, y) ≤ h(x, z),

∀z ∈ Ȳ (x)

Ȳ (x) = {z ∈ Y : p(x, z) ≤ 0}.

Note that this reformulation does not contradict the observation by Stein and Still [28] that under certain
assumptions GSIP problems can be viewed as a special case of bilevel programs. Stein and Still compare a
GSIP with variables x to a bilevel program with variables x and y whereas the bilevel considered here (1)
and the GSIP (8) have the same set of variables x, y. Moreover, the GSIP (8) does not necessarily satisfy
the assumptions made by Stein and Still [28]. Note also that the GSIP (8) does not contain any Slater points
as defined in Lemonidis and Barton [21] unless εh optimality of the inner program is allowed.
In either of the two reformulated programs our proposal of εh optimality can be interpreted as εh feasibility
of the coupling constraint. As mentioned above, NLP solvers typically allow such a violation of ordinary
nonlinear constraints, and this motivates again the proposal of ε-optimality (4).
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4

Branching on the y Variables

As mentioned in the introduction, the main focus of this publication is on the consequences of nonconvex
inner programs for B&B procedures. In this section we briefly review some features of this algorithm class
and discuss complications for the inner variables. For more details on B&B procedures the reader is referred
to the literature, e.g., [19, 30]. For discussion purposes consider again the inequality constrained nonconvex
nonlinear program (NLP) (3). The goal of B&B is to bracket the optimal solution value f ∗ between an upper
bound U BD, typically the objective value at a feasible point, and a lower bound LBD, typically the optimal
objective value of a relaxed program. To that end the host set X is partitioned into a finite collection of
subsets Xi ⊂ X, such that X = ∪i Xi . For each subset i a lower bound LBDi and an upper bound U BDi are
established. The partitions are successively refined and typically this is done in an exhaustive matter [19], i.e.,
the diameter of each subset tends to zero. At each iteration the bounds are updated LBD = mini LBDi and
U BD = mini U BDi . Therefore U BD is non-increasing and LBD non-decreasing. The algorithm terminates
when the difference U BD − LBD is lower than a pre-specified tolerance.
For bilevel programs the inner program can have multiple optimal solutions for some values of x and
therefore a complication is whether or not to branch on the variables y. Gümüs and Floudas [17] do not
specify in their proposal if they do, and all their examples are solved at the root node. Amouzegar [2] for a
special convex case proposes to only branch on the variables x.
The dilemma is that on one hand y are optimization variables in the outer program which suggests
that one should branch on them but on the other hand the requirement of optimality in the inner program
requires consideration of the whole set Y without branching. One extreme possibility is to branch on the
variables x ∈ X and y ∈ Y without distinction. Example 4.1 shows that some points (x̄, ȳ) ∈ Xi × Yi could
be feasible for node i but not for the original program (1) and therefore U BD = mini U BDi cannot be used.
The other extreme possibility is to consider for a given node Xi a partition of Y to subsets Yj and keeping
the worst subset. This procedure is not correct either as Example 4.2 shows. The introduction of dummy
variables z for the inner program allows the distinction of y between the inner and the outer programs. In
a forthcoming publication [23] we propose an algorithm where branching is performed on the y variables,
9

but not on the z variables. An alternative would be to employ subdivision similar to ideas presented for
Semi-Infinite Programs [7, 8].
Example 4.1 (The host set of the inner program cannot be partitioned). Consider the simple linear bilevel
program

min y
y

s.t. − y ≤ 0

(9)

y ∈ arg min z
z

y, z ∈ [−1, 1].

The inner program gives y = −1 which is infeasible in the outer program by the constraint y ≥ 0. If we
partition the host set Y = [−1, 1] by bisection (Y1 = [−1, 0] and Y2 = [0, 1]) we obtain two bilevel programs.
The first one

min y
y

s.t. − y ≤ 0
y ∈ arg min z
z

y, z ∈ [−1, 0]

is also infeasible by the same argument. The second

min y
y

s.t. − y ≤ 0
y ∈ arg min z
z

y, z ∈ [0, 1]
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gives y = 0. This point is not feasible in the original bilevel program (9). Taking the optimal solution of
this node as an upper bound would give U BD = 0, which is clearly false.
Example 4.2 (The host set Y in the outer program cannot be partitioned keeping the worst subset). Consider
the simple linear bilevel program

min y
y

s.t. y ∈ arg min −z 2
z

(10)

y, z ∈ [−1, 1].

