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CHEAP SECOND ORDER DIRECTIONAL DERIVATIVES OF STIFF
ODE EMBEDDED FUNCTIONALS*
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Abstract. A second order adjoint method is described for calculating directional derivatives
of stiff ODE embedded functionals. The derivation of the general directional second order adjoint
equations for point- and integral-form functionals is presented. A numerical procedure for calculating
these directional derivatives that is relatively insensitive to the number of parameters is described and
showcased. By combining automatic differentiation (AD) to obtain the adjoint and sensitivity equa-~
tions with the staggered corrector method to solve the sensitivity systems, we achieve computational
costs noticeably lower than directional finite differences based on a first order adjoint code.
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1. Introduction. The response of a system model to variations in its parameters
reveals important information that can be utilized in various engineering and scientific
applications. Error analysis of estimated parameters, model discrimination, selection
and reduction, computation of derivative information in dynamic optimization, and
experimental design all benefit from this sensitivity information.

Sensitivity analysis of a system described by parameter-dependent ODEs has two
aims. The first is computing g—;h@ for all time ¢ in some interval [to,ts], for the real

valued parameters p;, i = 1,...,7n,. This can be formulated as follows:
(1.1) T+ F(t,z,p) =0, z(to) = xo(p),
ot OF dx OF Ox(ty) Oxo .
1.2 — +———+—=0 = — =1,...
42 opi owop op O op oo ™

where x(t,p) € R™. The equations used for sensitivity analysis of ODEs are linear
and are constructed via differentiation of the original equations. Recent work has
shown that first order forward sensitivities can be calculated reliably, accurately, and
efficiently for systems described by stiff ODEs and differential-algebraic equations
(DAEs) [11, 13, 15, 5, 16].

The second goal is finding the sensitivity of a scalar valued functional G(p) of the
solution with respect to a large number of parameters. The derivative of the integral-
form functional

(1.3) G(p)=/tfg(t,x(t7p)7p)dt

0
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with respect to the parameters can be calculated by introducing a Lagrange multiplier
A to form an augmented objective function

(1.4) H&M:G@fLWV@+F@LMMt

Then the sensitivity of G with respect to p is

oG oI b b
(1.5) 5;:%:[(%+%mﬁf[AW&+ﬂ%+%W.

Hence

oG by
aip = /to (9p + guwp)dt — /
)dt —

t
to
ty ty . .
(1.6) :/(%fﬂ@ /pm+ﬂafﬂmﬁ4ﬂ%w.
t

to
to

f .
WTEy + AT Foxy, — AT xy)dt — (AT

0

By defining the adjoint system as

j\T - )\TFI = — Yz
(17) N (tg) = 0,

our derivative becomes

oG ty
(18) —/<%—V&W+Q%MMW

ap B to
If we are interested in the sensitivity of a scalar function g(z(¢s,p),p) at the final time

point, i.e., %Z |t;.p» it can be obtained from the above result using the identity g—g lt;p =

%%—iﬂp. This reverse (adjoint) sensitivity analysis is described and implemented for

DAEs in [4, 3].

The adjoint method is preferred when there is a single functional and many pa-
rameters because only one adjoint system (1.7) is solved compared with n,, sensitivity
systems (1.2). However, to the authors’ knowledge, all current implementations of the
quadrature calculation (1.8) scale with n,. This scaling becomes noticeable when n,,
is large and the solution of (1.1) and (1.7) is relatively inexpensive (see section 4.1).
Thus, it is more correct to state that the adjoint method is relatively insensitive to
np as compared with the forward sensitivity method. Likewise, the forward sensitiv-
ity method is relatively insensitive to the number of functionals whose gradients are
required as compared with the adjoint method, which requires a new adjoint system
(1.7) for each functional.

Under some circumstances these first order sensitivity analyses can be insuffi-
cient. For highly nonlinear systems or when parameter-parameter interactions are
important, second order information can prove to be indispensable. Moreover, second
order derivatives are required if the sensitivity of system performance to variations in
some parameter has to be bounded or minimized [10]. Finally, accurate second order
information can improve the performance of many optimization algorithms.
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To obtain second order forward sensitivities, gip”ﬁ, the following n, x n, systems
of linear ODEs have to be solved along with the state (1.1) and first order forward
sensitivity (1.2) equations [20] (see Appendix A for notation):

24 9z ox\" Ox Oz
87p2+ [Fz®.[np:| 37]72—’_ Inz® <3p> |:F:m:8p+Fl’p:| + |:pr317+}7‘171):| _0’
1.9) D%z (to) 0%z

Op? op? -’

After obtaining the second order sensitivities with respect to the state variables, one

can attempt to calculate the second order sensitivities of a functional with respect to

2 2
a large number of parameters g—pg or more importantly g—pgu, where v is a constant

direction [2]. However, this method involves solving a number of systems scaling with
ni (np for the directional case). Therefore this route of calculating the second order
information is not very attractive when the number of parameters is large.

Similar to the first order case, the second order adjoint method is a way to evaluate
derivatives of a functional directly without first calculating the forward second order
sensitivities and additional matrix-vector computations.

