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Abstract

Distributions appear in many forms in models of chemical engineering systems. Such
distributions account for microscopic variability in the system while simultaneously
explaining its macroscopic properties. These macroscopic properties are often of
practical engineering interest. Thus, it is valuable to be able to characterize the
underlying distributions that affect them.

Recently, in the mathematical programming literature, it was shown that it is
possible to optimize a linear objective over a set of distributions by solving a specific
type of convex optimization problem called a semidefinite program (SDP). From
a theoretical perspective, SDPs can be solved efficiently. Furthermore, there exist
several off-the-shelf codes designed specifically to solve SDPs.

This thesis demonstrates how these theoretical and practical advancements can be
applied to chemical engineering problems featuring distributions. Broadly speaking,
it shows how, given limited information about a distribution, one can use SDPs to
calculate mathematically rigorous bounds on various descriptions of that distribution.

Two specific types of distributions are examined: particle size distributions and
probability distributions arising in stochastic chemical kinetics, with the majority
of the thesis covering the latter topic. The SDP-based bounding method described
herein provides a rigorous solution to the long-standing “moment closure problem”
arising in stochastic chemical kinetics. Moreover, it provides a means of analyzing
of stochastic chemical kinetic systems which cannot be effectively analyzed using
existing methods. The bounding method does have some limitations, and we present
several refinements of the method aimed at overcoming these limitations. Finally, we
discuss several ideas through which the bounding method may be further improved,
which have not yet been explored.

Thesis Supervisor: Paul I. Barton
Title: Lammont du Pont Professor of Chemical Engineering






Baby steps... All I have to do
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and I can do anything.

BOB WILEY






Acknowledgments

A lot of people helped me on the way to my PhD, sometimes directly but more often
indirectly, by just being a source of happiness in my life. In particular, I would like

to thank the following people, in (mostly) random order:

e Paul Barton, for taking a gamble on me, and accepting me as your student,
nearly 5 years ago. You and I weren’t always best friends, but I appreciate
what you did for me as my research advisor. In particular, first, you made sure
that 1 always had funding. I never had to write a proposal just to keep my
project going. Second, every time I gave you a paper to read, you read it very
carefully, thinking through every statement I made. I didn’t appreciate just how
much endurance that required until I had to proofread someone’s mathematical
writing myself. Third, you gave me a lot of freedom in pursuing an area that
interested me, even though it was a little outside of the group’s comfort zone.

For all this, thank you.

e Rahul Misra, for being my running buddy for the past several years. 7:30 AM
seemed earlier and earlier each year, didn’t it? These opportunities to let off
some steam (both with the run itself and the post-run venting sessions) helped

keep me sane.

e Ananth Govind Rajan, for a being a friend with whom I felt I could talk about
anything, with no fear of judgment, and no filter. I'm going to miss our walks

around the Charles.

e Stuart Harwood, for being my “mathematical big brother” when I first joined

the Barton group, and patiently answering my countably infinite questions.
e Omar Labban, for being my gardening buddy. That watermelon was delicious.
e Evan Waldheter, for coaching me through a particularly trying time at MIT.

o Jeffrey Heier, for sewing my retina back onto my eyeball, when it very inconve-

niently decided to peel off during finals week of the first semester.



Lucas at the Koch Cafe, for your generous “half-sized” portions of food.

Harry Watson, for introducing me to the idea that “perfect is the enemy of

good”.

Jose Gomez, for providing dating advice and good-humored distractions from
research. Thank you, also, for being my guide and translator during our trip to

Spain, and for supporting my dancing habits.

Rohit Kannan, for your wry sense of humor, and for being the first person I
turned to with my tricky mathematical questions in the middle years of my

PhD.

David Qiu, for being a constant presence at Ashdown events, and for alerting

me to opportunities for free food.
Amir Akbari, for being my companion on many little weekend excursions.

Matias Vikse, for keeping me entertained with a steady stream of outrageous
statements, and for teaching me useful Norwegian expressions like “handsome

in biscuits”, “hey haircut”, and “slippers hero”.

Leia Dwyer, for including me in her social circles, especially during the first year,
and for introducing me to many of the lovely hiking trails that New Hampshire

has to offer.

Kristen Severson, for being a lunch buddy, a fellow yogi, and excellent host for

many game nights and get-togethers at her place.
Max Jordan, for being my sailing buddy.

Zsigi Varga, for being my fellow 10.34 TA. You did a good job making sure that
we met all the deadlines, while I was busy wringing my hands over mathematical

details. T’ll never forget that congratulatory cake.

Maria Tou, for being a pleasant teammate at Practice School and travel com-

panion in Barcelona.



Fara Lyu, for being a pleasant teammate at Practice School, and the leader of

my favorite project team.

Francesco for showing courage in speaking openly about mental health, and

making it easier for me to do the same.

Shawn Ferrulo, for patiently answering my seemingly endless list of health-

related questions.

Johannes Jaeschke, for being a pleasant guest in 66-270, and for valuing your

family above your work.

Peter Stechlinksi, for memorable mathematical conversations on the whiteboard

in the lab, and for graciously hosting me and Matias on a weekend trip to Maine.

Alin Tomescu, for being one of my regular lunch buddies, and for being honest

about how you feel, at the risk of not being politically correct.

Andrew Zmolek, for being a good roommate, and for commiserating with me

about grad student life.

Andrew Fiore, for being an enthusiastic attendee of “Puzzle Lunch Tuesdays”,
and for providing the puzzling group with high-quality wax color print-outs for

those puzzles for which the usual black and white simply wouldn’t cut it.

Brinda Monian, for introducing me to the simple pleasure of caring for house-

plants.

Lenny Ferrari, for shooting the breeze with me in Ashdown’s courtyard about

the progress of our respective gardens.

Lucas Caretta, for being a lunch buddy and a reminder of good times in Bay-

town, Texas.

Martin Copenhaver, for being a reminder of good times at Georgia Tech, and

for pointing me in the right direction when I was searching for a job.



Mike, for shooting the breeze with me in the hallways of Building 66.
Natasha Seelam, for helping me get REFS-X up and running.

Nick Schickel, for being one of the most reliable attendees of “Puzzle Lunch

Tuesdays”.

Richard Zhang, for being a good roommate, and for tutoring me with im-

promptu math lessons on the whiteboard in the kitchen.

Sihang He, for joining me for breakfast in Ashdown’s courtyard, and for being
my companion on many little adventures during the Summer of 2018 — including

a memorable trip to Walden Pond.

Tay Yang, for commiserating with me about PhD student life, and for reminding

me of fun times at when we were roommates at Georgia Tech.

Andrea Carney, for all the pleasant conversation when I visited Ashdown’s front

desk.

Yijin Wei, for being my cooking buddy, for getting me involved in volunteering

with GSC.

John Gallagher, for hanging 5 pieces of art on the wall of my apartment, and

for replacing the window screen draw-chain approximately 37 times.

My grandfather, Bobby Dowdy, for our semi-regular phone calls, which both
entertained me and helped me remember that there is a wide world beyond

MIT.

My grandmother, Peggy Hobbs, for our semi-regular phone calls, in which you

never failed to remind me that I am loved.

Mom, Dad, and my sister Lindsey, for our weekly “Family Skype Time”, which
helped remind me that life goes on outside of MIT; for our memorable trips to

Hawaii, Banff, the Hike Inn, Cape Cod, the White Mountains, and Idaho (to

10



see the eclipse); for giving me a place to go home to every Christmas, where
I could be a kid again, dropping the pretense of being a young professional;
and, most importantly, for loving me regardless of the number of papers I have

published and the number of awards I can list on my résumé.

11



12



Contents

1__Introduction| 27
(LT OVerviewl. . . . . . . . o o o e 27
(.2 Thesis Contributions and Structurel . . . . . . .. ... ... ... 28

7B ] Particle Size Distibutions 31
2.1 Introduction| . . . . . . . . ..o 31

[2.1.1  Descriptions of PSDs| . . . . . . ... ..o 34
[2.2  Restrictions on Moment Sequences| . . . . . . .. ... ... ... .. 36
.21 Notationl. . . . . . . . .. 36
2.2.2 [LMI Constraints on Moments| . . . ... ... ... ... ... 37
[2.3  Bounds on Various Descriptions of PSDs . . . . . . . . ... ... 38
[2.3.1 Number of particles in a size interval| . . . . . . ... ... .. 38
[2.3.2  Bounds on PSD histograms| . . . . .. ... ... ... .. .. 46
2.3.3 Boundson the CDEl . . .. ... ... ... ... ....... 48
.34 DBoundson Davalues . . . . .. ..o 54
[2.4  More Moments Lead to Tighter Bounds|. . . . . . .. ... ... ... 59
[2.4.1 Examplel . . . . ..o 60
2.0 PExtensions| . . . . . . . ... oo 61
2.6 Conclusionl. . . . . . ... 63




[3.2.2  Stochastic Chemical Kinetics Notationl . . . . . ... ... .. 70
[3.2.3  Invariants and Independent Species| . . . . . . . ... ... L. 70
[3.2.4  'T'he Chemical Master Equation| . . . . . . . . ... ... ... 72
3.2.5 Moments in Stochastic Chemical Kineticsl . . . . ... .. .. 73
[3.2.6  The Closure Problem| . . . . . . .. ... ... ... ... ... 75
[3.2.7  Closure Scheme Approximations| . . . . . . . . . ... ... .. 76
[3.3  The Bounding Method| . . . . . . ... ... ... .. ... ...... 7
[3.3.1 The Paradigm|. . . . . . ... ... ... ... .. ....... 7
[3.3.2  Necessary Steady-State Moment Conditions| . . . . . . . . .. 79
[3.3.3 A Semidefinite Program| . . . . . . . ... ... 81
3.3.4  Conservatism in the Boundd . . . . ... ... ... ... ... 82
[3.3.5 Scaling| . . . . ... 84
[3.4  Mean-Bounding Examples| . . . . . . ... ..o 85
(.41 Michaelis-Mentenl . . . . . .. ..o oo 85
[3.4.2 Reversible Dimerizationl . . . . . ... ... ... .. ... .. 86
[3.4.3 Schlogll . . . . . .. .. 89
[3.4.4 A Larger Example| . . . . . .. ... 90
(3.0 Variance Boundsl . . . . . .. .. ... Lo 92
[3.5.1 An Upper-Bounding SDP| . . . . . ... ... ... ... ... 94
[3.5.2 A Lower-Bounding SDP7. . . . ... .. ... ... ... ... 96
[3.6  Variance-Bounding Examples . . . . . ... ... ... ... .. .. 97
(3.6.1 Michaelis-Menten| . . . . . . ... ... o oo 97
[3.6.2 Reversible Dimerizationl . . . . . ... .. ... ... ... .. 97
[3.6.3 Schlogll . . . ... ..o 100
[3.6.4 A Larger Example| . . . . . ... ... 0000 100
[3.7  Bounds on Probability| . . . . ... ... ... 00000 100
[3.7.1 " An Upper Bounding SDP| . . . ... ... .. ... ... ... 102
[3.7.2 A Lower Bounding SDP| . . . . ... .. ... ... ... ... 103
[3.7.3  Bounds on a Histogram| . . . . ... ... ... . ....... 103




(3.8.1 Michaelis-Menten| . . . . . . ... ... 0oL 105
[3.8.2 Reversible Dimerizationl . . . . . ... ... ... ... .. .. 105
[3.8.3 Schlogll . . . ... ..o 108
[3.8.4 Larger Examplel . . . . . ... ... 110

[3.9 Other Probability Bounds| . . . . . ... ... ... ... ... .... 110
[3.10 Size of the Semidefinite Programs| . . . . . . . . . ... ... ... .. 111
B.11 Conclusionl. . . . . . . ..o L 112
[3.12 Implementation Details| . . . . . . . ... ... ... ... ... ... 114
[4 Dynamic Bounds on Stochastic Chemical Kinetic Systems Using |
[ Semidefinite Programming| 115
M1 Introduction|. . . . . . . . ..o 115
4.2 Mathematical Background| . . . . . . . ... ... ... ... ... 116
2.1 Mathematical Notationl . . . . . . . . ... .. ... ... ... 116
“.2.2 Stochastic Chemical Kinetics Notationl . . . . . . .. . .. .. 116
[4.2.3  Invariants and Independent Species| . . . . . . . . .. ... .. 117
[4.2.4 A Reduced State Space|. . . . . . . . ... ... 118
[4.2.5  'T'he Chemical Master kquation| . . . . . . . . ... ... ... 119
4.2.6  Moments in Stochastic Chemical Kineticsl . . . . . .. . . .. 120
4.2.7 The Closure Problem| . . . . . .. .. ... ... ... ... .. 121

4.3 Bounds on Dynamic Systems| . . . . . ... ... ... .. .. ... 122
[4.3.1 The Paradigm|. . . . . ... ... ... ... ... ... ..., 122
[4.3.2  Necessary Moment Conditions| . . . . . . . .. .. ... .... 124
[4.3.3  Necessary Conditions on the Generalized Moments| . . . . . . 127
[4.3.4 A Semidefinite Program| . . . . . . ... ... 129
“.3.5 Irrelevance of Intermediate Time Pointsl. . . . . . .. . . . .. 129
[4.3.6  Inspiration from Previous Workl . . . . . . .. ... ... ... 130
[4.3.7  Choosing the Valuesot p . . . . . . . .. ... ... ... ... 132
[4.3.8  Bounds on Higher-Order Moments| . . . . .. ... ... ... 133

15



4.3.10 Conservatism in the Boundd . . . . ... ... ... ... ... 135
[4.3.11 Scaling] . . . . . . . . . . 136
[4.3.12 Practical Applications| . . . . . . . .. ... ... ... ..., 136

4.4 Toy Examplel . . . . . . .. 137
441  Mean and Variance Boundd . . . . ... ... ... ... ... 137
[4.4.2  Increasing the valueof m|. . . . . . . . . ... ... . 138
[4.4.3  Using more valuesof p| . . . . . . . ... ... .. ... .... 138

[4.5 A Bit More Complexity] . . . ... .. .. ... ... ... ...... 143
4.5.1  Mean and Variance Boundsl . . . . ... ... ... ... ... 143
[4.5.2  Using more valuesof p| . . . . . . . .. ... ... ... .... 143
[4.5.3  Sensitivity of the Valuesof p[. . . . . . . . ... ... ... .. 145

4.6 Complex Eigenvalues . . . . . ... ... ... ... ... ... 146
4. r  Perfect Bounds in the Absence of the Closure Probleml . . . . . . .. 150
4.8 Uncertainty in the Initial State] . . . . . . . ... ... .. ... ... 152
(4.9 A Larger Examplel . . . . . . ... ... L0 154
[4.10 Comparison with SSA| . . . . . ... ... ... 156
[4.11 An Open System| . . . . . . . . .. ... 157
[4.12 Next Steps: Bounds on Probability| . . . . . . .. .. ... ... ... 157
M.13 Conclusionl. . . . . . .. o 158
[4.14 Implementation Details| . . . . . . . ... ... ... ... ... 160
[> Improved Bounds on Stochastic Chemical Kinetic Systems through |
[  an Alternative Representation of State Space| 161
.1 Introduction| . . . . . . . ..o 161
b.2 Notationl . . . . . . . . . . 162
b3 Previous Workl . . . .. ..o 163
0.3.1 Invariants and Reduced Reachable States|. . . . . . ... . .. 163
[5.3.2 A Reduced Probability Distribution|. . . . . . . . .. ... .. 165
0.3.3  Moments of the Reduced Distributionl. . . . . . . .. ... .. 165

16



[5.3.4  The Bounding Paradigm| . . . . . ... ... ... ....... 166

[5.3.5 Necessary Conditions on the Moment Sequences| . . . . . . . . 166
[5.3.6  Semidefinite Programs| . . . . . .. ..o 000000 169
5.3.7 X as an Outer-Approximation of X . . . . . . ... ... ... 172

[>.4 A Second Type of Outer-Approximation| . . . . . .. ... ... ... 172
[>.4.1 A Pathological Example| . . . . .. ... ... .. ... .... 172
[5.4.2  Implications for the Bounds| . . . . . .. ... ... ... ... 174
0.4.3  Generalizationl. . . . . .. ... L oo 176

5.5 An Alternative State Representation| . . . . . . . ... ... ... .. 177
[>.5.1 Redundancy in the State Representation . . . . . . . ... .. 177