The inner program gives y = ±1 and therefore the unique optimal solution is y = −1 with an optimal
objective value of −1. If we partition the host set Y = [−1, 1] by bisection (Y1 = [−1, 0] and Y2 = [0, 1]) we
obtain two bilevel programs. The first one

min y
y

s.t. y ∈ arg min −z 2
z

y, z ∈ [−1, 0]

gives the unique feasible point y = −1 with an objective value of −1. The second

min y
y

s.t. y ∈ arg min −z 2
z

y, z ∈ [0, 1]

gives the unique feasible point y = 1 with an objective value of 1. Keeping the worse of the two bounds
would result in an increase of the upper bound.
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Upper Bounding Procedure

Obtaining upper bounds for bilevel programs with a nonconvex inner program is very difficult due to the
constraint “y is a global minimum of the inner program” and no obvious restriction of this constraint is
available. Applying this definition to check the feasibility of a pair of candidate solutions (x̄, ȳ) results in a
global optimization problem for which in general state-of-the-art algorithms only furnish εf -optimal solutions
at finite termination.
Only recently cheap upper bounds have been developed for some related problems such as SIPs [7, 8]
and GSIPs [21] under nonconvexity. In these proposals the upper bounds are associated only with a feasible
point x̄ and no identification of the inner variables is needed. Cheap upper bounds are conceivable for a
general bilevel program but to our best knowledge no valid proposal exists for the case of nonconvex inner
programs. On termination, algorithms for bilevel programs (1) have to furnish a feasible pair (x̄, ȳ), i.e.,
values must be given for the inner variables. If the upper bounds obtained in a B&B tree are associated
with such feasible points, a global solution to a nonconvex optimization program has to be identified for
each upper bound. This leads to an exponential procedure nested inside an exponential procedure and is
being employed in a forthcoming publication [23]. To avoid the nested exponential procedure a formulation
of upper bounds without the identification of feasible points is required.

5.1

Solving a MPEC Locally Does Not Produce Valid Upper Bounds

Gümüs and Floudas [17] propose to obtain an upper bound by replacing the inner program by the corresponding KKT conditions, under some constraint qualification, and then solving the resulting program to
local optimality. In this section it is shown that this procedure does not in general generate valid upper
bounds. In the case of a nonconvex inner program, the KKT conditions are not sufficient for a global minimum and replacing the inner (nonconvex) program by the (necessary only) KKT conditions amounts to a
relaxation of the bilevel program. Solving a (nonconvex) relaxed program to local optimality provides no
guarantees that the point found is feasible to the original bilevel program; moreover the objective value does
not necessarily provide an upper bound on the original bilevel program. This behavior is shown in Example
12

5.1. Although this example has a special structure, it shows a general property. Moreover in the proposal
by Gümüs and Floudas [17] the complementarity constraint is replaced by the big-M reformulation and new
variables are introduced; some issues associated with this are discussed in Section 7.
Example 5.1 (Counterexample for upper bound based on local solution of MPEC). For simplicity a bilevel
program with a single variable y and box constraints is considered.

min y
y

s.t. y ∈ arg min −z 2
z

(11)

y, z ∈ [−0.5, 1].

By inspection the solution to the bilevel program (11) is y = 1 with an optimal objective value 1. The inner
program has a concave objective function and linear inequality constraints and therefore by the Adabie
constraint qualification the KKT conditions are necessary [5, p. 187]. The KKT conditions for the inner
program are given by

−0.5 − y ≤ 0
y−1≤0
−2 y − λ1 + λ2 = 0
λ1 (−y − 0.5) = 0

(12)

λ2 (y − 1) = 0
λ1 ≥ 0
λ2 ≥ 0.