Second order adjoint analysis has been used to assess the design sensitivity of me-
chanical system dynamics [10]. It is also employed in meteorological data assimilation
problems to calculate the exact gradient and Hessian-vector products with respect to
the initial conditions of the state variables [12, 22, 21]. In the former application the
second order adjoint system consists of the state equations and three sets of adjoint
equations which are solved analytically for two simple examples. In the latter appli-
cation a discretized version of the code describing the state equations is differentiated
to obtain first order forward sensitivity and first and second order adjoint codes.

Directional second order derivatives are often estimated using directional finite

differences based on a first order adjoint code,

0?G _ VG +eu) - VG(p*)

~

(1.10) —
op? p=p* €

)

which requires two state and adjoint integrations, one at p* and one at p* + cu.
The cheap gradient result of automatic differentiation (AD) [9] states that vector-
matrix products can be evaluated for less than the cost of four function evaluations
(in this case a state integration (1.1)). Similarly, according to the cheap Hessian
result [9], a directional second order derivative can be calculated for less than the cost
of ten function evaluations. Thus, one would not expect a directional second order
adjoint (dSOA) method to be competitive computationally with finite differences, as
confirmed by the computational results in [12, 22]. However, we will show that the
method proposed in this paper is capable of computing accurate directional second
order derivatives noticeably cheaper than finite differences. Furthermore, the choice
of € in (1.10) is constrained by the need for accurate derivative approximations, on the
one hand, and the integration tolerance of the first order adjoint code, on the other
hand. Often it is difficult or impossible to find a suitable choice of € for a particular
problem. In contrast, the dSOA method described in this paper computes derivatives
to the accuracy of the integration tolerance, a numerical parameter that is easy to set
and adjust.
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In this paper we extend the earlier second order adjoint analysis results to gen-
eral second order directional derivatives of stiff ODE embedded functionals. For stiff
ODEs, differentiation of the entire stiff integration scheme is unreasonable considering
the complex code structure of established methods for stiff integration. We propose a
numerical procedure that combines AD with numerical integration methods that ex-
ploit the structure of the forward and adjoint sensitivity systems by leaving the code
for integration intact and constructing sensitivity and adjoint systems individually.
This targeted AD approach employing the “differentiate then discretize” strategy al-
lows us to avoid differentiation of the corrector iteration within a multistep integration
scheme and to take advantage of the staggered corrector method for large systems.
Our strategy applies equally well to nonstiff ODEs. However, the absence of a cor-
rector iteration means that the computational efficiency will remain comparable with
a “discretize than differentiate” strategy using AD. On the other hand, our approach
may remain attractive when compared with AD because it obviates the need to differ-
entiate any error control mechanism present and the implied difficulties in controlling
error in the computed derivatives.

In section 2, we provide a general derivation of the second order adjoint system
to obtain directional second order information and give alternative derivations analo-
gous to AD. Section 3 summarizes the numerical procedure for computing directional
second order adjoints (dASOA) and its implementation. Numerical experiments to elu-
cidate the computational advantages of our method are given in section 4, which is
followed by our conclusions.

2. Derivation of the directional second order adjoint system. The dSOA
system can be obtained by differentiating %—g in (1.6) for a second time with respect
to p:

0*G tr - . OF,
a7 =, \om e [F 07 0 1)

ty )
- / [—(9: © In,)) + AT Fr @ I,)) — (A" @ L, )]appdt

to

b oF, .
—/ z) [—gmp — Guatp + FIN, + N @ 1, )= — Ap] dt
to dp
t

(2.1) = (AT ® Iy, )wpp + 2] Ap] |t£ .
Now we can set the second order adjoint system as

. OF,

)‘P - F:;f)‘}’ = ()‘T by Inz)Tp - gzp - g:rzxpv
(2.2) Aplty) =0,
which with (1.7) simplifies (2.1) to

%G _

ty
o2 /t {gpp + GpaTp — [FgAp +(\'® L, ) (Fpp + Fpmzp)} }dt
0

(2.3) + [()‘T ® Inp)xpp + QTZ)\p] ‘t:tg'

Instead of solving an n, X n, system of ODEs in (2.2), we can postmultiply it by a
direction vector u € R™ to obtain

; OF,
/\Pu - FwT)‘pu = (/\T ® Inl)aipu - (gwp + gmzxp) u,

(2.4) At |y, =0,
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where the n2 x n, matrix 8;;; has the following entries:
[ _9%h O f1 0z 2 f1 f1 1y
Op10x1 ('):vf Ip1 Bpnpawl Sw% Bpnp
32f1 82f1 8wnm . 82f1 32f1 awnz
oF 0p10Ty, Oz Opi APy, 0T, 9x2  Opn,,
(2.5) T _ : :
ap 2 ’ 2 ’ 2 ’ 2
0% frny + 0" frny Ozy . 0% frg + 0" frny Oxy
Op1 0z, 0x? Op1 Opn,, 01 dx7 Opn,
3% fny fny OTny 0% fg + 0% fry OTny
L 8;01(915% 61%1 Op1 61771;,617@ BE%I 6Pnp B