[>.6  Alternative Formulation of the Bounding Method| . . . . . . . . . .. 179
[>.6.1 A New Probability Distribution| . . . . . . ... ... ... .. 179
062 Moments. . . . . ... o 179
[5.6.3  'The Bounding Paradigm| . . . . .. ... ... ... ...... 180
[5.6.4  Necessary Conditions on the Moment Sequence| . . . . . . .. 181
[5.6.5 Semidefinite Programs| . . . . . ... ..o 185

[>.7 Revisiting the Pathological Example| . . . . . .. .. ... ... ... 186
[>.7.1 Steady-State Analysis| . . . . . ... ..o 187
[>.7.2  Transient Analysis| . . . . . .. ... ... ... 187

.8 Discussionl . . . . . ..o 188
[>.8.1  Weakness of the Steady-State Bounds|. . . . . . . .. ... .. 188
[5.8.2  Strictly Better Bounds Are Not Guaranteed . . . . . . . . .. 189

H.9 Conclusionl. . . . . . . . . 189
[6 An Additional Steady-State Necessary Condition| 191
6.1 Introduction|. . . . . . . . ... .o 191
[6.2  Deriving the Necessary Condition| . . . . . . . ... ... ... .... 192
[6.3 Using the Necessary Conditions as Constraints| . . . . . . . . . . . .. 193
[6.3.1 Redundancy|. . . . .. ... ... 194

6.4 When Does it Help? . . ... ... ... ... ... ... ... 195

17



[6.4.2  An Invariant Polynomial| . . . . . . . .. ... ... ... ... 195
6.0 Examplel . . . ... 196
0.6 PExtensions|. . . . . . .. ... oo 197
6.7 Conclusionl. . . . . . . . .. 198

[7  Improved Numerical Performance Through Linear Programming Ap- |

[ proximations| 201
(.1 Introductionl . . . . . . . ... oo 201
(.2 Notationl . . . . . . . . . . . 201

(r.2.1 Invariants and Reduced Reachable States|. . . . . . .. .. .. 202
[7.3  Numerical Stability through an LP Relaxation| . . . . . . . ... . .. 204
[r.3.1 Relaxation Yields Valid Boundsl . . .. .. ... ... ... .. 204
[7.3.2  Relaxing the LMIs| . . . . . ... ... ... ... .. ..... 205
[7.3.3 Choosing Pand NVJ. . ... ... .. ... .. ... .. .. ... 207
[7.3.4 Small Example| . . . . .. 0000000 210
[7.3.5 Large Example] . . . . . ... ..o 212
[7.3.6  Summary| . . . ... .. 213
(.4 Iterative Refinement of LP Boundsl . . . . .. .. ... ... ... .. 214
[7.4.1 Calculation of Cutting Planes| . . . . . . . ... ... ... .. 214
[7.4.2 A Cutting Plane Algorithm| . . . . . .. ... ... ... ... 215
[7.4.3  Convergence|. . . . . . . . . . ... 217
[7.4.4 Small Examplel . . . . .. 00000000 220
[7.4.5 Large Example] . . . . . ... ..o 221
[7.4.6 Summary| . . . . .. ... 222
[7.5 Warm-Starting Pand NJ. . . . ... ... ... 223
(5.1 Derivation of the Dual SDPl . . . . .. .. ... ... .. ... 223
[7.5.2  Sum of Squared Polynomials Interpretation| . . . .. ... .. 228
[7.5.3  Dual Equivalent of the LP Relaxation of the Primal SDP| . . . 229
[7.5.4 'The Warm-Starting Algorithm|. . . . . . . .. ... ... ... 233

18



[8.1 Summary| . . . .. ...

[A Supplemental Material for Chapter [2|

A.0.1

Implementation Details|. . . . . . . ... ... ... ... ...

(A.0.3

Proot of Claim 1l . . . . . . . . . . . . ..

A.0.4

Condition ([2.7) implies nonnegativity of the moments| . . . . .

.05

Equivalence of Problems (2.10) and (2.11)| . . . . ... .. ..

[A.0.6

Sufficiency of the kth order LMIs| . . . . . . ... ... .. ..

A.0.7

Derivation ot lower bounding SDP|. . . . . ... ... ... ..

3038

Inconsistency of the “Dirac Delta Function™ . . . . . . .. ..

A0

Derivation of Problem (2.24)(. . . . . ... ... ... ... ..

[A.0.10 Proot of the Monotonicity of the CDF Bounds| . . . . . . . ..

[A.0.11 Algorithm for calculating a lower bound on the CDF| . . . . .

[A.0.12 Algorithm for calculating a lower bound on Daof . . . . . . ..

(B Supplemental Material for Chapter (3|

[B.0.2 Definition of Matrices M2 (), M2_(p), and M,” ()|

B.0.3 Derivation of LMIsl . . . . ... ... ... . 0000
[B.0.4  Proof that LMIs (3.27)) - (3.29) Imply (3.24) - (3.26)] . . . . .
B.0.5 Size of the SDPs . . . . . ... ... o oo
[B.0.6 Scaling|. . . ... ... . ..
[B.0.7  LMIs to Exclude Non-integer States|. . . . . . .. .. ... ..

3.0.8

Rate Constants for the Larger Examplef. . . . . . . . .. . ..

B3.0.9

Relative Probabilities tfor the Schlogl System| . . . . . . . . ..

19

239
239
239

243
243
243
245
247
247
248
249
251
252
253
255
256



[B.0.10 Number of States in the Larger Example] . . . . . . . . .. .. 283

[B.0.11 Derivation of SDP (3.39)[ . . . . . . ... ... ... ... ... 284

[C Supplemental Material for Chapter [4| 293
(C.1 TIntroduction|. . . . . . . .. . . o 293
(C.2 Complex Eigenvalues| . . . . .. ... ... ... ... ... ...... 293
(C.2.1 Linear Equations| . . . . . . . ... .. ... ... ... .... 293
(C.2.2 Additional Constraintsl . . . . . . . . ... .. ... ... ... 296
(C.2.3  Bringing It All Together| . . . . . . ... ... ... ... ... 299
(C.2.4 Complex Conjugates| . . . . . . ... ... ... ... ..... 300
(C.2.5 An Augmented SDP| . . . . . ... ... ... ... . ... 301

(C.3 The Absence of the Closure Problem| . . . . .. ... ... ... ... 303
(C.3.1 Theoretical Reasoningl . . . . . . ... ... ... ....... 303

[C.4 Bounds on Higher-Order Moments| . . . .. ... .. ... ... ... 307
[C.5 Proot of the Monotonicity of the Bounds with Increasing m|. . . . . . 309
[D Supplemental Material for Chapter [5| 315
(D.1 Introduction| . . . . . . . . . ..o 315
D.2 A Moment Enumeration Schemel. . . . . . . ... ..o 315
ID.3 Definition of M%(y), M®_ (y), and M,” i (y)|. - - - . . . . . . .. .. 316
(D.4 Derivation of LMIsl . . . . . . .. .o 316
(D.5 Construction of the C matrix] . . . . .. .. .. .. ... ... .. .. 316
[D.5.1 Linear Mapping Between Moments| . . . . ... ... ... .. 316
[D.5.2 Linear Mapping Between Time Derivatives . . . . . . . . . .. 318
D.5.3 Generalizationl . . . . . . . . . . ... ... 319
[D.6_Construction of the A® matrix]. . . . .. .. ... ... . ... .. 319
[D.6.1 Computing the a,; Coefficients] . . . . . ... ... ... ... 323

[D.7  Revisiting a Non-Pathological Examplel . . . . . . ... ... ... .. 325

20



List of Figures

[2-1 Upper bounds on a P5D Histogram.. . . . . . .. ... .. ... ... 48

[2-2  Cartoon example of the “stair-step” tunctions guaranteed to bound the |

true CDEY . . . o o o, 51

[2-3° CDF bounds with few test points.|. . . . . . ... ... ... ... .. 53

[2-4  Increasing the number of test points results in much smoother bound- |

ing functions.| . . . . . . ... 54

[2-5 Cartoon example of the graphical analysis used to obtain (approxi- |

mate) boundson Dav| . . . . ..o o000 o000 57
[2-6 Graphical analysis for obtaining (approximate) bounds on D50 . . . . 59
[2-7  Pointwise CDF bounds, varying the number of moments specified.| . . 61
[3-1 Bounds on the Michaelis-Menten system at steady state.| . . . . . .. 86
[3-2  Bounds on the Reversible Dimerization system at steady statel . . . . 87
[3-3  Bounds on the Schlogl system at steady state| . . . . . ... ... .. 91
[3-4 A larger reaction system| . . . . . . .. ..o 92
[3-5  Bounds on the larger reaction system in Figure|3-4| at steady state| . 93

[3-6  Bounds on variances for the Michaelis-Menten system at steady state] 98

[3-7  Bounds on variances for the Reversible Dimerization system at steady |

[3-8  Bounds on variances for the Schlogl system at steady state| . . . . . . 101

[3-9  Bounds on variances for the larger reaction system in Figure [3-4] at |

steady state.|. . . . . . . . 101

[3-10 Bounds on a histogram for the Michaelis-Menten System at steady state|ll106

21



[3-11 Bounds on a histogram for the Reversible Dimerization System at |

steady state] . . . . . .. 107

[3-12 Initial bounds on a histogram for the Schlogl System at steady state] . 108

[3-13 Bounds on a histogram for the Schlogl System at steady state] . . . . 109

[3-14 Bounds on a histogram for the larger reaction system in Figure [3-4] at |

steady state. . . . . . . 110
¥-1 Initial bounds on System (4.51)f . . . . . ... ... ... 0L 139
[4-2  Increasing the parameter m improves the quality of the bounds.| . . . 140
[4-3  Using an enlarged set ‘'R improves the quality of the bounds.| . . . . . 141

[4-4  Further enlarging the set 'R further improves the quality of the bounds.|142

[4-5  Using an enlarged ‘R improves the bounds.| . . . . . . . .. . ... .. 144

[4-6  Using an even larger set 'R even further improves the bounds.| . . . . 145

[4-7 A choice of ‘R that is slightly off does not dramatically deteriorate the |

bounds) . . . ... 147
[4-8 A very poor choice of 'R weakens the bounds.| . . . . ... ... ... 148
[4-9  Accounting for complex eigenvalues improves bounds.| . . . . . . . .. 150
[4-10 Pertect bounds in the absence of the closure problem.| . . . . . . . .. 151

4-11 Bounds on the mean and variance for Reaction System (4.53)) with an |

[4-12 A larger reaction system| . . . . . . . . . ... ... 155

[4-13 Bounds on the mean molecular counts of species A and H for the |

reaction system shown in Figure|4-12f. . . . . . . . .. ... .. ... 156

[4-14 Bounds on the mean molecular counts of species A and H for the |

reaction system shown in Figure[d-12}|. . . . . . . . .. ... ... .. 158
[>-1 Base-case time-varying bounds.| . . . . . . ... ... ... ... 176
[5>-2  Improvement in transient bounds.|. . . . . . . . . ... ... 188
[7-1 Bounds on the Michaelis-Menten system at steady state.| . . . . . .. 211
[7-2 A larger reaction system| . . . . . . .. ... ... 212

22



[7-3 A larger reaction system| . . . . . . ... ... L. 213

[7-4  Cutting plane bounds on the Michaelis-Menten system at steady state.| 221

[7-5  Cutting plane bounds on the larger reaction system.|. . . . . . . . .. 222

[7-6 Bounds on (P). generated through two different algorithms| . . . . . 237

[B-1 Relative probabilities for the Schlogl System over a range of parameter

values . ... e e e 282
[B-2  Alternative representation of Figure|3-4/. . . . . . .. ... ... ... 283
[C-1 Time-varying bounds on a third-order moment.| . . . . .. .. .. .. 308
[C-2 Time-varying bounds on a fourth-order moment. . . . . . . . . . . .. 308
[D-1 Time-varying bounds based on reaction extents.| . . . . . . . . .. .. 327

23



24



List of Tables

[3.1 Sizes of the SDPs solved in the examples of this chapter.| . . . . . .. 113

[4.1  The set of reachable states X of the system described in Section [4.5|. 152

7.1 Microscopic rate constants for the autoregulatory gene network.| . . . 236

[B.1 Association between single indices (j € {1,2, 3, ... }) and multi-indices

[B.2  Reaction rate constants for the Larger kxamplel . . . . . . . .. . .. 278

25



26



Chapter 1

Introduction

1.1 Overview

Many models of chemical engineering systems feature a distribution — for example, a
crystal size distribution, molecular energy distribution, cell age distribution, probabil-
ity distribution, polymer chain length distribution, and so on [53]. Such distributions
account, for microscopic variability in the system while simultaneously explaining its
macroscopic behavior. For example, the molecular energy distribution can be linked
to the temperature of a system [36]. Similarly, the dispersity of a polymer chain length
distribution can be correlated with its mechanical properties [44]. Such macroscopic
properties are often of practical engineering interest. Thus, it is valuable to be able
to characterize the underlying distributions that affect them.

Relatively recently, Lasserre [40] showed that it is possible to optimize over a
set of distributions by solving a specific type of convex optimization problem called
a semidefinite program (SDP). From a theoretical standpoint, SDPs can be solved
to e-optimality in polynomial time [71]. From a practical standpoint, there exist
several off-the-shelf solvers designed to handle SDPs specifically [66] 2| [76, 22]. This
situation has led prominent figures in the mathematical programming community to
make statements such as “semidefinite programs can be solved very efficiently, both
in theory and in practice” [71].

These theoretical and practical advances suggested that there may be something to
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be gained in applying SDPs to chemical engineering problems featuring distributions.

Broadly speaking, the goal of this thesis was to explore that possibility.

1.2 Thesis Contributions and Structure

This thesis demonstrates how, given limited information about a distribution, we can
use SDPs to calculate mathematically rigorous bounds on various descriptions of that

distribution. In particular, we consider two questions:

e Given only the moments of a particle size distribution, what other details of the

distribution can we infer?

e Given a stochastic chemical kinetic system, large enough that obtaining the

exact solution is intractable, can we bound the solution?

The answer to the first question constitutes a relatively small portion of the thesis.
It is covered entirely in Chapter 2l Specifically, in this chapter, we motivate the
analysis of particle size distributions. Then, we show how SDPs can be used to
bound the number of particles in an arbitrary size interval. Generalizing this result,
we show that they can also be used to bound the industrially relevant D10, D50, and
D90 of the distribution.

The answer to the second question accounts for the rest of the thesis. In Chapter
B, we review the background of stochastic chemical kinetics, including the moment
closure problem. We then show how SDPs can be used to bound the stationary
distribution of a stochastic chemical kinetic system. Specifically, we show how to
bound the mean molecular count of each species and the variance in this count.
Furthermore, we show how to bound the probability that the molecular count is in a
particular range.

In Chapter [ we explain how all of the results from Chapter 3 can be generalized
to time-varying distributions. We show how each of the bounds mentioned in the
preceding paragraph can be computed at an arbitrary time ¢, not just in the limit as

t — +o00.
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In Chapter [5, we identify a weakness of the bounding method described in Chap-
ters 3 and 4, and we present an alternative formulation of the method that does not
exhibit the same weakness. This alternative formulation is based on expressing the
state of the system in terms of extents of reaction, rather than molecular counts.

In Chapter[6] we describe a simple refinement of the steady-state bounding method
described in Chapter 3, which hugely improves the quality of the bounds produced
in stochastic chemical kinetic systems with a specific structure.

Finally, in Chapter [7, we describe a strategy for dealing with the numerical issues
identified in previous chapters. In particular, we show how a prototypical bounding
SDP can be outer approximated by a linear program (LP). We show how this LP
approximation can be iteratively refined and intelligently initialized using the results
of an inaccurate optimal solution of the original SDP.

Each of these chapters corresponds to a paper that has either been published in

a peer-reviewed journal or is in preparation for submission.
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Chapter 2

Bounds on Particle Size

Distributions

Many chemical engineering processes involve a population of particles with a distribu-
tion of sizes that changes over time. Because calculating the time evolution of the full
particle size distribution (PSD) is computationally expensive, it is common to instead
calculate the time evolution of only finitely many moments of the distribution. The
problem with moments is that they provide only a summary description of the PSD.
In particular, they do not contain enough information to answer industrially relevant
questions such as: How many particles are there in the size range [a,b]? What is
the shape of the distribution? What is its D107 While these questions cannot be
answered exactly, in this chapter, we demonstrate that one can efficiently calculate
rigorous bounds on the answers by solving semidefinite programs.

The contents of this chapter were published as a peer-reviewed paper [12] in Chem-

ical Engineering Science.