System (12) has three solutions. The first solution is y = −0.5, λ1 = 1, λ2 = 0, a suboptimal local minimum
of the inner program (h = −0.25). The second solution is y = 0, λ1 = 0, λ2 = 0, the global maximum of the
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inner program (h = 0). Finally the third solution is y = 1, λ1 = 0, λ2 = 2, the global minimum of the inner
program (h = −1). The one-level optimization program proposed by Gümüs and Floudas [17] is therefore
equivalent to

min y
y

s.t. y ∈ {−0.5, 0, 1}

(13)

and has three feasible points. Since the feasible set is discrete, all points are local minima and a local solver
can converge to any of the points corresponding to the solutions of the system (12). The first solution
y = −0.5, with an objective value f = −0.5 and the second solution y = 0, with an objective value f = 0 are
both infeasible for (11). Moreover they clearly do not provide valid upper bounds on the original program
(11). The third solution y = 1 with an objective value of f = 1, which has the worst objective value for (13),
is the true solution to the original program (11). Note that solving (13) to global optimality would provide
a valid lower bound as described in the next section.

6

Lower Bounding Procedure

Lower bounds are typically obtained with an underestimation of the objective function and/or a relaxation
of the feasible set [19] and a global solution of the resulting program. While global solution is a necessary
requirement to obtain a valid lower bound, typically the constructed programs are convex and therefore
global optimality can be guaranteed with local solvers.

6.1

Relaxation of the Inner Program Does Not Provide a Valid Lower Bound

Gümüs and Floudas [17] propose to obtain a lower bound to the bilevel program (1) by constructing a convex
relaxation of the inner program (2) and replacing the convex inner program by its KKT conditions. Consider
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for a fixed x̄ a convex relaxation of (2) and the corresponding set of optimal solutions H c (x̄)

H c (x̄) =arg min hc (x̄, z)
z

s.t. pc (x̄, z) ≤ 0

(14)

z ∈ Y,

where hc (x̄, ·) and pc (x̄, ·) are convex underestimating functions of h(x̄, ·) and p(x̄, ·) on Y for fixed x̄. This
procedure results in an underestimation of the optimal solution value of the inner program but typically not
in a relaxation of the feasible set of the bilevel program (1). The desired set inclusion property for the two
sets of optimal solutions
H(x̄) ⊂ H c (x̄)

(15)

does not hold in general. It does hold when the inner constraints p(x̄, ·) are convex and hc (x̄, ·) is the convex
envelope of h(x̄, ·). Constructing the convex envelope is in general not practical and Gümüs and Floudas
propose to use α-BB relaxations [1]. Example 6.1 shows that convex underestimating functions based on
this method do not guarantee the desired set inclusion property even in the case of linear constraints. In the
case of nonconvex constraints one might postulate that the set inclusion property (15) holds if the feasible
set is replaced by its convex hull and the objective function by the convex envelope. This is not true, as
shown in Example 6.2. Both examples show that the proposal by Gümüs and Floudas does not provide
valid lower bounds for bilevel programs involving a nonconvex inner program. Although the examples have
a special structure, they show a general property. Moreover in the proposal by Gümüs and Floudas [17] the
complementarity constraint is replaced by the big-M reformulation and new variables are introduced; issues
associated with this are discussed in Section 7.
Example 6.1 (Counterexample for lower bound based on relaxation of inner program: box constraints). For
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simplicity a bilevel program with a single variable y and box constraints is considered.

min y
y

s.t. y ∈ arg min z 3
z

(16)

y, z ∈ [−1, 1].