Now by defining it = Apu, the dSOA equations become

p—Fip=M\"® In, ) (Foptt + Fog(2ptt)) = Goo(Tptt) — gapu,
(2.6) u(ts) = 0.
Hence we can calculate the directional second order derivative of G(p) by

0%G ts T T
il u = t {gpp U+ gpy (Tpu) — [Fp pA (A @ Ly, ) (Fpp u+ Fpe (xpu))] }dt

(2.7) + [T ® I, )wpp u+ ) 1]

t=tg ’
where z,u is obtained by solving the directional version of the first order forward
sensitivity equations (1.2) with s = z,u,
oF OF 8330

2.8 $ + — —u=0 ta) = =94
(2.8) 8+8x8+8pu , s(to) apu
For a system of ODEs defined as @+ F(¢,z) = 0, z(to) = zo(p), the directional second
order derivative reduces to

0%G

ty
= /t [9pp v+ gpe 8] dt + [()\T ® I, )Tpp u+ mg,u] |t:t0.
0

A more specific case can be constructed when %i; = gpp + Gpa®p = 0 and

(2.10) Ty lo—yy = In

2z

Now the exact Hessian-vector multiplication can be evaluated by calculating the sec-
ond order adjoint at the initial time. This specific case is presented in [21, 22].
Similar to the first order adjoint case, the directional second order derivative of a

2
point-form functional can be calculated using the identity g—pgh P %%'P' Then
the first order adjoint equation becomes

A =M =0,
(2.11) Aty (tr) = ga(ty),
where \;, = %/\. By defining ¢, = (/\p)tfu, the dSOA equations become
fi; = FF ey = (A, @ In,) (Fapti + Fras),
(2.12) 1(tp)ey = Goa(ty)s(ty) = gap(ty)u.
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Finally, the directional second order derivative of a point-form functional is obtained
from

0? ts
87112 u= /t —{F] e, + ()\tTf ® I, ) (Fpp u + Fpp ) }dt
0

+ gpp(ty) u+ gpa(tr) s(ty)

(2.13) + [()\tTf ® I, )Tpp u+ xgutf] _

The formulation of the first order (1.7) and directional second order (2.6) equa-
tions, directional first order sensitivity equations (2.8), along with the quadrature
equation (2.7) requires several vector-matrix, matrix-vector, and vector-matrix-vector

products, i.e.,

F; s+ Fpu,

ARy,

Fp,

N @ L,,)(Fopu + Fyp s),

Gz 8 — JapU,

9pp U+ Gpa S,
FgU‘F(AT@InP)(Fpp u+ Fyy s),
AT &I, )y u+ acgu.

These terms should be calculated accurately and efficiently for a successful implemen-
tation of the dSOA method.

2.1. Obtaining first and second order derivative information via AD.
First and second order derivative information of vector functions which are a compo-
sition of twice continuously differentiable elementary functions can be obtained using
the forward and reverse modes of AD [9]. The forward mode of calculating the first
derivative vectors gives the tangents y = F’(x)# for a certain seed direction &, whereas
the reverse mode gives the gradients Z = §F’(x) for the weight functions . The cost
of the forward propagation for the tangents will increase linearly with n,, the number
of parameters (also, the number of domain directions 4 along which we want to dif-
ferentiate). The cost for the reverse (adjoint) mode, on the other hand, depends on
the number of gradients to be evaluated. This result can also be seen from first order
adjoint system derivations [3]. To obtain the second order derivative information in
the form of Hessian-vector products there are four different options, namely,

1. applying the adjoint mode for the second time to the adjoint mode results
(adjoints of adjoints),
2. using the forward mode over the forward mode results (forward over forward
mode (FOF) [8]),
3. applying the forward mode to adjoint (reverse) mode results (tangents of
adjoints [9] or forward over reverse mode (FOR) [8]),
4. applying the reverse mode to tangent mode results.
An analogous analysis of the methods for the derivation of the dSOA equations is
given in Appendix B.

It has been shown [9] that adjoints of adjoints can be realized as tangents of ad-

joints. Recalling the cheap gradient and cheap Hessian results mentioned in section 1,
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the accurate and efficient calculation of the terms required by the method presented
in this paper call for an AD tool with forward and reverse mode capabilities to be
employed.

3. Numerical procedure and implementation. The evaluation of the second
order directional derivatives of stiff ODE embedded functionals requires the solution
of the state equations and directional first order sensitivities forward in time:

Z‘+F(t,$,p) :O? .'L'(t()) :xo(p)a
5+ Fys + Fpu =0, s(to) = (wpu) |i—y,-

At the final time point of the forward integration, initial values for the adjoint variables
should be calculated for point-form functionals. Then, first order adjoint and second
order directional adjoint equations must be integrated backward in time:

N - \TF, = —g,, AT (ty) =0,
b= FzT/“ = (>‘T ® Inm)(Ffﬂ;D“ + Fiz8) = Goxs — GapU, ﬂ(tf) =0.