2.1 Introduction

Many chemical engineering processes involve a population of particles with a distribu-
tion of sizes that changes over time. For example, crystallization, colloidal suspension

formation, catalyst attrition, polymerization, and aerosol formation all fit this general
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framework [53]. In each of these processes, the particle size distribution (PSD) can
have a large effect on macroscopic properties of engineering interest. For example,
for pharmaceutical crystals, the PSD affects the ease with which the crystals can be
filtered and compacted into tablets, thereby affecting the cost and processing time of
the pharmaceutical product [74, 50]. Moreover, once the drug has been introduced
to a patient’s system, its rate of dissolution (i.e. bioavailability) depends strongly on
the PSD. Thus, the PSD is tied to both the pharmaceutical’s efficacy and safety [6].

Because of the importance of the PSD in these diverse chemical engineering ap-
plications, many researchers have considered the question of how to model a PSD’s
time evolution. A common starting point is to describe the PSD using a number
density function, which changes over time according to a partial differential equation
(PDE). One can then solve the PDE to obtain a complete description of the PSD
at each point in time (in terms of the number density function). In some cases, the
PDE has an analytical solution. In most cases, though, the complexity of the model
requires a numerical solution. Many algorithms for numerical solution of the PDE
are available. However, they are computationally expensive, and usually too slow for
on-line applications.

For this reason, instead of modeling the entire PSD, it is common to model only
finitely many moments of the PSD. The advantage of this “method of moments” is
that we no longer have to solve a PDE; instead, we need only solve a system of ordinary
differential equations (ODEs) [32, [54]. This certainly reduces the computational
burden, but it comes at a cost: moments are only a summary description of the
PSD, i.e., they do not contain enough information to reconstruct all of its details.
This is because there are, in general, many PSDs corresponding to a given finite
set of moment values [46]. Thus, given only finitely many moments of an unknown

distribution, there is no clear answer to industrially relevant questions such as:

e How many particles have size in the range a to b?

e What is the D10 of the distribution?

'For those unfamiliar with this description of a PSD, it will be explained shortly
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e What is the qualitative shape of the distribution?

Faced with these questions, one might be tempted to apply one of the various
methods available for constructing a number density function with a specified finite set
of moments [111, 33, &, [75]. With the resulting number density function, answering the
above questions would be trivial. However, the problem with this strategy should be
clear from the foregoing discussion: the calculated number density function describes
just one of the many PSDs with the specified moments. Accordingly, it would provide
just one of the many possible (valid) answers to each of the above questions, giving
us a false sense of certainty in our knowledge of the distribution.

In this chapter, we take a more rigorous approach. Acknowledging that recon-
structing a PSD from finitely many moments is an ill-posed inverse problem, we
make no attempt to answer the above questions exactly. Instead, we calculate prov-
able bounds on the answers. These bounds require only finitely many moments of
the distribution and no a priori knowledge of its shape. In principle, the moments
could be obtained through either simulation or experimental measurement. However,
due to the difficulties in accurately measuring the moments of a PSD [I1], we expect
the methods of this chapter to be most valuable to the community concerned with
simulating moments.

The idea of bounding the PSD is not new. McGraw [45] and Shmakov [61] describe
methods for calculating bounds on PSDs by solving Linear Programs (LPs). These
methods have the appeal of flexibility and relative simplicity. However, the bounds
that they produce are not truly rigorous, as explained in Appendix [A]

The bounding methods presented in this chapter attain true rigor by employing
more sophisticated mathematics. In particular, instead of solving LPs, we will calcu-
late bounds by solving Semidefinite Programs (SDPs) [71]. These SDPs are a natural
application of results from the mathematical literature regarding moments of positive
finite Borel measures (i.e., generalized distributions) [42]. While SDPs have been
applied in chemical engineering in the context of optimal control [70], to the best of
the authors’ knowledge, their natural application to particle size distributions has,

until now, gone unnoticed.
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2.1.1 Descriptions of PSDs

The foregoing section referenced several descriptions of PSDs. We now define these

descriptions more precisely, as they will be important in what follows.

Number Density Functions

In chemical engineering applications, a PSD is commonly described by a number
density function, f. This f is defined such that the integral f;’ f(z)dz gives the
number of particles with size in the range a to b. Typically, this is a number per
unit volume (or mass) of the processing system. However, for the sake of brevity, we
will drop the qualifier “per unit volume...”. We will always be referring to a number
concentration rather than a total number, and this will be clear from the units given.

While the mathematical properties of the function f are rarely explicitly stated,

it is always assumed (and reasonably so) that:

1. f(z) is undefined for all z < 0, because it doesn’t make physical sense to talk

about particles with negative size.

2. f is nonnegative on R, , because you cannot have a negative count of particles

of any size.

3. The integral [;">° 27 f(z)dx is well defined and finite for all j € {0,1,2,...}. We

will see shortly that this implies that moments of f are well defined and finite.

We will use the symbol M* (R, ) to denote the set of functions that satisfy the above
three properties. Occasionally, we will want to focus on those f € M*(R,) which

are nonnegative only on a specific interval [a,b] C Ry and zero elsewhere. We will

use the symbol M ([a,b]) to denote this subset of M*>°(R,).

Cumulative Distribution Function

Closely related to the number density function is the cumulative distribution function

(CDF). The CDF is a function F' defined such that F'(x) is the number of particles
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with size less than or equal to x. When a PSD is described by a number density
function f, the CDF is given by

F(z) = /0 ") de. (2.1)

The function F' is necessarily nondecreasing. This follows from its physical definition,

but it can also be seen as a consequence of the fact that f is nonnegative.

Da Values

A PSD can also be described in terms of its D10, D50, and D90 values, which are
the 10th, 50th, and 90th percentiles of the distribution, respectively. There is some
ambiguity in the literature as to whether these percentiles are on a number or mass
basis. However, the mass basis convention seems to be more common, so this is the
convention we will adopt. To illustrate what we mean by “mass basis”, if we say
that the D10 of a PSD is 30 um, this means that 10% of the mass of the PSD is
attributable to particles with size less than or equal to 30 pm. We generalize this
idea to define Da for an arbitrary « € [0,100]. In particular, if the Da of a PSD is
s, then a% of the mass of the PSD is attributable to particles with size less than or
equal to s.

Da values are not just of academic interest. In the pharmaceutical industry,

quality specifications are often expressed in terms of D10, D50, and D90 [19].

Moments

The jth moment of a PSD described by a number density function f € M*>(R,) is
defined as

+oo |
ujz/ P f(2)dr, §=0,1,2,.. (2.2)
0

As discussed in the introduction, moments are a very common output of PSD sim-
ulations. Moreover, some moments can be measured [73, II]. For these reasons,
moments are worthy of special attention. In the next section, we examine some of

their intriguing mathematical properties.
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2.2 Restrictions on Moment Sequences

We suspect it is intuitive to most readers that the moments of a PSD cannot be
arbitrary real numbers. Indeed, just by inspecting Equation (2.2)) and considering
that f must be nonnegative on R, , one can conclude that each moment of a PSD

described by f must be nonnegative:
p; >0, forall j € {0,1,2,...}. (2.3)

In fact, there are far more subtle constraints that any PSD moment sequence must
satisfy. It turns out that an understanding of these constraints enables us to use the
moments to calculate bounds on other descriptions of the PSD. Thus, this section is

devoted to developing that understanding.

2.2.1 Notation

To describe the constraints on the moments of a PSD, we need to first define some
mathematical notation. Let N denote the set of natural numbers, {0,1,2,...}. Let fi
represent an infinite moment sequence (po, pi1, tio, -..). Then, for any n € N, the nth

order Hankel matrices of [i are defined, element-wise, as

H.,,(21)(7,J) = pivj—2,
B, (1) (i, ) = ptiyj—1, foralli,j € {l,...,n+1} (2.4)

=

Co() (i) = pitg-
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If we write these matrices out in full, it becomes apparent that they are symmetric

and have a cross-diagonal pattern. For example,

Mo M1 M2 -oo Hn
M1 2 H3 oo Hngd
Ho(i) = | po  ps  pa oo finge | € RUFUXOHD, (2:5)
L Hn  Hny1 HPnt2 oo Hop i

For a symmetric matrix such as H,, (1), the notation H,,(ii) > 0 means that H,(j1)
is positive semidefinite, or all its eigenvalues are nonnegative. This is equivalent to

the statement

x'H,(j)x >0, forall x € R™™. (2.6)

The statement H,, (f1) = 0 is a simple example of a linear matriz inequality (LMI)
[71].

2.2.2 LMI Constraints on Moments

With these definitions, we can now state the first central claim of this chapter, which
is closely related to Theorem 3.2 appearing in [42, Chapter 3] and Theorem 1.3 of
[62]:

Claim 1. If i = (po, 11, f2, --.) 18 @ moment sequence for a PSD, then fi must satisfy

H, (i) = 0 and B, (1) = 0, for alln € N. (2.7)

The proof of this claim is surprisingly simple and can be found in the Appendix.
What does Condition mean? In short, it implies a large number of con-
straints on the sequence ji. In particular, one can show that Condition implies
the nonnegativity of each y;, which we already deduced (see Appendix). The remain-
ing constraints are complicated polynomials in & and are much less intuitive. This

complexity is intriguing, but irrelevant for our present purposes. All that matters at
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present is that the constraints can be represented in the concise LMI form in which
they appear in Condition , and that this form is recognized by optimization codes
[28, @3]

Claim [1}is concerned with PSDs supported on (i.e., spread over) all of R, . How-
ever, as we will see shortly, we will also be interested in distributions confined to some
subset [a,b] C R, where a and b are bounds on the minimum and maximum particle
size, respectively. As with the distributions supported on all of R, we also have a

necessary condition for the moments of confined PSDs:

Claim 2. Let 0 < a < b. If i = (po, pt1, f2, -..) is a moment sequence for a PSD
where a and b are bounds on the minimum and mazimum particle size, respectively,

then i must satisfy
H,(7) =0 and (a+0)B,(ft) — C,(r) — abH, (1) = 0, for alln € N.  (2.8)

The proof of this claim is similar to that of Claim [I}

2.3 Bounds on Various Descriptions of PSDs

We will now demonstrate how the LMI constraints on moment sequences described in
the previous section can be used to bound various numerical descriptions of a PSD.
In each of the sections below, we will assume that the only available description of the

PSD is its first m + 1 moments g, ..., ftm, presumably obtained through simulation.

2.3.1 Number of particles in a size interval

Suppose that we have a PSD for which we know only the moments puy, ..., ft,,, and
that we would like to calculate the number of particles with size in the range a to b,
inclusive. If we knew the number density function f € M (R.) describing the PSD,
we could readily obtain the desired quantity via the integral [° f(z)dz. However,
given that we don’t know f , the problem is more complicated. As suggested in the

introduction, the complication arises from the fact that there may be multiple number
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density functions f € M*°(R,) with the same moments py, ..., i, but differing values
for the integral | f f(x)dx. For this reason, the problem of calculating the number of
particles with size in the range [a, b] given the moments pq, ..., i, is ill-posed.

The situation is not hopeless, though. Let N represent the number of particles in
the range [a,b]. That is, let N = [? f(z)dz. While we cannot precisely calculate N,
we will see that we can calculate bounds on N. That is, we can calculate two numbers
NE and NY such that N < N < NU, guaranteed.

The problem of calculating these bounds is closely related, mathematically, to
the problem of calculating bounds on the probability that a real-valued random vari-
able X with specified moments py, ..., i, realizes a value in a given interval [a, b].
Lasserre [42, 4] provides an elegant solution to this problem, demonstrating that
the probability bounds can be obtained by solving semidefinite programs (SDPs).
Lasserre’s arguments are highly technical, being based on the mathematically sophis-
ticated concept of a positive finite Borel measure. The following section relies heavily
on ideas found in [42] 41]. However, in an effort to make these ideas more accessible to
a general chemical engineering audience, we avoid discussion of measures, presenting

the arguments instead in terms of more familiar number density functions.

The Upper Bound SDP

Let us first focus our attention on the upper bound, NY. Let NV be the maximu
value of ff f(z)dz obtained in considering all number density functions f with the

moments i, ..., - This definition can be expressed formally as

NY =max /abf(x)dx
st. fe M (R,), (2.9)

+oo |
/ o f(x)dx = pj, Vje€{0,..,m}.
0

2Technically, the supremum of the values of f: f(z)dx. However, we omit this technicality,
assuming that most readers will be more familiar with the term “maximum?”.

39



The decision variable of this optimization problem is a function f rather than a
finite-dimensional vector.
Since the unknown number density function f is an element of M *(Ry) and
ok f(x)dx = p; for all j € {0,...,m}, it follows that f is feasible for Problem 2.9).
Thus, NV is an upper bound on ff f(x)dx = N, as desired. If we could calculate NV,
we would be done. However, it is not obvious how to solve Problem .
Suppose that we decompose each f € M*°(R,) into f = g+ h, where both g and
h are nonnegative number density functions. We will require that g(z) = 0 outside
of [a,b]. In other words, g is confined to [a, b, in the sense described in the previous
section. We will require no such confinement for h. Formally, we have g € M*(a, b])

and h € M*(R,). We can then rewrite Problem (2.9)) equivalently as

NV = max /abg(x)dx + /ab h(x)dx
st. geM>([a,b]), heMR,), (2.10)

+oo | +oo |
/ v’ g(z)dx +/ ' h(x)dr = p;, Vje{0,..,m}.
0 0
Furthermore, one can show that the above problem is equivalent to

NY =max /+Oo (x)dx
g:h 0 7

st. ge M>([a,b]), he M= (R,), (2.11)

+oo | +oo |
/ ) g(z)dx +/ v h(x)dr = p;, V5 €{0,...,m},
0 0

where the only change is in the objective function. (For a proof of this equivalence,
see the Appendix.)

Now, let ¥ = (yo,91,¥2,...) and Z = (2o, 21, 22, ...) be the moment sequences for
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the functions h and g, respectively. We can then write
NY —max 2
g7h7g7~

st g€ M™([a,b]), heM(Ry), (2.12)

Zj+yj:Mj7 VJG {0,...,m},
oo . +oo |
/ ¥ g(x)dr = zj, / v’ h(z)dr =y;, VjeN.
0 0
By Claims[I] and [2| we can conclude that § and Z must necessarily satisfy Conditions

(2.7) and ([2.8]), respectively. We can thus add in these redundant conditions without

changing the feasible set of the optimization problem:

NY = max 2z
g,h

Z

<

)

st. g€ M>([a,b]), he M*(R,),
+oo +oo
/ ¥ g(x)dr = z;, / 2’h(x)dr =y;, VjeN,
0 0

H,(7) =0, B,(j) =0, VneN,

(2.13)

H,(2) = 0, (a+b)By(3) — Co(Z) — abH,(Z) = 0, Vn e N.

The reader may naturally wonder where all this mathematical manipulation is
headed. After all, comparing Problems and , it may seem that we have
only managed to complicate things. In fact, we have prepared ourselves for a crucial
step: the difficulty of Problem is attributable to the decision variables g and h;

we now remove these variables from Problem ([2.13)), obtaining a simpler problem:

NU

Il
=
o
"

20

st. zi4+y; =p;, VjeE{0,...,m},
H,(y) =0, B,(y) =0, VneN,

H,(2) =0, (a+b0)B,(2) —C,(2) —abH,(2) = 0, VYneN.
In Problem (2.14)), we are no longer requiring that the moment sequences ¢ and 2
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correspond to number density functions. Of course, the moment sequences corre-
sponding to number density functions are still feasible, but the feasible set now also
includes moment sequences corresponding to distributions which cannot be described
by number density functions. For some readers, the idea of a distribution that cannot
be described by a number density function may be foreign. We will see an example
of such a distribution shortly. At present, though, all that matters is that we have
enlarged the set of feasible moment sequences. This means that Problem ([2.14]) is a
relaxation of Problem ([2.13]), and its optimal value is potentially greater. In terms of
the newly introduced symbol N, we have N* > NV. Thus, N' serves as an upper
bound on the number of particles in the interval [a, b]. It is perhaps not the tightest
upper bound, as a result of including those distributions which cannot be described
by number density functions. However, when we come to the examples, we will see
that the conservatism introduced by including these distributions is reasonable.

Problem is not only visually simpler than Problem (2.13)); it is also very
nearly an SDP. It differs from an SDP in two respects: first, the decision variables g
and Z are both infinite sequences; second, the last two lines of the problem statement
describe an infinite number of LMI constraints. Both of these difficulties can be
alleviated by truncating the sequences of LMI constraints. For example, instead of
requiring that H, () = 0 for all n € N, we will only require that Hy(g) = 0 for
some specific £ € N. One can show that this implies H,,(7) »= 0 for all n < k (see
Appendix). The other three sequences of LMIs can be truncated similarly. We then
need only consider as many moments vy, ..., . and zg, ..., z, as are needed to fill out the
resulting finite-dimensional Hankel matrices. In other words, the decision variables
become the truncated sequences y = (yo,-..,y,) and z = (zo, ..., 2,) for some finite
r e N.