The inner objective function is monotone and the unique minimum of the inner program is y ∗ = −1. The
bilevel program is therefore equivalent to

min y
y

s.t. y = −1
y ∈ [−1, 1]

with the unique feasible point y ∗ = −1 and an optimal objective value of −1. Taking the α-BB relaxation
for α = 3 (the minimal possible) of the inner objective function, the relaxed inner program is

min z 3 + 3(1 − z)(−1 − z)
z

s.t. z ∈ [−1, 1],

which has the unique solution y ∗ = 0, see also Figure 1. Clearly the desired set inclusion property (15)
is violated. Using the solution to the convex relaxation of the inner program, the bilevel program now is
equivalent to

min y
y

s.t. y = 0
y ∈ [−1, 1]
16

and a false lower bound of 0 is obtained. Note that since the objective function is a monomial, its convex
envelope is known [22]
c

h (z) =





3/4 z − 1/4



z 3

if z ≤ 1/2
otherwise.

By replacing the inner objective with the convex envelope the minimum of the relaxed inner program would
be attained at y ∗ = −1 and the set inclusion property would hold.
1
original function

0
convex envelope

−1

−2

−3
α-BB underestimator

−4
−1

−0.5

z

0

0.5

1

Figure 1: Inner level objective function, its convex envelope and its α-BB underestimator for example (6.1)

Example 6.2 (Counterexample for lower bound based on relaxation of inner program: nonconvex constraints).
For simplicity a bilevel program with a single variable y convex objective functions and a single nonconvex
constraint in the inner program is considered.

min y
y

s.t. y ∈ arg min z 2
z

s.t. 1 − z 2 ≤ 0
y, z ∈ [−10, 10].
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(17)

The two optimal solutions of the inner program are y ∗ = ±1, so that the bilevel program becomes

min y
y

s.t. y = ±1
y ∈ [−10, 10]

with the unique optimal point y ∗ = −1 and an optimal objective value of −1. Taking the convex hull of the
feasible set in the inner program, the relaxed inner program

min z 2
z

s.t. z ∈ [−10, 10]

has the unique solution y ∗ = 0. Clearly the desired set inclusion property (15) is violated. Using the solution
to the convex relaxation of the inner program, the bilevel program program becomes

min y
y

s.t. y = 0
y ∈ [−10, 10].

and a false lower bound of 0 is obtained. Note that using any valid underestimator for the function 1 − z 2
would result in the same behavior as taking the convex hull.

6.2

Lower Bounds Based on Relaxation of Optimality Constraint

A conceptually simple way of obtaining lower bounds to the bilevel programs is to relax the constraint “y
is a global minimum of the inner program” with the constraint “y is feasible in the inner program” and
to solve the resulting program globally. Assuming some constraint qualification, a tighter bound can be
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obtained by the constraint “y is a KKT point of the inner program”. In a forthcoming publication [23]
we analyze how either relaxation can lead to convergent lower bounds. As mentioned in the introduction,
Stein and Still [29] propose to solve GSIPs with a convex inner program by solving regularized MPECs.
They note that for nonconvex inner programs this strategy would result to a relaxation of the GSIP. The
complementarity slackness condition µi gi (x, z) = 0 is essentially replaced by µi gi (x, z) = −τ 2 , where τ is
a regularization parameter. A sequence τ → 0 of regularized programs is solved; each of the programs is a
relaxation due to the special structure of GSIPs. For a general bilevel program the regularization has to be
slightly altered as can be seen in Example 6.3. The complication is that the KKT points are not feasible
points in the regularized program and only for τ → 0 would a solution to the MPEC program provide
a lower bound to the original bilevel program. A possibility to use the regularization approach for lower
bounds would be to use an inequality constraint −τ 2 ≤ µi gi (x, z) as in [27]. To obtain the global solution
with a branch-and-bound algorithm an additional complication is upper bounds for the KKT multipliers,
see Section 7.
Example 6.3 (Example for complication in lower bound based on regularized MPEC). Consider a linear
bilevel program with a single variable y and for simplicity take R as the host set.

min y
y

s.t. y ∈ arg min z
z

(18)

s.t. − z ≤ 0
y, z ∈ R.