It should be noted that the size of these four systems is independent of n,. Finally,
depending on the structure of the functional, a quadrature calculation (e.g., via an
efficient staggered method [14]) may be necessary to obtain the end result

e t oo
= {900 1+ gy 5 = [FF s+ (N7 @ L, ) (Fyp w+ Fyy) 5] e
to

+ [(/\T ® In,)Tpp u+ a:gu] t=ty’

This quadrature involves the calculation of n, quantities. This “weak” n,-dependence,
which is also present in the first order adjoint case (see section 1), should be noted,
especially when the cost of solving the state equations (i.e., cost of simulation) is
relatively small.

In general, the derivatives F,, F},, Fyp, Fyp, Fpe, and Fj), in the adjoint systems
and quadrature calculations will depend on the state variables x at each time point
of the backward integration. This dependence necessitates the storage and recovery
of the forward information to be utilized in the backward integration.

Numerical integration methods for stiff ODEs typically employ a corrector itera-
tion at each time step. Efficient methods exist that can exploit the similarity between
the corrector iteration for the state equations and those for the directional first order
sensitivities, in particular the staggered corrector method of [5]. This method per-
forms best when the number of directions is much less than n,, which is the situation
considered here. The second order adjoints can be interpreted as sensitivities of the
first order adjoints; therefore they can also be calculated employing a staggered cor-
rector method similar to the forward sensitivities. Again, this will perform best when
there is one or a small number of directions.

Considering these issues, the numerical procedure implemented involves a forward
integration using the staggered corrector method [5] to obtain the states and direc-
tional first order sensitivities in one or a small number of directions. These values are
stored. Subsequently, a backward integration is performed of the first order adjoint
and second order directional adjoint equations in one or a small number of directions,
once again, with the staggered corrector method. Finally, %u is evaluated at time
to from a quadrature calculation.
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We have implemented the above summarized procedure within a modified ver-
sion of DASPKADJOINT [4, 14], an adjoint sensitivity solver. Specifically, the afore-
mentioned code is modified to accommodate sensitivity calculations during backward
integration, to save and retrieve forward sensitivities, to calculate the second order
derivatives at the final step, and to perform these calculations for several directions.
These modifications are carried out only for the integration methods using direct
linear solvers.

The input information necessary to set up a given problem is similar to that of
DASPKADJOINT. However, in addition to the state and first order adjoint equations,
directional first order sensitivity and dSOA equations along with the integrands of the
quadrature are needed.

4. Numerical examples. We present three examples to showcase the effective-
ness and efficiency of the dSOA method, especially compared to the directional finite
difference approach with a first order adjoint code. Our first example is from the
optimal control literature. It consists of a small ODE system and a point-form func-
tional. Using a control parameterization discretization of the control, the number
of parameters can be increased. The second example is the two-dimensional (2-D)
heat equation. The PDE is reduced to a stiff ODE via the numerical method of lines
(NMOL). The number of state equations can become large by increasing the mesh.
The directional derivative of an integral-form functional is calculated. Boundary val-
ues and initial conditions are chosen as parameters along with two additional ones
from the PDE. Our final example is an industrial sterilization problem, which con-
tains PDEs from Fourier’s second law that are reduced to stiff ODEs with NMOL,
coupled with ODEs describing the kinetics of the system. Directional second order
derivatives of an integral-form functional are calculated considering boundary values
and initial conditions as parameters. Additional parameters are included by a control
parameterization.

The performance comparison of dSOA relative to the finite difference method
(FDM) and a simulation are presented in various cases with different problem struc-
tures, parameter types, and number of parameters, considering the elapsed CPU time
as a simple cost measure. It is reasonable to anticipate that the dSOA method will
take less than 4 times the time of a simulation if the quadrature calculations do not
dominate. This is because it requires one forward simulation combined with a direc-
tional sensitivity calculation, which can cost up to twice the cost of a single simulation.
Employing a similar reasoning for the backward integration, the cost for dSOA can
be anticipated to be between 2 and 4 times the cost of a simulation.

Numerical experiments are performed on a Pentium I11/733 MHz IBM machine
with 256 MB memory and running Linux kernel 2.4. All AD tasks are performed
by the AD tool TAMC [7]. DASPKADJOINT has a checkpointing scheme to reduce
the load on the active memory. However, no checkpointing is used for the following
examples.