Truncating the LMIs in this way results in an SDP. In principle, this SDP is a
relaxation of Problem , because we have relaxed constraints describing the fea-
sible set. However, if we are careful about how we truncate the LMIs, the resulting
SDP gives the same optimal value as Problem (See Theorems 7.2(b) and 3.2 of
[42]). In particular, if we let & =[], and r = 2k, then N is given by the following
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SDP:

=1
I

max 20

st. zj+y; =p;, Vj€eA{0,...,m},

(2.15)
Hi(y) =0, By-1(y) = 0,
Hy(2) =0, (a4+b)By_1(2) — Cx_1(2) — abHy_1(2) = 0.
Reviewing the inequalities we have established, we see
N < NV <W". (2.16)

Thus, N is an upper bound on N, as desired. Moreover, because N is the optimal
value of an SDP, we can calculate it efficiently using optimization codes such as CVX
[28], using SeDuMi [66] as the underlying solver.

The Lower Bound SDP

Analogous to Problem ([2.15]), there is an SDP for calculating a lower bound on N:

NL

min 20
zZ,Y,w
st 2ty tw; =y, Vjeq0,..,m},
Hy(2) = 0, Bpi(z) =0, (2.17)

Hi(y) =0, aBi_1(y) — Ci_1(y) = 0,

Hk(w) i 0, kal(w) — ka,l(w) t 0.

The derivation of this SDP is similar to that of (2.15)) (see Appendix). The primary
difference is that three number density functions and three corresponding moment

sequences (z,y,w) are required.
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Scaling

As we will see in the coming examples, it is common for the moments of a PSD to range
over many orders of magnitude. This can lead to numerical difficulties if one attempts
to solve SDPs such as Problems and directly. Fortunately, there is an
approach for scaling the moments that alleviates these numerical difficulties: define
the scaled moments as iy = (u;/p0)c’ for j € {0, ...,m} and ¢ = po/p1. As described
n [34], this amounts to normalizing the PSD and then scaling the size domain. The
result is that the scaled moments are all approximately equal one (in fact, puf = p) =1
exactly). Of course, since we've scaled the size domain, we must also scale the limits
of the interval [a,b]. In particular, we let ' = ca and b’ = ¢b. This scaling of the

problem data results in a scaled SDP. For example, the scaled version of Problem

@-15) is
U
N /
—— =max 2,
o y' 2!

Hi(y') = 0, Byi(y) =0,

H,(2) =0, (d+V)By_1(2") — Cr1(2') — d'bHy_1(Z') = 0.

Note that the optimal values has been divided by p to account for the normalization
of the PSD.

We will not discuss this scaling further, as it is just a matter of numerics. However,
in the examples that follow, whenever we speak of solving an SDP, it should be

understood that we mean the appropriately scaled SDP.

Example

The authors of [I7] use the method of moments in combination with computational
fluid dynamics to describe the agglomeration and breakage of catalyst particles in a
fluidized bed reactor. In Figure 5 of that paper, they report the time-varying moments

of the catalyst PSD for one of their simulations. At the final time point, the moments
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are:

o = 6.73 x 10® em 3,

= 2.28 x 10% cm ™2, )10
o =9.15 x 10° em ™, 219
ts = 3.85 x 1071,

Suppose we are interested in the number of particles with size in the range 85 um
to 150 pm, which we will denote by N. By solving Problem (2.15)), we can compute
an upper bound on this quantity: N < N =1.85 x 10° cm—3.

One might wonder about the quality of this bound. That is, one might wonder if
the calculated N' is a gross overestimation of what is possible given the moments in
Equation , or if there does indeed exist a PSD which satisfies and which
has V" particles in the range 85 um to 150 um. In fact, there is such a distribution.

Consider the PSD in which there are exactly three different sizes represented:

r1 = 85 pm,
o = 150 pm, (2.20)

3 = 428.04685945926 pm,

with corresponding concentrations

a; = 5.46816164144708 x 10% cm ™3,
as = 1.308027852880654 x 10% cm ™2, (2.21)

az = 4.875155982974638 x 10% cm .

One can verify that this PSD has the moments given by (2.19) (error < 1 x 107°%).
Moreover, the number of particles with size between 85 pum to 150 pum is simply
a1 +as = 1.85 x 10% em~3. Comparing this value with N*, we see that the calculated

upper bound is indeed tight; there is no overestimation.

In developing Problem (22.15), we allowed for distributions which cannot be de-
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scribed by a number density function and pointed out that doing so might introduce
reasonable conservatism into the bound N~ . The distribution of the previous para-
graph nicely illustrates this point. Technically speaking, this discrete distribution
cannot be described by a number density functionf] Such an infinitely sharp bimodal
distribution is unlikely to be observed in any real industrial processing system. Thus,
considering the discrete distribution as a feasible solution introduces some conser-
vatism into the bound on the number of particles in the interval. It is, in some sense,
a “worst-case” bound. However, given that the worst-case discrete distribution is
physically well-defined (see the description in the previous paragraph) and matches
the specified moments (the only specification), we believe that this conservatism is
reasonable.

We can also use Problem to compute a lower bound on N. In this case, the
lower bound of N* = 1.12 x 107° ecm™® ~ 0 cm™? is trivial. The physical interpre-
tation, roughly speaking, is that there exists a PSD with the specified moments and
with no particles in the specified size range. In our experience, this will be the case
whenever the size interval under consideration is small relative the overall spread
of the distribution. If we expand our consideration to all particles in the interval
85 pm to 450 pm, we can solve Problem to compute a nontrivial lower bound:
NF =1.77 x 10° cm 3.

2.3.2 Bounds on PSD histograms

The ability to calculate upper and lower bounds on the number of particles in an ar-
bitrary interval [a, b] has some interesting implications. First, it allows us to generate
bounds on a PSD histogram. In principle, one could choose a sequence of intervals
la;, b;], corresponding to the bins of a histogram, and calculate the bounds V. f and
Nﬁj for each bin. In practice, the lower bounds will usually be trivial, since, by design,
each histogram bin covers only a small fraction of the total spread of the distribution.

Thus, the lower bounds are omitted in Algorithm [1, which formalizes the idea.

30ne could attempt to describe the distribution in terms of “Dirac Delta functions”. However,
the concept of a Dirac Delta function is mathematically inconsistent (see the Appendix for details).
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Algorithm 1 Generating a PSD Histogram
Input:

1. Moments g, ..., fim-
2. Estimate of the maximum particle size, Tyax (€.g. 4p1/1o)-

3. Number of histogram bins, n.

Output: An upper bound NZU on the number of particles in each bin.

Algorithm:
Set Az 1= Tyax/n.
fori=1,...,ndo

Set a; :== (i — 1)Ax.

Set b; := iAx. "
Solve Problem ([2.15)) to calculate N .
end for
Example

The authors of [60] model a hen egg-white lysozyme crystallization process, describing
the PSD using only its first five moments. Figure 6 of that paper provides the data
resulting from one of their moment simulations, and we can use this data to illustrate
the utility of Algorithm Focusing on the final time point of the “true” (black)

curve, we can read off the moments of the final PSD:

to = 1.1 x 10> mL ™,
g1 = 1.8 x 10" cm/mL,
2 = 3.3 x 107! cm?/mL, (2.22)
p3 = 6.4 x 107 cm? /mlL,
pg = 1.3 x 107* cm* /mL.
If we apply Algorithm (1] to the moments given in (2.22)), using zy., = 0.05 cm
and n = 10. we get the graphical output shown in Figure 2-1 This output gives us

some idea of the shape of the underlying distribution, which is not apparent from the

moments alone.
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Figure 2-1: Upper bounds on each bin of a histogram for any PSD with moments

given by ([222).

One must be careful about the interpretation of results such as those in Figure
The upper bounding bars are not, themselves, a histogram. Rather, the values of
NZU place bounds on the height of each bar of a histogram for any PSD with moments

given by (2:22)

2.3.3 Bounds on the CDF

The ability to calculate bounds on the number of particles in an arbitrary size interval
also allows us to calculate pointwise bounds on the cumulative distribution function
(CDF). Recall that the CDF evaluated at x is nothing more than the number of par-
ticles with size less than or equal to x. In other words, it is the number of particles
in the interval [0, z]. We can thus calculate bounds on CDF(x) by solving Problems
and for the special case where a = 0 and b = z. In this case, Problem

(2.15)) reduces to
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=

U —
(x) =max 2z

Hi(y) = 0, By_i(y) = 0,

H;(z) =0, 2B;_1(2) — Cr_1(2) = 0.

Moreover, while less obvious, it can be shown (see Appendix) that Problem ({2.17))

reduces to

N*(z) =min 2

st.  zi+w; =p;,, Vj5eA0,...,m},
J i = M j€ed } (2.24)
Hy(z) =0, Bi_i(2) =0,

Hi(w) =0, By (w)—zHg_1(w) = 0.

Suppose we solve Problems ((2.23) and (2.24)) for each z; in a set {x;}?; such that

each x; > 0. We then have upper an lower bounds on the CDF at each point ;.
This in itself is interesting information. However, it turns out that we can use this
information to compute something more interesting still. Since the CDF function is
necessarily a nondecreasing function, we can interpolate (in some sense) between the
points z; to construct functions CDFY and CDFZ which are guaranteed to bound
the CDF function at every x in the interval [0, max; z;]. Moreover, we can refine our
bounding functions as much as we like by introducing additional z; and calculating
the corresponding bounds on CDF(x;).

To see this, suppose, given a finite set of moments puq, ..., ttm, we solve Problems
and for some z; > 0, obtaining NU(xl) and N*(x1), upper and lower
bounds, respectively, on CDF(x;). Since the CDF is a nondecreasing function, we
can then immediately conclude that CDF(x) WU( 1) for all z € [0, z1]. By similar
NE

T
i

<
> N7 () for all x € [z1, +00). We can

reasoning, we can also conclude that CDF(x)
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then construct two functions CDFY and CDF} which bound the true CDF function

at every x in the finite interval [0, z1]. In particular, we let

0, if x €0, 27),
CDFE(z) = 0.2) (2.25)

ML(:L‘I), if v = x4,

and

COF () = {W (1), itwe[0,m) (2.26)

Suppose we then evaluate NU<CC2) and N*(z,) for some x5 € [0,2;). By the same
reasoning we applied to z1, we can conclude that CDF(z) < NU(Q:Q) for all z € [0, x4]
and that CDF(z) > N%(x,) for all € [25, +00). Moreover, we are guaranteed that
NY(x) < NY(21) and N%(25) < N*(21) (see Appendix). With this information, we

can refine our bounding functions. In particular, we let

0, if z € [0, x9),
CDFy(z) = NE(wy), if 2 € [19,71), (2.27)

N™(xy), ifz=m,

and

—U
N~ (xq), ifxel0,xs],
CDFY (z) = () 0.2 (2.28)
NU(xl), if x € (g, x1].

These “stair-step” functions are nondecreasing, like the unknown CDF they bound.
Graphically, they would look something like the cartoon functions shown in Figure

12-2)
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A

Figure 2-2: Cartoon example of the “stair-step” functions guaranteed to bound the

true CDF.

One can imagine generating bounds N (z;) and N*(x;) for additional test points
x; in the interval [0,z;]. Each additional test point z; would subdivide one of the
current large steps into two smaller steps, thereby producing a smoother bounding
function.

This idea of constructing bounding functions can be formalized as an algorithm.
In particular, Algorithm [2| describes a procedure for constructing the upper bounding
function, CDFg . The algorithm automatically selects a sequence of test points x =
(20, 1, ..., Tp), With the selection criterion given in the last line of the “for” loop.
Geometrically, each test point is selected as the midpoint of the current largest stepﬁ
; this helps to produce a relatively smooth bounding function. The procedure for
constructing the lower bounding function, CDFﬁ, is similar, and can be found in the

Appendix (Algorithm [6]).

Example

The authors of [7] model an ice cream crystallization process, describing the PSD
using only its first four moments. Figure 6 of that paper provides the data resulting

from one of their moment simulations, and we can use this data to illustrate the

b2

4In the algorithm, we use the symbol "€” rather than ”:=" to account for the possibility that
there may be multiple “largest steps”. This is unlikely to actually occur in practice. However, if it
does, the midpoint of any of these largest steps may be selected as the next midpoint.
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Algorithm 2 Generating an upper bound on the CDF
Input:

1. Moments g, ..., fim-
2. Estimate of the maximum particle size, ax.

3. Number of test points, n.

Output: A function CDFg which provides an upper bound for the true CDF on
the interval [0, Zpax].

Algorithm:
Set x1 := 0. Set u; := x;.
Solve Problem to calculate NU(ml).
Set 29 := Trax. S€t Uy := 2o.
Solve Problem to calculate N' (22).
Set j* := 1.
for:=3,...,ndo

Set x; := 5 (uj + wje41).

Solve Problem to calculate NU(xi).

Set u := sort(x).

Set j* € arg max;<;_1 {(NU(uj+1) - NU(uj)> (wjs1 — uj)}
end for
Set

N(w), ifz=0,

CDFg(x) = {]\/vU(U,j)7 if z c (Uj_l,Uj]. (229>

utility of Algorithms [2] and [} Focusing on an arbitrarily selected time point of 750

s, we can read off the following moment values:

to = 7.2 x 10" m~3,
p1 = 6.1 x 10° m/m®, 2.30)
fi2 = 5.9 x 10* m?/m?®,
p3 = 6.8 x 1071 m®/m®.
If we apply Algorithms |2| and @ to the moments given in (2.37), using zp.x =
4 x 107 m and n = 10, we get the results shown in Figure . If we increase the
number of test points to n = 30, we get the smoother curves shown in Figure [2-4 We

wish to emphasize that the true CDF is guaranteed to lie between the two bounding
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functions. Moreover, these two functions provide an excellent qualitiative impression

of the shape of the PSD.
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Figure 2-3: Bounding functions for the CDF of a PSD with moments given in ([2.19)).
These bounding functions were generated using n = 10 test points, and are thus

relatively rough.
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Figure 2-4: Increasing the number of test points to n = 30 results in much smoother

bounding functions. Compare with Figure 2-3

2.3.4 Bounds on Da values

Lastly, the ability to calculate bounds on the number of particles in an arbitrary
interval can be extended to allow us to calculate bounds on D10, D50, and D90
values.

Recall that Da = s is equivalent to the statement that a percent of the mass
of the PSD is attributable to particles with size less than or equal to s. Assuming
that f is a number density function describing the PSD in terms of a characteristic
length, and that each particle can be described entirely by this characteristic length,

the foregoing statement can be expressed mathematically as

JE a3 f(x)da e
= = —, 2.31
=2 fa)de 100 (231

Now, if we don’t know the the true number density function f describing the PSD,
and we know only the moments py, ...., i,,, We are interested in the following question:

what is the minimum/maximum value of s for which there exists a number density
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function f which satisfies equation (2.31) and which has moments pq, ..., tt,,? This
question can be formalized as an optimization problem. For example, the minimiza-
tion problem is

Da’(a) =min s

s’f
s.t. f € MOO<R+), S & R+,
2 f(x)de o (232)

o a3 f (w)de 1007
+oo |
/0 2! f(z)de = pj, Vje{0,..,m}.

It turns out that Problem ([2.32)) is difficult to solve directly, but we can make
progress if we invert the problem. Instead of asking “what is the minimum value of
s associated with a?” we will ask “what is the maximum value of « associated with

s?”. Then, the relevant optimization problem is

a¥(s) =max —OS ’ (z)de
&) =i 0 e
st feMX(R,), (2.33)

+oo
/0 o f(x)dx = p;, Vje€{0,..,m}.

Problem ([2.33)) is more tractable than Problem essentially because it more
closely resembles the problems we’ve encountered before. In particular, it is similar
to Problem (2.9), with the only difference appearing in the objective function. Be-
cause of this similarity, we manipulate Problem in much the same way that we
did Problem : decomposing f into two functions g and A, with g confined to the
interval [0, s]; adding in the necessary conditions for the moments of g and h; relaxing
the problem by removing the references to g and h altogether; and finally truncating

the LMI constraints. This manipulation results in the following SDP:
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a’(s) =max  (100/p3) 23
st. zj+y;=p, Vjed{0,..,m}, (2.34)
Hi(y) = 0, By-1(y) = 0,

Hi(z) = 0, sBg_1(z) — Cr_1(2) = 0.