The inner program has the unique solution y = 0, and thus there is only one feasible point in the bilevel
program with an objective value of 0. Note that all the functions are affine, and the inner program satisfies
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a constraint qualification. The equivalent MPEC is

min y
y

s.t. 1 − µ = 0
µ≥0
−y ≤ 0
µ (−y) = 0
y ∈ R.

From the stationarity condition 1 − µ = 0 it follows µ = 1 and therefore from the complementarity slackness
y = 0. As explained by Stein and Still [29] the regularized MPEC is equivalent to the solution of

min y
y

s.t. 1 − µ = 0
µ≥0

(19)

−y ≤ 0
µ (−y) = −τ 2
y ∈ R,

which gives µ = 1, y = τ 2 and an objective value of τ 2 , which clearly is not a lower bound to 0. Replacing
the requirement µy = 0 by −τ 2 ≤ µ(−y) or equivalently y ≤ τ 2 /µ in (19) would give a correct lower bound
of 0.
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7

Complication in KKT Approaches: Bounds

A complication with bounds based on KKT conditions are that extra variables µ (KKT multipliers) are
introduced (one for each constraint) which are bounded only below (by zero). The big-M reformulation
of the complementarity slackness condition needs explicit bounds for both the constraints gi and KKT
multipliers µi . Fortuny-Amat and McCarl [15] first proposed the big M-reformulation but do not specify
how big M should be. Gümüs and Floudas [17] use the upper bound on slack variables as an upper bound
for the KKT multipliers which is not correct in general as Example 7.1 shows. Note also that Gümüs and
Floudas [17] do not specify how to obtain bounds on the slack variables of the constraints but this can be
easily done, e.g., by computing an interval extension of the inequality constraints. Moreover, for a valid
lower bound a further relaxation or a global solution of the relaxations constructed is needed and typically
all variables need to be bounded [30, 25]. The regularization approach as in Stein and Still [29] does not need
bounds for the regularization but if the resulting program is to be solved to global optimality bounds on the
KKT multipliers are again needed. For programs with a special structure upper bounds may be known a
priori or it may be easy to estimate those. Examples are the feasibility test and flexibility index problems
[16] where all KKT multipliers are bounded above by 1. Alternatively, specialized algorithms need to be
employed that do not require bounds on the KKT multipliers.
Example 7.1 (Example with arbitrarily large KKT multipliers). Let us now consider a simple example with
a badly scaled constraint that leads to arbitrarily large multipliers for the optimal KKT point

min −z
z

δ(z 2 − 1) ≤ 0

(20)

z ∈ [−2, 2],

where δ > 0. The only KKT point and optimal solution point is z = 1 and the KKT multiplier associated
with the constraint δ(z 2 −1) ≤ 0 is µ =

1
2δ .

The slack variable associated with the constraint can at most take

the value −δ. As δ → 0, the gradient of the constraint at the optimal solution
21

d(δ(z 2 −1))
dz

= 2δζ = 2δ → 0

and µ becomes arbitrarily large. For δ = 0 the Slater constraint qualification is violated.

8

Conclusions

The bilevel program involving nonconvex functions has been discussed, with emphasis on the solution of
programs involving nonconvexity in the inner program within a branch-and-bound framework. To that
extent two equivalent reformulations of the bilevel program as a simpler bilevel program and as a GSIP have
been presented. As a compromise between local and global solution of the inner program, solution to εoptimality in the inner and outer programs has been proposed. Several consequences of nonconvexity in the
inner program have been identified, and the validity of literature proposals has been explored theoretically
and through simple illustrative examples. In particular, it was shown that replacing the inner program by its
necessary but not sufficient KKT constraints and solving the resulting MPEC locally does not produce valid
upper bounds. Similarly, a relaxation of the inner program does not lead to a valid lower bound whereas
a relaxation of the optimality constraint does. In the co-operative formulation the inner variables have to
be treated differently than the outer variables. For KKT based approaches, bounds on the KKT multipliers
are needed for a global solution of the formulated subproblems. The issues identified with current proposals
available in the literature show the need for the development of a rigorous algorithm for the global solution
of bilevel programs involving nonconvex functions in the inner program.
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