4.1. van der Pol oscillator. This example is taken from the optimal control
literature [2]. The point-form functional is

The embedded ODE system consists of the three equations

1 — (1 —a3)a1 + a2 —v(p) =0,
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sz—Il:O,

iy — a7 — a3 —v(p)® =0,

where the control variable can be parameterized using a piecewise linear function on

a uniform time grid (At = t;41 — t;) of a given time range t1, ... ty,:

np—1
< Lot —t . t—t
t,p) = 1p (t (11— 1l
v(t,p) ; pl()[(w X )p +( RN )p 1}
The indicator function 1p,(¢) for the ith partition of the time domain, P;, is given by
1, teP;,
Lr.(8) = { 0, t¢ P,

The initial condition for the states is x(0) = (0 1 0), with 0 <¢ < ty, where t; = 5.0.
For this simple example the directional forward sensitivity equations are

—(1—23) (2z221+1) 0 —vp
s+ —1 0 0 |s+ 0(1><p) u =0,
—2x1 —21o 0 —2vv,

where 0(;,) denotes a 1 x p zero matrix. First order adjoint and dSOA equations
can be constructed as follows:

[ —(1-23) @wa+1) 0] 0
A— -1 0 0 A=—10 |,
—2x —2x9 0 1
9 T
—(1—23) (2zoz1+1) 0
i — -1 0 0| p=0\" &Is)Fus,
—21’1 —2.’E2 0
where
0 222 0 0 0O O -2 0 O
Fl.=]21 204 00 0 0 0 -2 0
0 0o o0O0O0 O 0 O
The quadrature for this example becomes
0%g tr T - T —Upp
22 u :/0 [ =T Opx1)y —2v0,7 Ju+ (A ®1,,) 0(pxp) u p dt.

—2(vaUp + vupy)

There are two main criteria with which to assess the performance of our dSOA
method. First, the cost of the method can be compared with the cost of a simulation

(SIM). Provided that there is enough memory for calculations, one would expect a
cost(dSOA)
cost(SIM)
increased. Secondly, we can compare the cost of calculating a directional second

order derivative with the dSOA method and the FDM. Our implementation of the
FDM consists of applying the first order adjoint method consecutively at a nominal

constant cost ratio of between 2 and 4 as the number of parameters is
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TABLE 4.1
Cost comparisons for the van der Pol oscillator example.

e g e
(CPU (s))

1 0.01 1.0 0.67

10 0.01 2.0 0.68

100 0.04 5.4 0.53

1000 0.22 21.1 0.48

2000 0.40 45.1 0.53

point and at a perturbed point in the given direction. A cost ratio % less

than 1.0 would mean that the dSOA method calculated the directional second order
derivatives more cheaply than the FDM. In other words, we can obtain second order
information not only with controlled accuracy but also cheaply.

Because the control vector parameterization for this example is done using a
piecewise linear approximation on a uniform partition of the time interval, the pos-
sibility of any discontinuity in the first and second order adjoint system should be
considered. A short argument demonstrating that one would not expect any “jumps”
in this example is given in Appendix C.

For test runs the following direction vector is chosen:

(i)
u={(—...,— |,
Np Np

2
which corresponds to a linear combination of all columns in the g—pg
where p* is

| p—p- matrix,

p* =(0.7,...,0.7).

For this example, the relative (RTOL) and absolute (ATOL) tolerances for the inte-
gration are both 1077,

In Table 4.1 a cost comparison between a simulation, dSOA, and FDM methods
presents two important results relevant to the dSOA method and other approaches to
calculating derivative information. The encouraging conclusion is that by the dSOA
method the second order directional derivative can be calculated much more cheaply
than via the FDM. However, the cost of dSOA and obviously of FDM (considering

cost(FDM) _ cost(dSOA) (cost(dSOA) -1 3 ! R
cost(STM) — “cost(STM) (cost(FDM)) ) does not stay constant within the range 2-4.

This odd observation is in fact reasonable because of the “weak” dependence of the
methods on the number of parameters. Whenever the number of the parameters is
much larger than the number of state variables, the cost of calculating the quadra-
tures will dominate. For some problems, by exploiting the problem structure the cost
of quadrature calculations can be drastically reduced. For instance, because of the
nature of the piecewise linear control parameterization, only two quadratures have to
be calculated at any point in time since all the others will stay constant between two
consecutive mesh points. However, in general this reduction in the active quadrature
variables is not possible. As can be seen in the case when the control variables are

parameterized using Chebyshev polynomials over the whole time domain instead of
cost(dSOA)
cost(SIM)
increase proportionally with the number of parameters. This expected result con-

firms the “weak” dependence of the adjoint methods on the number of parameters

piecewise linear approximation (Table 4.2), the cost ratio will continue to
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TABLE 4.2
Cost comparisons for the van der Pol oscillator example (Chebyshev approzimation).

np | cost(SIM) %
(CPU (s))
1 0.01 1.0
10 0.01 1.0
100 0.01 10.2
1000 0.18 27.5
2000 0.62 28.4

and makes these methods effective mainly for large dynamic systems with many pa-
rameters, as shown in the following examples.

4.2. 2-D heat equation. This example, adapted from [3], consists of a system
of PDEs

2t = P1Zzx + P22yy,

posed on a 2-D unit square with zero Dirichlet boundary conditions. The nominal
values of p; and ps are equal to 1.0. Spatial derivatives are approximated by centered
finite difference approximations on a uniform grid of size M. The boundary conditions
are included in the discretized PDE, reducing the system to an ODE. The initial
conditions are posed as

z(0,z,y) = 162(1 — z)y(1l — y).

The functional we consider is of integral form, namely,

tp Mo
G(p) :/ Zzl dt,
to

i=1

where tg = 0 and ¢y = 0.16.