As before, we let k = [F].
By similar reasoning, one can derive the following SDP for calculating a lower

bound on the a associated with a given s:

a®(s) =min  (100/p3)ys

Z?y

s.t. zj+y;=py, VjeA{0,..,m}, (2.35)

Hi(y) = 0, By_i(y) =0,

Hi(z) =0, By_i(z) —sHy_1(2) = 0.

These problems are interesting, but what about the original problem of calculating
bounds on Da for specific values of a? We are actually much closer to the solution
of this problem than one might suspect.

To see this, consider what happens if we solve Problems and for a
range of s values and plot the resulting a¥(s) and a(s) values. We will get two
curves, @’ and a”. Roughly speaking, to obtain the desired bounds on Da, all one
has to do is draw a horizontal line across the @, o’ plot so that it intersects the
vertical axis at o. The value of s at which that line intersects the @V curve is Da’,
a lower bound on Dq; similarly, the value of s at which that line intersects the o

curve is Da’, an upper bound on Da. This idea is demonstrated in Figure .
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Figure 2-5: Cartoon example of the graphical analysis used to obtain (approximate)

bounds on Da.

This graphical analysis may suffice for some purposes. However, if precision is
necessary, we can take advantage of the fact that @’ and o are nondecreasing func-
tions and calculate e-close outer approximations of Da’ and ﬁaU, through an efficient
bisection procedure. The bisection procedure for Da' is shown in Algorithm (3} the

analogous procedure for Da” can be found in the Appendix (Algorithm .

Example

In [52] paracetamol is crystallized from methanol and water, and the progress of
the crystallization is monitored by focused beam reflectance measurement (FBRM).
Specifically, the chord length distribution (CLD) is measured with FBRM, and this
CLD is used to back-calculate the first five moments of the PSD. Figure 1 of that
paper provides the data resulting from one such experiment, and we can use this data

to illustrate the utility of Algorithm [3|. Focusing on the final time point, we can read
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Algorithm 3 Generating an upper bound on DaV

Input:
1. Moments g, ..., fi.

2. The value of a € [0, 100] for which you want to calculate bounds on Da.

3. A tolerance € > 0.

Output: D7a5, which is an e-close upper bound on Da' . That is, it satisfies

p3 = 1.2 x 10~* m*/kg methanol,

s = 5.0 x 107® m* /kg methanol.

58

Da. —e<Da’ < Da. . (2.36)
[ ]
Algorithm:
Set mﬁj = 0.
Set s := 1/ 1o-
Solve Problem to obtain a’(s).
while o’ (s) < a do
Set Da? :=s.
Set s := 2s.
Solve Problem to obtain a*(s).
end while
Set Da, := s.
while Da. — Da” > € do
Set s := (mg +Dal)/2.
Solve Problem to obtain a’(s).
if a’(s) > a then
Set Da’ := s.
else
Set DoV :=s.
end if
end while
off the following moments of the PSD:
o = 7.2 x 10° kg methanol !,
p1 = 1.2 x 10* m/kg methanol,
o = 3.4 x 107! m?/kg methanol, (2.37)



Solving Problems (2.34) and ({2.35) with the moments given in ([2.37) for a range of

s values, we obtain the @V and o* curves shown in Figure Drawing a horizontal
line at o = 50, and dropping verticals where it crosses the @ and o curves, we see
that D50° ~ 5.8 x 1074 m and D50" ~ 2.6 x 10~4 m.

Applying Algorithm |3| to the moments given in (2.37), with @ = 50 and ¢ =
1 x 1075, we obtain ng = 5.76 x 10~* m. Note that this result is in agreement with

the graphical analysis demonstrated in Figure 2-6
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Figure 2-6: Graphical analysis for obtaining (approximate) bounds on D50 for any
PSD with moments given by (2.37))

2.4 More Moments Lead to Tighter Bounds

The more moment values that are specified, the less uncertainty there is in the un-
derlying PSD. Thus, we would expect that knowing more moments of a PSD would
allow us to compute tighter bounds on its various descriptions. This is indeed the

case, as we demonstrate with the following example.
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2.4.1 Example

Suppose we have a PSD described by a log-normal number density function

N
flz) = oo P l—

W—W] | (2.38)

202

where N = 1000 particles per mL, o = 0.25, M = 0, and the particle size x has units
of yum. The jth moment for this distribution is given by

1
pj = N exp {jM + 2]'202] (2.39)

With this expression, we can generate a partial moment sequence pq, ..., 4, for any
desired value of m, and then apply Algorithms 2 and [6] to calculate pointwise bounds
on the CDF of the distribution. By using different values of m, we can see how the
quality of the bounds depends on the number of specified moments.

The results of such an experiment are shown in Figure 2-7, As expected, the
quality of the bounds improves as we increase the value of m. The most dramatic
improvement occurs in transitioning from m = 1 to m = 2. Thereafter, the improve-
ments are more subtle. Of course, the bounds continue to improve, but the benefit of
specifying each additional moment declines rapidly. In particular, the bounds com-
puted using m = 17 (not shown) were not appreciably better than those computed

using m = 6. With m = 18, we began to encounter numerical difficulties.
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Figure 2-7: Pointwise CDF bounds calculated using Algorithms[2]and [6] with a varying
number of moments specified. On each plot, the blue curve is the lower bound, the

green curve is the upper bound, and the red curve is the analytical CDF.

2.5 Extensions

In this chapter, we have assumed that the moments of the PSD are known exactly.
However, it may be the case that there is some uncertainty in the moment values.
This uncertainty will likely be expressed in terms of a confidence interval, so that, for
each j € {0, ...,m}, we have pf < p; < p¥ with C% confidence.

It turns out that the method that we have described can handle this situation

quite nicely. In each of the SDPs we have described, one simply replaces the equality
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constraints with the corresponding inequality. For example, Problem (12.15) becomes

N~ =max 2z

S.t. L< ity < U, V7 € {0,...,m},
HSz Y Sy, Vied ' (2.40)
Hi(y) = 0, By_1(y) = 0,

Hi(z) =0, (a+b)Bg_1(2) — Cr_1(2) — abHi_1(2) = 0

In fact, the method can also readily handle the more general situation where we
have confidence ellipsoids for the moments, so that uTV~=!u < r with C% confidence,
for some positive definite covariance matrix V and positive scalar r. One cannot
simply substitute uT V=1 < r into the SDP, as the expression on the left-hand side
of the inequality is nonlinear with respect to p. However, by the Schur Complement

Lemma [5], uTV~tu < r is equivalent to

Vo ou

ptor

>0, (2.41)

which is a linear matrix inequality. Thus, we can substitute it into the SDPs we have

described, replacing the equality constraints. For example, Problem ({2.15)) becomes

NV =max 20
Y,z
\% y+z
s.t. = 0,
y+2T o (2.42)

Hk’(y) i Oa Bk—l(y) t 07

Hy(2) =0, (a+0)B_1(z) — Cx_1(2) — abHy_1(2) = 0

In making these substitutions, one must be careful about the interpretation of the
resulting bounds. We can no longer say that the number of particles with size between

a and b is less than or equal to NU, guaranteed; we must qualify this statement by
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adding “with C% confidence”.

2.6 Conclusion

In this chapter, we have demonstrated that semidefinite programming has a natural
application to chemical engineering processes involving particle size distributions. In
particular, given finitely many moments of a PSD, one can use semidefinite program-
ming to obtain guaranteed bounds on several industrially relevant descriptions of the

PSD, including;:

e the number of particles in an arbitrary size interval,
e a particle size histogram,
e the cumulative distribution function,

e Da values — in particular, D10, D50, and D90 values.

We have formulated SDPs and provided algorithms for calculating bounds on each of
these descriptions. Because semidefinite programming is a special case of convex opti-
mization, these bounds can be calculated efficiently (in tenths of seconds to seconds)
using freely available optimization codes.

As suggested in the introduction, the problem of calculating bounds on a PSD is
closely related to the well-studied problem of constructing a number density function
with a specified finite set of moments. Many methods exist for solving this problem.
Our own method does not replace these methods, but rather nicely complements
them. While the existing methods focus attention on a single PSD which satisfies a set
of moment constraints and is, in some sense, likely to occur, our method conservatively
considers all possible PSDs with the specified moments. Together, the two types of
methods give a more complete picture of the uncertainty surrounding the PSD.

The Matlab code used in the examples of this chapter is freely available for non-
commercial uses as “PSD Bounding Tools” at https://yoric.mit.edu/software.
Running this code requires that you have installed CVX, which is also freely available

at http://cvxr.com/cvx/download.
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Chapter 3

Bounds on Stochastic Chemical

Kinetic Systems at Steady State

The method of moments has been proposed as a potential means to reduce the di-
mensionality of the chemical master equation (CME) appearing in stochastic chemical
kinetics. However, attempts to apply the method of moments to the CME usually re-
sult in the so-called closure problem. Several authors have proposed moment closure
schemes, which allow them to obtain approximations of quantities of interest, such as
the mean molecular count for each species. However, these approximations have the
dissatisfying feature that they come with no error bounds. This chapter presents a
fundamentally different approach to the closure problem in stochastic chemical kinet-
ics. Instead of making an approximation to compute a single number for the quantity
of interest, we calculate mathematically rigorous bounds on this quantity by solv-
ing semidefinite programs (SDPs). These bounds provide a check on the validity of
the moment closure approximations, and are in some cases so tight that they effec-
tively provide the desired quantity. In this chapter, the bounded quantities of interest
are the mean molecular count for each species, the variance in this count, and the
probability that the count lies in an arbitrary interval. This chapter considers only
steady-state probability distributions. The dynamic problem is discussed in Chapter
4l

The contents of this chapter were published as a peer-reviewed paper [14] in the
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Journal of Chemical Physics and as a part of the conference proceedings [13] of 27th

European Symposium on Computer Aided Process Engineering.

3.1 Introduction

Reacting chemical systems are traditionally modeled using deterministic rate equa-
tions. These equations implicitly assume that the state of the system is fully charac-
terized by the concentration (i.e., molecular count) of each species, and that future
concentrations are determined by the present concentrations. Of course, this is an
approximation, because, at the microscopic scale, reactions require molecular colli-
sions, and the frequency of these reactive collisions depends not only on the number of
molecules of each species, but also on their positions and velocities [26]. Accordingly,
if we predict future molecular counts of a reaction system based solely on present
molecular counts, ignoring the finer details of molecular positions and velocities, we
may find that the actual behavior of the physical system deviates from our prediction.
For systems in which the number of reacting molecules is large, the variations result-
ing from the microscopic details of molecular positions and velocities tend to average
out, so that the macroscopic system behaves in a predictable way. This accounts for
the success and widespread use of deterministic rate equations in describing the time
evolution of macroscopic reactive systems. However, when the number of reacting
molecules is small (i.e., on the order of 10s or 100s), deterministic rate equations
often fail to describe the system adequately, because the variations resulting from
the neglected microscopic details do not average out; they become a significant and
observable part of the system dynamics [47].

One way to deal with this situation is to model the microscopic details of the sys-
tem explicitly, expressing the state of the system in terms of the position and velocity
of every molecule, and then propagating the state through time by numerically inte-
grating Newton’s equations of motion. This is the paradigm of Molecular Dynamics.
While it can be highly accurate, it also usually computationally expensive and slow

31].
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Another approach is to express the state of the system in terms of only the molec-
ular counts, and to account for the microscopic variation by modeling the system as a
stochastic process, where the state of the system at one instant in time does not fully
determine the state in the next instant [31]. This is the aim of Stochastic Chemical
Kinetics, which, more precisely, models reacting systems as continuous time discrete
state Markov processes.

In the Stochastic Chemical Kinetics paradigm, we assign a probability to each
reachable state of the system. Collectively, these probabilities define a probability
distribution. The way this distribution changes over time is elegantly described by
the Chemical Master Equation (CME). If we could solve this CME, we would have a
complete probabilistic description of the reaction system through time. In principle,
this solution should be easy to obtain as the CME is conceptually simple: it is a linear
time-invariant ordinary differential equation system. Yet, it is often quite difficult to
solve for the reason that it contains an extraordinarily large number of reachable
states and their corresponding unknown probabilities — even infinitely many [31].

The classical solution to this problem is to sample the reaction system using
Gillespie’s Stochastic Simulation Algorithm (SSA). While this algorithm is intuitively
appealing and very easy to implement, it is often too slow in practice [27]. This
is particularly true when the reaction system contains both fast and slow reactions.
Many variants of Gillespie’s algorithm have been developed with the aim of increasing
its speed. Most of these involve some approximation that renders their results inexact
and potentially misleading. Those that retain the exactness of Gillespie’s algorithm
remain fundamentally limited in that they must simulate every reaction [9].

Many other methods for approximately solving the CME have been proposed,
which aren’t based on Gillespie’s SSA. For example, the chemical Langevin equation
approach describes the time-evolution of the system using a stochastic differential
equation [37, 48]. The Finite State Projection (FSP) method [49] and its variants
[30), 72, 35] model only a finite subset of the reachable states explicitly, bounding the
error that is introduced in neglecting the remaining states. The system size expansion

approach splits the molecular counts into separate deterministic and fluctuating parts
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[69]. An overview of these and other methods is given by Schnoerr [59] and Higham
[31]. While these methods effectively reduce the computational burden required to
describe the stochastic chemical kinetic system, they are only approximations of the
CME model.

Yet another method for dealing with the large number of states appearing in
the CME is to model only finitely many moments of the time-varying probability
distribution. In principle, the moments could then be used to calculate quantities of
interest such as the mean count of molecules of each chemical species and the variances
in these counts. The difficulty with this approach is that the system of ordinary
differential equations describing how the moments change over time usually suffers
from the so-called “closure problem”, in which the time evolution of the moments up
to order m depends on the values of moments up to order m + 1.

To deal with this problem, various authors have proposed “closure scheme” ap-
proximations. For example, C. S. Gillespie]25] assumes that the unknown distribution
is normal; Smadbeck and Kaznessis[64] assume it is maximum entropy. With such
assumptions, the low-order moments determine the entire distribution (including the
high-order moments), and the closure problem is bypassed. One can then approximate
both dynamic trajectories and steady-state values for the moments. Unfortunately,
these are just approximations, with no bounds on errorE]. The approximation could
be good; on the other hand, it could be quite bad. These two scenarios are indistin-
guishable, unless some second, independent method is applied to the problem.

Recently, several authors [13, 66, 39, 24] (including ourselves) independently dis-
covered and proposed an alternative strategy: instead of making an approximation to
compute a single number for the quantity of interest, let us calculate mathematically
rigorous bounds on the quantity. These bounds are computed by solving semidefinite
programs (SDPs), where the decision variables are moments of the unknown distri-

bution. This idea of moment-based SDPs was popularized by Lasserre [42] in the

1One notable exception is the closure scheme described by Naghnaeian and Del Vecchio[51] which
can provide error bounds under the condition that the molecular count of each species present in the
system is bounded. However, the scalability of this method is doubtful from a theoretical perspective,
as it requires solving a linear program (LP) whose size is proportional to the number of reachable
states.
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mathematical literature. Its application to stochastic chemical kinetics is appealing
for three reasons: first, it makes no unprovable assumptions about the unknown dis-
tribution; second, it naturally fits the mathematical structure inherent in stochastic
chemical kinetics (e.g., polynomial propensity functions and linearity of the CME);
third, SDPs are convex optimization problems — meaning that, at least in theory,
they can be solved efficiently [71].

This chapter is a more-detailed, tutorial version of our original paper [I3] on the
moment-based SDP approach to stochastic chemical kinetics. Many of the ideas it
contains can also be found in the other original papers [56, 89, 24]. However, the

present chapter also contains several novel elements:

e The systematic use of reaction invariants to further constrain the SDPs and thus

obtain tighter bounds for systems for which invariants exist (Section [3.2.3)

e The observation that the most basic instance of the moment-based SDP im-

plicitly relaxes the integrality requirement, and that it is possible to selectively

enforce this requirement to obtain tighter bounds (Sections |3.3.4] [3.4.2] 3.6.2]

and B53)

e A method of calculating the probability that the steady-state distribution as-
signs to a particular interval, which requires solving just one SDP and does not

resort to enumeration of the reachable states (Section [3.7))

e The observation that the above method can be generalized to calculate bounds
on the probability that the steady-state distribution assigns to an arbitrary
basic semi-algebraic set (Section [3.9)

Furthermore, we give additional examples to demonstrate the capabilities and weak-
nesses of the method. In particular, we include an example reaction system which is
considerably more complex than those appearing in the previous papers [13], 56} 39, 24]

in that it has 10 different species, 14 reactions, and 74 billion reachable states.
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3.2 Mathematical Background

3.2.1 Mathematical Notation

Throughout this thesis, the symbol N will be used to denote the set of natural numbers
{0,1,2,...}, the symbol Z will be used to denote the integers {..., -2, —1,0,1,2,...},
and R will be used to denote the real numbers. Bold symbols will be used to rep-
resent vectors and matrices. The dimensions of these vectors and matrices will be
specified as they are introduced. The vector e; = (0,...,1,...0) is the ith coordinate
vector, in which all components are zero, except the ¢th component, which is 1. An-
gular brackets “(-)” will be used to denote an “expected value” or mean of a random

variable. The meanings of all other symbols should be clear from the context.