In contrast to the previous example, in the 2-D heat equation problem the number
of state variables, along with the parameters, which are the boundary conditions,
initial conditions, and two parameters from the original PDE, increase. The direction
is chosen to be

Uy = (1,0,...,0).

The RTOL for the integration is 108, whereas the ATOL is 1010,
Since the calculation of the quadratures does not dominate the computational

cost, a % ratio in the expected range 2-4 is observed (see column 4 in

Table 4.3). As in the previous example, the cost of calculating a directional second
order derivative with dSOA is lower than for the FDM, especially for larger problems
(column 5 in Table 4.3).

In some applications, such as biconjugate methods, two directional derivatives
can be desired at the same time. The performance of the dSOA method in obtaining
the derivatives in two directions is also very promising because the incremental cost
of computing the second and subsequent directions in the staggered corrector method
is typically much less than that for computing the first direction. For the following
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TABLE 4.3
Cost comparisons for 2-D heat equation example.

ne | me [ contsion) | isem | sumsa | won)
(M x M) (CPU (s))

1600 1762 5.83 3.7 0.79 1.31
6400 6722 70.55 3.0 0.70 1.24
10000 10402 179.53 2.7 0.67 1.30
22500 23102 932.84 3.0 0.62 1.13

two directions,

w = (1,0,...,0),

(G 3)
Ug = | — - — |
np Np

when we compare the computational cost of the second order derivatives in these two
directions at the same time with the cost of calculating the first column of the Hessian
matrix, i.e., in the direction u; only, we observe that additional directional derivatives
can be obtained even “cheaper” (column 6 in Table 4.3).

4.3. Industrial sterilization of canned foods. The problem of industrial
sterilization [2, 1] is considered as the third example. This involves modeling heating
and thermal degradation processes. Heating of the canned foods by conduction is
modeled by employing Fourier’s second law on cylindrical coordinates,

1
T =« <Trr + =T, +Tzz>7
T

with r € [0, R], z € [0, L], the boundary conditions

T(R,z,t) = v(p,t),
T(r,L,t) = v(p,t),
T,.(0,2,t) = 0.0
T.(r,0,t) = 0.0
and the initial conditions
T(r,z,0) =Tp.

At r = 0 the singularity is eliminated by applying L’Hospital’s rule to obtain an
equivalent expression. NMOL is used to transform the PDE into a set of ODEs on an
M x N grid. The spatial derivatives are approximated on a uniform grid by different
methods, depending on the physical location of the grid points. At the outermost
grid points the derivatives are approximated by

Of (@:) _ f(wiv1) +2f(wig2) — f(wigs) — 2f (@)
ox 2Ax

and

Pfi)  f@irs) = 4f (@ire) = f(wia) +4f (@)
Ox? 4Ax?
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TABLE 4.4
Data for the canned food sterilization example.

Cno 1 x 108
Co 1.0
Ty 71.11 °C

T, ref 121.11 °C
e 24005
Us

TJZ:Z; 121.11 °C
ZN ref 25.56 °C
DN ref 10716.0 s
R 0.04375 m

L 0.058 m

vT 3.488 x 10~% m?3

o | 1.5443 x 10~7" m? s~

for the first order and second order cases, respectively. The second order derivatives
at the next interior grid points are approximated by the formula

Pf(xi)  f(wive) + f(@iv1) = 5f(xi) +3f(wi1)

~

Ox2 472 ’

whereas the rest of the grid is approximated by centered finite differences. In the
above, x stands for r or z.

Pseudo—first order kinetics for the thermal degradation of both the nutrients and
microbial spores are described as follows:

In10 T t) — T re
Omt—_( - )CmeXP< (T,Z7) : f1n10>7

Dm,ref Zm,ref
In10 T T,Z,t - Tn,ra
Cne=— (Dn,ref) C), exp ( ( Z:,ref ! In 10),

with initial conditions C,,(0) = Cyg and C,,(0) = C,,q, respectively.
We consider the final retention of a nutrient as our functional, i.e.,

1V ~In10 [% T(r,2,t) — Ty res
G(p) = —/ exp [ / exp ( s =L In 10) dt} dv,
VT 0 Dn,ref to Zn,ref

where v(t,p) = Tretort(t), describing the parameterized control variable Tretort, With
to = 0 and ty = 8000. All other parameters defining the canned food sterilization
example are given in Table 4.4.

In this case, the number of parameters can be increased in two ways: either by
increasing the number of state equations or by applying a finer control parameter-
ization. In this sense, this problem is a combination of the previous two examples
and exercises many features of our general dSOA formulation. We obtain the dSOA
result at nearly 2.5 times the cost of a single state system simulation (see column 4
in Table 4.5). Similar to the van der Pol oscillator example, the quadrature calcula-
tions here become costly as the number of parameters gets larger with respect to the

. . . cost(dSOA)
number of state variables, increasing the cosi(STA).

50-55% of the FDM cost is sufficient for calculating a directional second order deriva-
tive (column 5 in Table 4.5). For this example, we have used a piecewise linear control

ratio. Nevertheless, in general
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TABLE 4.5
Cost comparisons for canned food sterilization example.

ne | e | oo | ien | e
(3 x (M x N)) (CPU (s))

75 175 3.85 2.2 0.51

75 575 17.60 3.5 0.48

300 400 73.92 2.2 0.53

300 800 333.60 2.6 0.54

1200 1300 1273.40 2.4 0.50

parameterization on a uniform grid (see section 4.1) with constant reference values of
100.0 (i.e., Tretort = 100.0). The second order derivative is calculated for the direction

uy = (1,0,...,0),
at an RTOL of 10~7 and ATOL of 102,

5. Conclusions. A second order adjoint method is proposed for calculating di-
rectional second order derivative information for stiff ODE embedded functionals. By
applying a targeted version of algorithmic differentiation to construct the govern-
ing ODEs instead of its direct application to a discretized code, we can exploit the
structure of the state, sensitivity, and adjoint systems within a state-of-the-art stiff
ODE and sensitivity solver. This “differentiate then discretize” strategy is shown to
achieve a much better performance than the “discretize then differentiate” strategy if
the quadrature calculation does not dominate.

The dSOA method is implemented by modification of an existing first order ad-
joint sensitivity solver, DASPKADJOINT, and used to solve several problems with
different structure and size. In all cases, dSOA outperforms the directional FDM
based on a first order adjoint code; i.e., accurate error controlled directional second
order information can be obtained with dSOA at a much lower computational cost.
Moreover, an additional direction can be calculated for an even lower incremental cost.
The results presented should prove significant in applications where directional second
order information (Hessian-vector products) is required, such as conjugate gradient
or Arnoldi methods. Biconjugate methods can benefit from dSOA even more.

A natural extension of the dSOA method to DAE systems is in progress. The
solution of dynamic optimization problems via a “dSOA powered” truncated Newton
method and the method’s application to hybrid systems [6] are our two main future
research directions.

The staggered corrector method offers computational advantages only when a di-
rect linear solver is employed for the corrector iteration. Often, iterative linear solvers
are used for the corrector iteration, particularly NMOL discretizations of PDEs. It
would be worthwhile to explore dSOA in conjunction with numerical integration
schemes more suitable for iterative linear solvers [19].

Appendix A. Notation for derivatives of vectors and matrices. Consider
an (ng, x 1) vector F,

h
f2
F— .

fn;fl
fr.
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The derivative of vector F' with respect to p is defined as

% aafl
P Pn
PR ’
P = ap - .8 : :
fne .. Ofna

ap1 Opn,,

Moreover, the derivative of F}, with respect to x is written as

roa%f o 9% T
Ox10p1 O0Tn, Op1
9% f1 N o s
0z10pn,, O0n, Opn,
O*F : : )

pr = ozon  |: : K
0
R

0x10p1 axnw Op1
fng .. _OPfng

L 0210pn, 0Ty Opny, |

which is an n, - n; x n; matrix. In addition,

OF,
dp

= Fpp®p + Fyyp.

The Kronecker product is denoted by ®. If A is an r X s and B an ¢ X v matrix, then
their Kronecker product, an r -t x s - u matrix, is formed by replacing each a;; in A
by a;; B [17]. The derivative of matrix products is given as

9] oC 0A
—AC=(A)—+ (I, CT)=—
Or (A® 1) Ox +(I-eCh) ox’

where A is an r X s and C an s x t matrix. I; and I, are identity matrices of size ¢

and r, respectively.

Appendix B. Analysis of methods for obtaining directional second
order information. There appear to be four different approaches to computing
%QT?U, analogous to the options for AD described in section 2.1, namely, adjoint over
adjoint, adjoint over forward, forward over forward, and forward over adjoint.

Equations (1.7) and (2.6)—(2.8) describe the forward over adjoint method, which
requires the forward integration of the state and directional first order sensitivities
(2 X ng equations) and a backward integration of the first order adjoint model along
with the “directional sensitivities of the adjoint” system (another 2 x n, equations).
The first order adjoint equation eliminates the x,, term, and the second order adjoint
equation gets rid of the 1 term in (2.1).

The directional second order sensitivity of G (or g) with respect to p can also
be obtained by solving a subset of the forward sensitivity equations for the state
variables. This is actually the forward over forward method, which requires a system of
2Xngz+n, XNy, equations to be integrated forward in time, provided that gpu+gz.s =
0. In this method, the directional second order sensitivity equation becomes

aFP —

(B.1) Sp+ Fusp+ (I, ®s7) 88];”” + (In, ®u")
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Note that s, is equal to
(B.2) $p = (In, @ u”) zpp;

therefore, postmultiplying s, with the same directional vector v and defining z, = spu,
equation (B.1) becomes

. T aFw T % _
(B.3) Zp+ Fozp+ (In, @ s") o u+ (In, ®u") op u=0.

The directional second order derivative of g can be calculated using

d%g
e u = (90 @ 1n,) Tpp u+ 2" (Gup U+ Guw ) + Gpp U+ Gpa S] =ty

p=p*

which still requires the computation of matrix z,7 (when g,pu + gz.s # 0) and,
moreover, T, %. The latter is needed because premultiplication of z, with the pseu-
doinverse of (I,,, ® uT) does not yield the required term.