3.2.2 Stochastic Chemical Kinetics Notation

Consider a stochastic chemical kinetic system with N distinct chemical species and
R reactions. The state of the system at time ¢ is described by the random vector
X(t) = (Xi(t),..., Xn(t)) € NV where X;(t) > 0 is the count of molecules of species
1 present.

The state changes with the occurrence of each reaction. For example, if s, € ZY
is the vector of stoichiometric coefficients of reaction r, and the system is in state
x € NV, then an occurrence of reaction r takes the system to state x +s,. By
chaining together multiple reactions, a system initially in state X(0) = xo € NV can
reach many possible states — sometimes infinitely many. Let this set of reachable
states be denoted with the symbol X'. A generic member of this set will be denoted

xeX.

3.2.3 Invariants and Independent Species

The stoichiometry matrix for the system is constructed by bringing together the
stoichiometry vectors: S = [s;...sg] € ZM*E. Often, this matrix will have a non-

trivial left null space. Let {by,..., by} C RY be a basis for this left null space. It

70



can be shown that each of these vectors corresponds to an invariant of the reaction
system[20] — i.e., some linear combination of molecular counts that is constant with

time. In particular,
biX(t)=bixg, Vje{l,...,L}, Vt>0. (3.1)

The previous papers [50, B39, 24] on moment-based SDPs in stochastic chemical
kinetics do not give a systematic method for dealing with reaction invariants. Most
of the examples appearing in these papers do not have reaction invariants. Those
that do are handled on an ad hoc basis (see Example 2 in Ghusinga et al[24]). Such
ad hoc solutions may not always be so obvious. Furthermore, if you were to take a
system with invariants and then apply the basic SDP paradigm described in those
papers without some modification to account for the invariants, the resulting bounds
would likely be poor. The reason for this, roughly speaking, is that the SDP would
be optimizing over distributions that are not only supported on the reachable states
x € X C NV but also states that are not reachable, that is x € NV such that x ¢ X.
So having a systematic method for dealing with invariants is important. We will do
this by defining a set of independent species.

If we set

by

o9
Il

c RN, (3.2)
b

then Equation (3.1)) can be expressed concisely as
BX(t) = Bxg, Vt>0. (3.3)

These equations imply that not all molecular counts X,..., Xy can vary indepen-
dently. To see this, let B € RE%X be the matrix obtained by concatenating L linearly
independent columns of B, and let X(¢) € N% be the vector of the corresponding
components of X(¢). Similarly, let B € REN be the matrix obtained by concatenat-
ing the remaining N — L = N columns of B, and let X(t) € N¥ be the vector of the
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corresponding components of X (¢). Then, Equation (3.3)) can be rewritten as

~ o~ A A

BX(t) + BX(t) = Bx, + By, Vt>0. (3.4)

By construction, B is invertible, so if X(t) is known, this equation can be solved for

X(t):

X(t) = %o + B7'B(%o — X(t)), Vt>0. (3.5)

Thus, specifying X is enough to specify the state of the system. We can think of the
chemical species whose molecular counts are specified in the vector X as being the
independent species, and those whose counts are specifed in X as being the dependent
species. In general, there will be several possible ways to pick L linearly independent
columns of B. This means that we have some flexibility in choosing which species to
treat as independent.

Every full-dimensional reachable state x € X C N¥ has a corresponding reduced
reachable state, X € NV , obtained by selecting the counts of the independent species
from x. We will denote the set of all these reduced reachable states as X C NV.
Similarly, for every stoichiometry vector s, € Z, there is a corresponding reduced
stoichiometry vector §, € ZN , obtained by selecting the components of s,. correspond-
ing to the independent species.

Working in the reduced state space is computationally convenient because it fo-
cuses attention on the variables in the stochastic chemical kinetic system that are
actually independent and can thus reduce the dimension of the problems we want
to solve. For the sake of brevity, in what follows, we will often loosely refer to the
reduced state as simply the “state”. That we are in fact referring to the reduced state

should be clear from the context.

3.2.4 The Chemical Master Equation

Because of the stochastic nature of the system, there is some uncertainty as to the

(reduced) state at time ¢, and we express this uncertainty by assigning a probability
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Pr(f((t) = X,t) = P(x,1) to each of the reachable states x € X. This probability dis-
tribution P(-,t) changes over time according to the chemical master equation (CME):
dpP . A . X X
E(x, t) = > [P(x — 8§, t)a,(X—8§,) — P(X,t)a,(X)],
=1 (3.6)
Vk e X,
where a, is the “propensity function” of reaction r. The details of this propensity
function are described in Higham[3I]. However, we want to point out two things:
first, a,(+) is always a polynomial in x; second, a, is proportional to a rate constant ¢,
for reaction r. This ¢, is not necessarily the same as the macroscopic rate constant k,
one would use in deterministic chemical kinetics, but there is a connection between
the two constants. See Higham[31] and Gillespie[26] for details.
Note that the CME holds for all reachable states X € X. So it is not just a single
equation but a whole system of equations. This system can be written concisely as

dp

o (1) = Gp(1), (3.7)

where G is a time-invariant (infinitesimal generator) matrix whose elements are linked
to the propensity functions, and p is a vector of probabilities with one component
for each X € X. While this equation is conceptually simple, there is a problem: as
we suggested earlier, there is often a huge number of reachable states X € X. This
means that the vector p can have a very large (or even infinite) dimension, with G
being correspondingly large. The result is that it is impractical to solve Equation

(3.7) directly for stochastic chemical kinetic systems of any appreciable size.

3.2.5 Moments in Stochastic Chemical Kinetics

The probability distribution P(:,t) can be characterized by its moments. In partic-

ular, for any multi-index j = (j1,...,Jx) € NV we have a moment pi(t) defined as

pi(t) = > %Pk, t), (3.8)

XeX
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where the sum is over the set X of all reachable states, and %I = H],j:l it is a
monomial. The order of the moment y; is defined as the sum |j| = ij:l Jx- Notice
that the zeroth-order moment f(t) indexed by 0 = (0,...,0) is simply the sum of
probabilities across all reachable states, so that po(t) = 1 for all times t.

A nice feature of moments is that, using just the low-order moments, we can ex-
press several quantities of interest that effectively summarize the distribution P(-,t).
For example, the first-order moment p,(¢) indexed by e; = (0,...,1,...,0) is the

mean molecular count for independent species i € {1, ... ,N } at time ¢:

e, (1) = SR P(),t) = Y &iP(%,t) = (X,(t)). (3.9)
xeX xeX
The first-order moments can also be used with Equation (3.5)) to express the mean
molecular count for each dependent species k € {1,...,L}. In particular, if we let
Bk, denote the element in the Ath row and jth column of the matrix B~!B, then we
have ) A
3 N N
(Xi(t)) = Z (jo,k + Z Br.jTo,j — Z Bk,ji'j) P(x,1),
j=1 j=1

ReX

) i (3.10)
— (io,k —+ Z ﬁk,ji'o,j) - Z /Bk',j/’l’ej (t)
o =1

Coming to the second-order moments, we see that jige, (t) is equal to (X2(t)). So,
e, (t) and pige,(t) can be used together to compute the variance in the count of

molecules of independent species ¢ at time t:

o} (t) = (XP(1) — (Xi(1)) = pae, (1) — piz, (D). (3.11)

Similarly, the moments can be used to compute covariances between independent

species ¢ and j:

of;(t) = (X0 X; (1) — (X)) {X;(8)

= He;te; (1) — e, (t) e, (1)

(3.12)

The appeal of working with moments is that they allow us to bypass the problem
of high dimensionality that we encountered in Equation (3.7]). We give up a complete

74



description of the probability distribution P(-,¢) in the terms of the high-dimensional
vector p(t) in favor of a summary description in terms of its low-order moments. In
principle, this trade-off allows us to compute properties of stochastic chemical kinetic

systems for which solving the CME more directly is computationally intractable.

3.2.6 The Closure Problem

As described by Smadbeck and Kaznessis[64], Sotiropoulos and Kaznessis[65], and
C.S. Gillespie[25], the CME can be used to derive a system of linear ordinary differ-
ential equations describing how the moments of the distribution P(-,¢) change over
time. For reaction systems containing at most first-order (i.e., unimolecular) reac-
tions, things work out nicely: we can pick an arbitrary m € N, and construct the

ODE describing how the moments up to order m change over time:

dpr

o7 (t) = Appr(t), (3.13)

where pur(t) is a vector of “low-order” moments order up to order m, and Ay is a
constant matrix. However, if the reaction system contains any reactions of order

q > 1 (e.g., bimolecular reactions), then the ODE becomes

dpr

0t (t) = Arpr(t) + Agpu(t), (3.14)

where py(t) is a vector of “high-order” moments, order m+1tom+q—1= M. So
the time derivatives of the low-order moments depend on high-order moments. This
is the infamous “closure problem”. It is unclear how to solve such a dynamic system.

The closure problem also frustrates even a relatively simple steady-state analysis.

What we'd like to do is set the left-hand side of Equation (3.14]) equal to zero
0=Arprss + Agphigs, (3.15)

and solve for the steady-state moments g7, s and g ¢ of the steady-state probability

distribution Pi(-) = limy 400 P(+, ). Assuming we could calculate the vector gy g,
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we could extract the steady-state values of (X,)SS = Yo, ss and (02)ss = foe, 55— ,uzi,ss for
each independent species 7. The trouble is that Equation is under-determined:
it has more unknowns than linearly independent equations. Even if we leverage our
a priori knowledge of probability distributions and set ji9s = 1, one can show there
are still more unknowns than linearly independent equations. This means that the
system has infinitely many solutions, and we can’t simply solve for the steady-state

moments fiy, o and fLp g.

3.2.7 Closure Scheme Approximations

As described in the introduction, various authors have proposed approximations to
deal with the closure problem. For example, C. S. Gillespie[25] assumes that the
unknown underlying distribution is normal; Smadbeck and Kaznessis[64] assume that
it has maximum entropy, given fixed values for the low-order moments. While these
schemes differ in their details, they are all fundamentally the same in that they assume

some functional relationship between the low- and high-order moments:

pu = f(pr) (3.16)

This function need not be explicit. For example, the maximum entropy approach

requires solving an optimization problem to evaluate f. Applying the assumed rela-

tionship to (3.14]) gives the closed system

iy

P (1) = Appun (1) + At (s (1), (3.17)

which can be integrated numerically.

Similarly, applying the assumed relationship to (3.15]) gives
0= ALl’I’L,SS -+ AHf(“'L,ss>~ (318)

The idea is that if the function f is chosen appropriately, Equation (3.18]), together

with pi9s = 1, will have a unique solution.
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While there are arguments justifying the various closure schemes, ultimately, they
are all approximations, with no bounds on the errors they introduce. This is dis-
satisfying from a theoretical perspective. Furthermore, from a practical perspective,
it means that one must check the validity of any results obtained through closure
scheme approximations by also applying a second, independent method to the prob-
lem, such as Gillespie’s Stochastic Simulation Algorithm (SSA) [26]. This is less than
ideal. If we have to check the closure scheme results against SSA, why not just run
SSA in the first place, and be done with it? We’d prefer a method which retains the
computational benefits of moment-based methods, but which also stands on its own

and guarantees its own accuracy.

3.3 The Bounding Method

In this section, we describe a fundamentally different approach to dealing with the
closure problem. Instead of making an approximation to compute a single number
for each of the quantities of interest (means, variances, and so on), we will compute
mathematically rigorous bounds on their values.

Admittedly, knowing bounds on the quantities of interest is less useful than know-
ing the quantities themselves. However, guaranteed bounds on these quantities are
arguably more useful than estimates of their values with no bounds on the error.
Also, as we will see later, it is sometimes possible to calculate bounds so tight that
they effectively give us the desired quantities.

In this chapter, we will consider only the relatively simple steady-state analysis.

The extension to the dynamic analysis is discussed in Chapter [

3.3.1 The Paradigm

Suppose that we have a generic stochastic chemical kinetic system, characterized by
an initial state vector x, € NV, a stoichiometry matrix S € Z"*% and a vector
of rate constants ¢ € Rf. Assume that there is at least one reaction with order

greater than one, so that this system exhibits the closure problem when subjected
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to a moment analysis. Suppose that we have analyzed S to construct an invariant
matrix B € RI*Y | as described in Section . Suppose further that have identified
the N = N — L chemical species we wish to treat as independent and constructed
the matrices B € REN and B € REXE. Finally, suppose that we have chosen a value
of m € N and constructed the matrices A; and Ay described in Section [3.2.6, We
are interested in analyzing the properties of the steady-state distribution(s) of this
stochastic chemical kinetic system.

A

Consider the problem of bounding (X;)s, the mean count of molecules of indepen-

L

dent species i at steady state. What we’d like to do is calculate two numbers <X’L>ss

and (X;)U such that
(Xk < (Xi)e < (X)L (3.19)

is guaranteed.

How could we calculate the upper bound, ()A(Z>SUS7 Suppose that we write down
several mathematical constraints that the moment vector pe of any steady-state
distribution supported on X must necessarily satisfy — for example, 0 = Appy s +
Apppss from Section @ Suppose that we then optimize over the set of vectors
p satisfying these necessary conditions, searching for the vector p with the greatest

component fie,:

e, Smax  pe
s.t.  p satisfies necessary steady-state (3.20)

moment conditions.

Then, because every vector pg corresponding to a steady-state distribution supported
on X satisfies the necessary steady-state moment conditions, ps is a feasible point
for this optimization problem. It follows that the optimal value y. is an upper bound
ON fle; s = (Xi>ss, and we can set g = (XZ>SUS

Following the same reasoning, we can calculate a lower bound on ()AQ-)ss by mini-

mizing over the set of vectors p satisfying the necessary steady-state moment condi-

tions.

78



It remains to be seen whether or not constructing and solving these optimization
problems is computationally tractable. The sole point of this section is a theoretical

one: if we could solve these optimization problems, we would have our bounds.

3.3.2 Necessary Steady-State Moment Conditions

What exactly are the necessary steady-state moment conditions appearing in Problem

(3.20)7 We've already identified one:
O=A u,+Appy. (3.21)
If welet A=[AL Apy|and py = (@, pg), this can be written concisely as
0=Apy, (3.22)

where the subscript M indicates that the vector p,; contains all moments up to order
M (see Section [3.2.6).

The second, relatively obvious necessary condition is that the zeroth moment must
be one:

Next, we might reason that since all molecular counts must be nonnegative, all
mean molecular counts must also be nonnegative. With Equations and ,
this leads to

fe; >0, Vje{l,.., N} (3.24)

for the independent species and

N N
(:zo,k + Zﬁk,ﬁso,j) = Brjte; =20, Vke{l,... L} (3.25)
=1 j=1

for the dependent species.

Also, recalling our expressions for the variances and covariances given by Equa-
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tions (3.11)) and (3.12)), respectively, we can construct a covariance matrix, which we

know from probability theory must be positive semidefinite:

Hei+er — HeitMer -+ Heytey — HeilMey
: : : = 0. (3.26)
Hegy+er — HegHer -+ Hegtey — Hegltey

Condition is the first of several matriz inequalities that will appear in this
chapter. It must be understood that the generic matrix inequality M > 0 does not
imply the nonnegativity of each element of the matrix M € R"*". Rather, it states
that all of the eigenvalues of M are nonnegative. This is equivalent to the statement
that q"Mq > 0 for all g € R". In this thesis, we will only state matrix inequalities
for symmetric real-valued matrices.

It turns out that Necessary Conditions - are all special instances of
a more general set of conditions that the moments of any steady-state distribution
must satisfy. These more general necessary conditions can be expressed concisely in

the form of the following matrix inequalities:

MY() > 0, (3.27)
M (u) =0, Vje{l,...,N}, (3.28)

N N
(fo,k; +>° 5k,j530,j) M) () = > Be M, (p) = 0,
=1

J=1

(3.29)
Vke{l,...,L}.

The exact definitions of the matrices M2(u), MO _,(u), and M;’ ;(u) are unimpor-
tant for our present purposes, and have been deferred to Appendix [B] where these
matrix inequalities are derived. What is important is that each of these matrices is

a linear function of the vector . This means that each of the necessary conditions

(3-27)) - (3.29)) is a special type of matrix inequality known as a linear matriz inequal-
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ity (LMI). This is significant because the set of points satisfying a collection of linear
matrix inequalities is guaranteed to be a conver set. This gives us reason to believe
that we may be able to optimize efficiently over this set.

As suggested above, Necessary Conditions - are subsumed by Neces-
sary Conditions - in the sense that the former are implied by the latter

(see Appendix . This means that if we specify (3.27)) - (3.29) as necessary condi-
tions, it is unnecessary to also specify (3.24)) - (3.26]). So we may take as our list of

necessary conditions ([3.22)), (3.23), and (3.27)) - (3.29).

3.3.3 A Semidefinite Program
If we use Necessary Conditions (3.22)), (3.23)), and (3.27)) - (3.29)) in Problem ([3.20)),

in place of the abstract statement “p satisfies necessary steady-state moment condi-

tions”, we obtain

(Xi)a =max e,

s.t. Apy =0,

Ho = 17
My (p) = 0, (3.30)
M, () =0, Vjie{l,... N},
N
M) ( Zﬁk,g p) = 0,
Vke{l,...,L}.

Note that we have set aj, = Zo 1 + Zj-v;l Bk,jZo,; for the sake of brevity.

So far, we have been deliberately vague about which moments appear in our vector
of decision variables p. In principle, we could treat every moment in the infinite
sequence {u;:j € NY } as a decision variable. However, this would render numerical
solution of Problem intractable. So we want to truncate this sequence at some

point. It is clear that g must include at least those moments up to order M, so that
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we can meaningfully enforce the constraint Apy, = 0. As explained in Appendix
, the LMIs contain moments up to order 2n, where n = (%1 Since 2n > M, it
is sufficient for our decision vector p to include only those moments up to order 2n.
The key point here is that we have only finitely many decision variables.

While the notation of Problem (3.30) may be somewhat daunting, the problem
has nice mathematical properties: the objective function is a (very simple) linear
function of the decision variables p, and the only constraints are linear equalities
and linear matrix inequalities. This is a semidefinite program (SDP) — a type of
convex optimization problem which can be solved efficiently both in theory and in
practice [71], using made-for-purpose software such as SeDuMi [66] and MOSEK
[2]. So solving the abstract Problem is, in fact, computationally tractable.
We can readily calculate the desired upper bound on the mean molecular count of
independent species 7. Furthermore, by simply changing the “max” to a “min”, we

A

can also calculate (X;)s. Finally, by replacing the objective function with the final

ss”

line of Equation ([3.10]), we could also calculate bounds on the mean molecular counts

for each dependent species.

3.3.4 Conservatism in the Bounds

The bounds produced by SDP (3.30) (and its variations) may be conservative in the
sense that there is a gap between the quantity of interest (X;)¢ and the bound (X;)U.
There are several sources of this conservatism, but they can all be thought of generally
as an omission of necessary conditions from SDP (3.30)). This idea will become more

clear in the following discussion of the two most important sources of conservatism.

Choosing m € N

The first necessary condition appearing in SDP (3.30)) is the equation Ap, = O.
Recall from Section that this equation sets to zero the time derivatives of all
moments up to order m € N. However, we know that for any true steady-state

distribution all moments are unchanging with time. Thus, Ay, = 0 enforces only
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a finite subset of an infinite sequence of necessary conditions on the steady-state
moments. By omitting the conditions specifying that the moments with order greater
than m must have zero time derivatives, we are enlarging the feasible set of SDP
, admitting more moment vectors p to the competition. This has the potential
to increase the optimal value <XZ)SL£ of the SDP, leading to conservatism in the bound.

Now, recall that our choice of m € N was arbitrary. Given the foregoing argument,
it makes sense to choose m as large as possible, reasoning that doing so might lead
to tighter bounds. However, there is a trade-off: a large value of m implies that SDP
becomes large in terms of both the number of constraints and variables. In
general, larger problems take longer to solve and are more prone to numerical issues.
So there’s a balance to be struck in choosing m. Our general strategy in what follows
will be to start by choosing a low value of m and then increase it as necessary to

improve the quality of the bounds.

Relaxing the Integrality Requirement

Our aim in the Section was to list necessary conditions for the moments p of any
steady-state distribution supported on the discrete set of reachable states X c NV,
However, what we’ve actually done is list necessary conditions for the moments g of

any steady-state distribution supported on the polyhedral set

Il
b
m
S
=,

X (3.31)
In particular, the inequalities defining X are reflected in LMIs and .

By the construction of X', we are guaranteed that X is a subset of X. This means
that Conditions and are also necessary for the moments g of any steady-
state distribution supported on X. That’s good — it means that solving SDP ({3.30))
will, in fact, produce valid bounds, as we intended. The downside to having our
necessary conditions based on the superset X is that we are including in the feasible

set of SDP (13.30)) moment vectors p corresponding to nonphysical distributions —
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namely, distributions which assign a nonzero probability to states x € X which
imply non-integer molecular counts. This has the potential to introduce undesirable
conservatism into the bounds produced by solving SDP ((3.30)).

Given this potential for undesirable conservatism in the bounds, one might con-
sider adding further necessary conditions to exclude the nonphysical distributions and
focus attention on the moments of distributions supported on the discrete set X. In
principle, this can be done (See Lasserre[42], Chapter 5). However, recall that the
fundamental problem with the CME is that there is usually a very large number of
states X € X. If we attempt to add constraints to SDP to restrict the sup-
port of the unknown steady-state distribution to X, we find that we quickly have
an intractably large number of constraints. So the problem of high dimensionality
that we saw in Section just manifests itself in a different way. As discussed
previously, the whole point of the moment-based analysis of stochastic chemical ki-
netics is to avoid this problem of high dimensionality. So we will not try to restrict
the support of the unknown steady-state distribution to the discrete set X. We will
content ourselves with Necessary Conditions and , thereby considering
the moments of all steady-state distributions supported on the larger set X'. This
constitutes a relazation of the integrality requirement. We accept the conservatism
that is introduced through this relaxation as the price of computational tractability.

The SDPs described by Ghusinga et al[24], Kuntz et al[39], and Sakurai et al[56]
also implicitly relax the integrality requirement. However, there is no discussion of

this fact and its implications in those papers.

3.3.5 Scaling

One difficulty with using moments as decision variables in SDP (|3.30) is that the
moments of a distribution often differ by orders of magnitude. This can make moment-
based SDPs ill-conditioned, leading to numerical difficulties[39, [18]. These difficulties
can be partially alleviated by appropriately scaling the decision variables. Since this
scaling procedure is a matter of numerics and is not central to the theory of this

chapter, we have deferred it to Appendix [Bl However, going forward, whenever we
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speak of solving SDP ({3.30)), it should be understood that we mean the appropriately
scaled version of SDP (3.30). These two SDPs are mathematically equivalent; it’s

just that the scaled version improves the performance of the solvers.

3.4 Mean-Bounding Examples

The previous section established that we can, in fact, calculate theoretically guaran-
teed bounds on the mean molecular counts for each species. However, it remains to
be seen if these bounds are actually useful.

Ideally, the bounds on any given mean molecular count would be equal, in which
case they would tell us the mean value exactly. The second-best scenario is that
the bounds are tight, in the sense that they have only a small gap between them,
bracketing the unknown mean in a relatively small range. What we really don’t want
is for there to be a large gap between the bounds, in which case there is still a lot of
uncertainty surrounding the value of the mean.

In the examples of this section, we will see that the quality of the bounds depends

on the characteristics of the stochastic chemical kinetic system.

3.4.1 Michaelis-Menten

The first example is a variant of the classical Michaelis-Menten system, taken from

Smadbeck and Kaznessis[64].

C1
S+ E—=——=—SE
Co
C3
SSE——>P+E (3.32)

C4
P————S

In that paper, Smadbeck and Kaznessis calculate approximate values of (S)g and
(E)ss assuming initial molecular counts S = 10, E = 10, S:E = 0, and P = 0, fixed

rate constants c; = c3 = ¢4 = 1 s71, and ¢; values ranging from 1073 s7! to 1072 s71.
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Figure 3-1: Bounds on the Michaelis-Menten system at steady state. The points
marked with circles and stars each correspond to the solution of an SDP and are
theoretically guaranteed bounds. The lines interpolated between these points are not
guaranteed bounds. They are included just to lead the eye.

We calculated bounds on (S)s and (E)g for these same conditions by repeatedly
solving SDP and the corresponding minimization problem, taking m = 2. The
results are shown in Figure [3-1} In this case, the bounds are so tight that they
effectively give the quantities (S)s and (E)g for each value of ¢;. Increasing the value
of m in an effort to obtain tighter bounds was deemed unnecessary.

Figure [3-1]is agreement with Smadbeck and Kaznessis’s Figure 3A. However, note
the difference in what is being plotted: Smadbeck’s Figure 3A provides an estimate
of (S)ss and (E) with no bound on the error, while Figure provides guaranteed
bounds on (S) and (E)g. Thus, Figure contains more information.

3.4.2 Reversible Dimerization

The second example is a simple reversible dimerization reaction, also taken from

Smadbeck [64].

(&1
2A——=8B (3.33)
Co
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Base Case

10

Figure 3-2: Bounds on the Reversible Dimerization system at steady state

Smadbeck calculates approximate values of (A)y assuming initial molecular counts
A =10 and B = 0, a fixed rate constant ¢; = 1 s™! and ¢, values ranging from
1073 571 to 103 s7h

We calculated bounds on (A)g for these same conditions by repeatedly solving
SDP and the corresponding minimization problem taking m = 2. The results
are shown in the top plot of Figure [3-2] along with an analytical solution provided
by McQuarrie[47].

The first thing to notice in this plot is that the bounds do, in fact, enclose the
analytical solution, supporting the validity of our theory.

The second thing to notice is that while the bounds are very tight for large values of

o, there is a non-negligible gap for small values. In an effort to eliminate this gap, we
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calculated the bounds again, taking m = 4. While the bounds did tighten somewhat
for intermediate values of co, the gap at the far left of the plot stubbornly persisted,
suggesting that it is attributable to something fundamental to the formulation of SDP
, and cannot be dealt with by simply increasing m.

This is indeed the case. The gap in Figure is an example of the conservatism
introduced by relaxing the integrality requirement, as discussed in Section [3.3.4] It
is easiest to see this if we examine the limiting case where ¢o = 0. In this limit, there
is no reverse reaction. This means that the reaction system can only be at steady
state if the forward reaction cannot occur. Since the forward reaction involves two
molecules of A, there are exactly two situations when it cannot occur: when there
are 0 molecules of A and when there is 1 molecule of A. Given the stoichiometry
and initial condition for this system, the latter situation is not possible. We can
see this by looking at the Invariant Equation for this system, which reduces to
xa + 2xg = 10. Having 1 molecule of A implies 4.5 molecules of B — a nonphysical
noninteger number. This means, if ¢ = 0, the only possible steady-state distribution
for this system is a Dirac distribution where all the probability is concentrated on
the point zs = 0. This implies perfectly tight bounds: (A)Y = (A)L = 0. However,
because we relaxed the integrality requirement in our construction of SDP (3.30)),
the state with 1 molecule of A is also allowed. This means that there is a second
distribution whose moments satisfy all the constraints of SDP , including the
steady-state constraint Ay = 0, namely the Dirac distribution centered on the point
xa = 1, with corresponding mean (A) = 1. The feasibility of the moments of this

U _
ss

distribution pushes the upper bound on the mean up to (A) 1, creating a gap
between the bounds. In this way, relaxing the integrality requirement introduces
conservatism in the bounds. The situation is similar for ¢; > 0, though not amenable
to the sort of analysis we have applied here. The gap vanishes as ¢y — +00, because,
in this limit, only the reverse reaction is relevant, and the only situation in which the
reverse reaction cannot occur is when there are 0 molecules of B (and 10 molecules

of A).
As suggested in Section we consider the conservatism introduced through
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relaxing the integrality requirement to be an acceptable price to pay for computational
tractability. However, we recognize that in some cases it may be necessary to reduce
this conservatism, even at the expense of solving a slightly larger SDP. We can do this
by selectively adding LMIs reflecting the integrality requirement to SDP (3.30)). For
example, by adding a single LMI to SDP and repeating the previous analysis,
we can obtain the tighter bounds shown in the bottom plot of Figure[3-2] The details
of the construction of this LMI can be found in Appendix [B]

This discussion of the gap in the bounds and how to deal with it is related to the
discussion of “non-unique stationary distributions” in the paper by Kuntz et al[39).
However, Kuntz describes a gap in the bounds only in the context of solving a Linear
Program (LP), where each decision variable corresponds to a particular reachable
state x € X. Thus, his interpretation of the source of the gap and subsequent
solution are quite different from our own. He does not address the possibility that

such a gap could be observed in solving a moment-based SDP.

3.4.3 Schlogl

The third example is the Schlogl model, also taken from Smadbeck and Kaznessis[64].

&1
2X + A=——=3X

C2

(3.34)
B=—X
Cy

Species A and B are assumed to be present in large quantities and buffered, so that
their counts remain essentially constant with time. This means that X is the only
species of interest. The Schlogl model is a favorite toy problem because its steady-
state distribution for X is bimodal for some parameter values. Furthermore, there
are infinitely many reachable states, so there is no hope of analyzing the problem by
directly solving the CME.

Smadbeck and Kaznessis approximate values of (X), assuming c;xy = 0.15 s71,

co = 1.5x1073 571, cgrp = 20 s, and ¢4 ranging from 2 s7! to 5 s7!. We calculated

bounds on (X)y for these same conditions by repeatedly solving SDP (3.30) and

89



the corresponding minimization problem, taking m = 2. The resulting bounds were
surprising poor, with a large gap for all but the largest values of ¢;. However, we
found that by increasing the value of m, we could gradually improve the quality of
the bounds. This gradual improvement is shown in Figure |3-3] where we plot the
bounds for m = 2, m = 6, and m = 10. For higher values of m, the improvement in
the bounds was negligible. At m = 16, we began to encounter numerical difficulties.

The bounds associated with m = 10 are tight for both high and low values of ¢,.
However, there is still a gap from about ¢y = 3 s71 to ¢y = 4 s71. Interestingly, this
is roughly the range of ¢, values for which the steady-state distribution is bimodal,
given the assumed values of ¢;, ¢y and ¢z (see Appendix . This might suggest that
the relative difficulty in obtaining tight bounds for this system is attributable to its
capacity to exhibit a bimodal steady-state distribution.

Figure is in agreement with Smadbeck and Kaznessis’s Figure 5D. However,
again, it is important to notice the difference in what is being plotted: Smadbeck
and Kaznessis’s Figure 5D provides an estimate of (X)g with no bound on the error,

while Figure provides guaranteed bounds on (X)g.

3.4.4 A Larger Example

So far, our examples have been concerned with small toy models from the literature.
The fourth example, shown in Figure |3-4] is one of our own creation, designed to
show that our bounding method can also be successfully applied to larger models
with features that frustrate other methods.

This system has 14 reactions and 10 chemical species. It includes unimolecular
and bimolecular reactions, reversible and irreversible reactions, fast and slow reac-
tions (rate constants given in Appendix , and a reaction cycle. We assumed initial
molecular counts A = 100, F = 100, and zero for all other species. With this initial
condition, one can calculate (see Appendix that the number of reachable states
for this system is 74,816,108,146. So directly solving the CME for this system is in-
tractable. Furthermore, because the presence of both fast and slow reactions, studying

this system using the SSA algorithm (or any of its exact variants) is computationally
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Figure 3-3: Bounds on the Schlogl system at steady state
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Figure 3-4: A larger reaction system

inefficient.

As with the previous examples, we performed a sensitivity study, varying the rate
constant for A — B + C from ¢; = 1 x 1073 s7 to ¢; = 1 x 103 s, while calculating
bounds on (A)g, (D), and (E)s. The bounds were calculated by repeatedly solving
SDP (3.30), taking m = 2 and m = 4. The results are shown in Figure [3-5

While there are small gaps in the bounds, on the whole, they are relatively tight,
effectively giving us the desired quantities (A)g, (D)ss, and (E)g across the range of
c1 values sampled. Thus, we see that the bounding method is not limited to small toy
models, but can also be successfully applied to a larger reaction system with features

that prevent effective analysis using other methods.