2
%p? can be

For the adjoint over forward method the equation for calculating
written as

9°G ts . T
o :/ [(ggﬂ ©l,)-i" (F,®1I,)+j } Tpp dt
P to
ty
"‘/t [xf(gxp + 9za®p) + Gpp + Gpa®p + (In, ® xg)(cmp + mep)] dt
i
(B.4) _/ (A" Fpp — i Fypp) dt,

to

which does not eliminate the x;[; term and introduces an (ng.n, X n,) matrix f.
Finally, the adjoint over adjoint method yields

902G ts T
Tpg = /t [gpzxp + Gpp T Ty (Gzp + Joa®p) + (9o @ Inp)xpp] dt
0 tf .
+/ (Fp + Froxp + @p)" pg dt
t
o
(B.5) +/ T P‘p - Ff)‘p -(\'e In,)(Faotp + Fup) + gap + gmffp} dt,
to

which is equivalent to

0%G ts
ap? :/ [gpzxp + gpp t Ig (Gap + Goap) + (g2 ® Inp)xpp} dt
to

ty
. t
+/ (FpTux +w§Fguz - xium) dt+ (me) r
to

ty
+/ [_ ﬂgj/\p _ME:FE)‘:U - M{(AT ®Inz)(Fwwxp+pr)

to

(B.6) + 115 (Gap + Guaty) ] dt + (HXAp) 1))
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or

0*G ts T

sz = / [gzwxp + Gpp T Ty (Yzp + Gzap) + (g2 ® Inp)xpp] dt
to

tf
+/ (_xz?llw - M{FzT/\p - M{(/\T Y Inm)(Fwwxp + FIP) +M§:(gl‘17 + gw;xp))dt

to

ty
+/ (=3 Ap + F o + ) FF ) dt

to
(B7)  + (i Ap) i + (wp a) [1] -

If pup = Ap and py = —x,p, equation (B.7) yields the second order adjoint equations and
first order sensitivity equations. After also applying the direct derivation in section 2,
we achieve the same result as in the forward over adjoint method.

Neither forward over forward nor adjoint over forward methods can avoid the
calculation of the full first order sensitivity matrix (). On the other hand, forward
over adjoint and adjoint over adjoint methods for the derivation of the directional
second order derivatives result in equivalent formulations eliminating the scaling with
the number of parameters. From a numerical implementation perspective, the forward
over adjoint method is favored since it enables efficient forward sensitivity calculation
methods to be exploited.

Appendix C. About the second order information for discontinuous
systems. A scalar valued function is given,

ty
() G(r) = [ ottalt.p) i,

to
which is related to the ODE system
(02) '1:+F(t7x7p) :Oa tO Stgtfa 1‘(t0+0) :xo(t07p)a
where
(03) F(-)EFi(t,I,p), tic1 <t<t, 1=1,2,...,n,
(C.4) F()=Fy1(t,z,p), t, <t<ts.

The “switching conditions” are given by continuously differentiable functions
(C.5) hi(ti,x;(t; —0),p) =0, i=1,2,...,n, to=to(p).
Let us define the vector x at switching instants by the equations

xi(t; +0) = x;(t; — 0) + Ay (ti,2:(t; — 0),p), i=1,2,...,n,
(C.6) xo(to + 0) = zo(to,p),

where A;(+) are also continuously differentiable vector functions. The derivation of

the first order sensitivities of the functional with respect to the parameters, i.e., %,
provides the first order adjoint equations and the switching conditions of the adjoints

[18]. These switching conditions are

M (ti —0) = {AT(E +0) {I T (‘mi

YRR - — Fita(t i
gt =0y T oy, Tl +0)>a]

(07) + (g(tl - O) - g(tl + 0)) ai} (I - F’L(tl - O)ai)il ; 1= 1727 sy Ny
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where I is the identity matrix and a; is
Ohi()\ ([ Ohil)
C.8 i = — .
( ) @ < 8ti ) ze (ti — 0)

% for the discontinuous system differs from that of the continuous one by the fol-
lowing additional summands [18]:

n

> { |:g<ti —0) + A" (t; — 0) Fy(t; — 0) — g(t: +0)

i=1

0A;
= ATt + 0) Py (t: +0) + AT (8 + 0) }bi

T 0D
(C.9) + N+ 0) ok ¢

where

o e(3))

Consider a system where the state variables are continuous, i.e., A; = 0, and the
switching conditions are

tp—t
(C.11) hi(ti,ai(t; —0),p)=t; — L —% =0, i=1,2,...,n
n,—1

Then we will have a; = 0, b; = 0, which implies that the adjoints for this system
are also continuous (see (C.7)). Since the second order adjoints are equivalent to the
sensitivities of the first order adjoints, they will also be continuous, provided that “the
event time does not depend on the parameters” [6]. For the second order adjoints to
have jumps when the first order adjoints are continuous, b; should be nonzero.
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