3.5 Variance Bounds

In the previous section, we have demonstrated that we can bound the mean count of
molecules of each species at steady-state. In this section, we show that we can also

bound the variances in each of these counts.
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Figure 3-5: Bounds on the larger reaction system in Figure [3-4| at steady state.
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3.5.1 An Upper-Bounding SDP

A natural starting point in attempting to bound the steady-state variance of species
2

i

1 is to replace the objective function of SDP (3.30]) with the expression given for o

in Equation (3.11]). Doing so gives us the following optimization problem:

M(p) = 0, (3.35)

By the same logic we applied in Section , the optimal value of Problem (3.35))
is a theoretically guaranteed upper bound on (0?)g.

However, the question remains as to whether or not we can actually solve Problem
efficiently. Recall that the reason we can solve the mean-bounding Problem
efficiently is that it is an SDP, with all the nice mathematical properties this
entails. Problem is nearly an SDP, but not quite — the objective function is a
nonlinear function of the decision variables. At first, it may seem that this nonlinearity
would frustrate our attempts to solve Problem efficiently. However, Problem
can be reformulated as an SDP in just two steps.

The first step is to introduce a dummy decision variable s and move the nonlin-
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earity to the constraints:

(07)e =

s.t. 8 < lge;, — ,uii
Apy =0,
po =1,
MO () = 0, (3.36)

M (u) =0, VYje{l,...,N},
N .
M2 (1) = > B ;M () = 0,
j=1
Vk e {l,...,L}.

Problems ([3.36)) and (3.35)) are equivalent in the sense that they have the same optimal
value.
The second step is based on the following equivalence due to the Schur Comple-

ment Lemma [71]:

e; - S e;
s < e, — Mo, = e s =0 (3.37)

He; 1 N

The inequality on the right is an LMI. Substituting it into Problem (3.36)) in place of
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s < lige, — p2,, we obtain an SDP for calculating an upper bound on (07)s:

(6HY =max s

Ho =1, (3.38)

M’ (p) =0, Vje{l,..., N},
N .
akM?L—l(“’) - ZBk,]Mnjfl(u) t 07
Jj=1
Vke{l,...,L}.

3.5.2 A Lower-Bounding SDP?

In the case of the mean-bounding problem, we were able to convert the SDP for

L
ss

obtaining the upper bound (X;)¥ into an SDP for obtaining the lower bound (X;)
simply by changing the “max” to a “min”. One might suspect that we could do
something similar with SDP (3.38]). However, the minimization version of SDP (]3.38)
is meaningless. The reason for this is that the minimization versions of Problems
(3.35) and are in general not equivalent. Thus, the argument in moving from
the minimization version of Problem to the minimization version of SDP ([3.38|)
breaks down.

We cannot formulate a single SDP that is equivalent to Problem , because
the objective function of that problem is concave, and minimizing a concave function
is a nonconvex problem. Sakurai et al[56] point out that we can obtain a relaxed
lower bound on the variance by solving two SDPs successively. However, we will
not pursue this strategy here. We always have the trivial lower bound of (02)L = 0.
Furthermore, from a practical perspective, an upper bound on the variance (a measure

of uncertainty) seems more useful than a lower bound.

96



3.6 Variance-Bounding Examples

We next apply SDP (3.38) to the example models appearing in Section .5, bounding
the variance of each species for which we previously bounded the mean. For each
example model, we assume the same initial molecular counts and rate constants as

before.

3.6.1 Michaelis-Menten

Repeatedly solving SDP with m = 2 for the Michaelis-Menten system (3.32),
we obtain the bounds shown in the top plot of Figure [3-6] The figure also shows the
exact variances obtained by solving the CME for this system. Comparing the bounds
with the exact variances, we see that the bounds are valid but that they are a bit
conservative for intermediate values of ¢;.

Repeating the analysis with m = 4, we obtain the bounds shown in the bottom
plot of Figure [3-6 These bounds follow the CME-generated variances so closely that

the curves are indistinguishable.

3.6.2 Reversible Dimerization

Repeatedly solving SDP with m = 2 for the Reversible Dimerization system
(13.33]), we obtain the bounds shown in the top plot of Figure In this case, we have
an analytical solution for the steady-state variance [47], which we’ve also plotted in
Figure[3-7] This analytical solution makes two things clear: first, the bounds obtained
through SDP are, in fact, valid over-estimators of the true variances; second,
the bounds are conservative for intermediate values of cs.

Repeating the analysis with m = 4, we obtain the bounds shown in the bottom
plot of Figure [3-7] These bounds are tighter for the intermediate values of ¢q, closely
following the analytical curve. However, notice that a gap persists at the low end of
the ¢y range. This gap can be traced to the conservatism introduced by relaxing the
integrality requirement, just like the gap we saw in Figure [3-2] in bounding the mean

for this system.
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Figure 3-6: Bounds on variances for the Michaelis-Menten system at steady state
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Figure 3-7: Bounds on variances for the Reversible Dimerization system at steady
state
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3.6.3 Schlogl

Repeatedly solving SDP ([3.38]) with m = 2 for the Schlogl system , we obtain
the bounds shown in the top plot of Figure [3-8 Repeating the analysis with m = 4,
we obtain the tighter bounds shown in the bottom plot of Figure [3-8|

The two bounding curves of Figure |3-8| are consistent with Smadbeck’s Figure
S7.4(b). However, taking the points of Smadbeck’s Figure S7.4(b) generated through
SSA as the true variance values, even the relatively tight bounds in the bottom panel
seem to be rather conservative. In some sense, this isn’t surprising, given that we had
to choose m = 10 to obtain reasonably tight bounds on the mean for this system (see
Figure . This suggests that we would have to use similarly large values of m to
obtain reasonably tight bounds on the variance. Unfortunately, when we attempted
to repeat the analysis with m = 6, we encountered numerical issues. So, it seems that
this system’s capacity to exhibit a bimodal steady-state distribution makes it difficult
to obtain tight bounds for the variance as well as the mean. All this being said, we
wish to emphasize that while the bounds shown in Figure |3-3| are conservative, they

are still valid, theoretically guaranteed bounds.

3.6.4 A Larger Example

Repeatedly solving SDP (3.38)) with m = 2 for the larger reaction system in Figure
3-4], we obtain the bounds shown in Figure [3-9 When we attempted to repeat the

analysis with larger values of m, we encountered numerical difficulties.

3.7 Bounds on Probability

In the previous sections, we’ve seen that we can bound the mean and variance of
the molecular count of each species in the steady-state probability distribution. In
this section, we show that we can also calculate bounds on the probability that the

molecular count of independent species i lies in a specific interval, [Zmin, Tmax)-
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Figure 3-8: Bounds on variances for the Schlogl system at steady state
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Figure 3-9: Bounds on variances for the larger reaction system in Figure [3-4] at steady
state.
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3.7.1 An Upper Bounding SDP

As with the mean and variance bounds, the key to calculating an upper bound on

the probability that X, € [Tmins Tmax] 18 an SDP:

A

Pss(Xi G[xmina -Tmax])U

max 2o
y?z

st. Ay +Azy =0, yo+20=1,
M(y) =0, M;(z) = 0

My (y) =0, M ,(z) =0, Vje{l,... N},

n—1

N
OékMg_l(Y) - Z/Bk,]MZJ—l(y) t 07 Vk € {17 ceey L}7
=1

N
axM?_i(z) =Y B;My(2) =0, Vke{l,... L}
7j=1

- MZ‘?Q(Z) + (wmax + xmin)MZif2(z) - xminxmaXMg—Q(Z) = 07
(3.39)

The derivation of SDP (3.39) requires a lengthy explanation and is deferred to Ap-
pendix [B]

While SDP is certainly more complicated than the SDPs we’ve seen previ-
ously, it is just a variation on the same theme: again we have an equation involving
the A matrix, corresponding to the steady-state condition; again we have the specifi-
cation that the sum of probabilities must equal one; and again we have LMIs reflecting
constraints on the support of the distribution(s). The primary difference is that we
now have two moment vectors y and z, corresponding to two different distributions.
The other new element is the presence of the final LMI, which reflects the interval of
interest [min, Tmax)-

To be clear, SDP can be used to calculate upper bounds on probabilities only
for an independent species 7 € {1, ..., N }. In principle, we could derive a similar SDP
for calculating bounds for the dependent species. However, if you want to calculate

a bound for some dependent species k € {1,..., L}, it is probably simplest to just
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choose your independent species differently, so that the species of interest is in that
set. Then, you can use SDP without any modification or added complexity.
In the hopes of improving the quality of the bound produced by SDP (3.39), one
might consider adding LMIs to restrict the support of the underlying probability
distribution to the integer values in the interval [z, Tmax|. However, we found that

doing so had only a negligible effect.

3.7.2 A Lower Bounding SDP

One can also derive an SDP for calculating a lower bound on the probability that
Xi € [Tmin, Tmax). However, our experience with this SDP is that it usually gives a
trivial bound of PSS(Xi € [Tmin, Tmax))” = 0 unless the interval [Tpin, Tmax] is very
wide relative to the spread of the true steady-state probability distribution. So it is

of limited practical value.

3.7.3 Bounds on a Histogram

The ability to calculate an upper bound on the probability that the molecular count of
species i lies between x.,;, and ., is interesting in itself. But by chaining together
several such calculations, we can obtain something even more interesting: upper
bounds on a histogram describing the steady-state probability distribution. We simply
pick a set of intervals [Zmin""), Tmax )] and then solve SDP for each interval.
The choice of the intervals [xmin(j),xmax(j)] is arbitrary. However, there are a
few things to keep in mind when making this choice. First and most obviously, we
will want to choose the intervals so that they cover the most probable values of X;.
Analysis of the reaction stoichiometry as well as our bounds on (Xi)ss and (0?)g may
be helpful here. Second, the narrower the intervals, the better our bounds will resolve
the features of the unknown probability distribution (e.g., multiple modes). Third,
the unknown probability distribution is nonzero only on nonnegative integer values
of #;. This suggests that we should choose our intervals to be singletons [z, 2],

where Zmin¥) = Zmax? = 20) and each 219 is a nonnegative integer molecular count.
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This singleton interval approach makes sense in the case when the range of molecular
counts that we care about is small. However, recall that we have to solve an SDP
for each interval. So, if the range of molecular counts that we care about is relatively
large, having an interval for each count may be impractical, because it requires us to
solve a large number of SDPs. In this case, we will select our intervals so that each

()

covers several molecular counts (i.e., z;)) < x¥)

) ). Certainly, we lose some resolution

in doing this, but it may be necessary to maintain computational tractability. In the
following examples, we will use both singleton and non-singleton intervals.

The method that we have described here is related to the linear programming
approach for calculating bounds on marginal distributions described by Kuntz et
al[39]. However, there are fundamental differences between the two methods. Kuntz’s
approach requires enumeration of part of the set of reachable states, and so there are
theoretical concerns about its scalability. In contrast, our method does not require
enumeration of any part of the set of reachable states. Furthermore, to compute an
upper bound on the probability associated with a particular reachable state, Kuntz’s
method requires the solution of an SDP followed by an LP, with ad hoc selection of
several parameters, including the “weight vector”, “state space truncation parameter”,

and the order of the moment used in the LP. In contrast, our method requires the

solution to just one SDP and has no analogous parameters.

3.8 Probability-Bounding Examples

We again revisit each of the example models we've seen previously. This time, instead
of varying one of the rate constants, we will fix the rate constants and vary the interval
[ min, Tmax), solving SDP for each interval. Doing so, we obtain upper bounds
on a histogram for any steady-state probability distribution. We will see that while
these bounds often substantially over-estimate the true histogram, they still give a

reasonable picture of its shape.
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3.8.1 Michaelis-Menten

For the Michaelis-Menten Model , we assume the same values for the rate
constants and initial counts stated in Section [3.4.1] — the one exception being ¢y,
which we now hold fixed at ¢; = 1s7!. We aim to obtain bounds on the molec-
ular count histogram for species S. Given the stoichiometry of the reaction system
and the initial condition, we see that the molecular count of S can take on at most
11 values, x5 = 0,...,10. Accordingly, we will pick our intervals as the singletons
[0,0],[1,1],...[10,10]. Solving SDP (3.39) with m = 2 and m = 4 for each of these
“intervals” gives the upper bounding histograms shown in Figure [3-10

For comparison, each of the plots in Figure also shows the histogram of P(zg)
values for the true steady-state probability distribution, obtained through solving the
CME. For many values of xg, the bound Py(xs)Y greatly exceeds the true probability
Py(zs) . However, notice that the shape of the upper bounding histogram closely

follows that of the true histogram.

3.8.2 Reversible Dimerization

For the Reversible Dimerization Model (3.33)), we assume the same values for the rate
constants and initial counts stated in Section — the one exception being ¢y, which

1 We aim to obtain bounds on the molecular count

we now hold fixed at ¢co = 1 s~
histogram for species A. Given the stoichiometry of the reaction system and the initial
condition, we see that the molecular count of A is bounded above by 10 and bounded
below by 0. So again we will pick our intervals as the singletons [0, 0], [1, 1], ... [10, 10].
Solving SDP (3.39)) with m = 2 and m = 4 for each of these “intervals” gives the
upper bounding histograms shown in Figure |3-11] For comparison, each of the plots
in Figure also shows the histogram of Py(xa) values for the true steady-state
probability distribution, obtained through solving the CME.

One curious feature of these plots is that for all odd 4 we have Py(x4)Y > 0 while

Pi(za) = 0. This discrepancy, like the gaps in Figures and , is attributable

to relaxing the integrality requirement. A simple analysis of the stoichiometry of the
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Figure 3-10: Bounds on a histogram for the Michaelis-Menten System at steady state

106



087

<06

Pss (mA

04r

021

01 2 3 45 6 7 8 910

TA

087

— 06

Pss (mA

04r

021

01 2 3 45 6 7 8 910

TA

Figure 3-11: Bounds on a histogram for the Reversible Dimerization System at steady
state

reaction system makes it clear that it is not actually possible to have odd counts
of A molecules, given the initial condition. So one could reasonably just skip over
solving SDP for these “intervals”, knowing a priori that the upper bound on
probability is zero. However, we don’t do that here just to be clear that this sort of
parity analysis is not a built-in feature of SDP ([3.39).

This parity issue aside, as with the previous example, the shape of the bounding

histogram closely follows that of the true histogram.
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[ P (X € [, Zvec])” I P (X € [t 7] |

Figure 3-12: Bounds on a histogram for the Schlogl System at steady state and
relative probabilities for the true distribution. See Appendix [B]for an explanation of
how the relative probabilities were calculated.

3.8.3 Schlogl

For the Schlogl System (3.34]), we assume the same values for the rate constants and
initial counts stated in Section — the one exception being ¢4, which we now hold
fixed at ¢, = 3.5 s7!. We aim to obtain bounds on the molecular count histogram
for species X. Analyzing the reaction system, we see that there is no upper bound on
the molecular count of X. However, we see from Figure that with ¢, = 3.5 s71,
the mean (X) is around 40. Accordingly, we will construct a bounding histogram
from xx = 0 to zx = 99, hoping that this range will be large enough to capture the
relevant features of the distribution. In principle, we could use singleton intervals
[0,0],[1,1],...,[99,99] to obtain the bounding histogram, much as we did for the
previous two examples. However, this would require us to solve 100 SDPs. It could
be done, but the relatively large molecular counts of this reaction system make it
better suited to using non-singleton intervals. In particular, we will use the intervals
[0,4],[5,9],...,[95,99], so that we need to solve only 20 SDPs. Solving SDP ([3.39)
with m = 2 for each of these intervals gives the upper bounding histogram shown in
Figure [3-121 When we attempted to construct a similar bounding histogram using

m = 4, we encountered numerical difficulties.
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Figure 3-13: Bounds on a histogram for the Schlogl System at steady state

The upper bounding histogram we see in Figure has a distinctly different
character from those we saw in our previous two examples. In particular, it is multi-
modal. This is interesting because the true steady-state probability histogram for the

Schlogl model with the given parameter values is also multi-modal (see Figure [3-12))

Moreover, if we increase ¢4 to 5 s, and repeat the analysis, we obtain a unimodal
upper bounding histogram; and the true steady state histogram associated with this
parameter value is also unimodal (see Figure . This suggests that the upper
bounding histogram can serve as an indicator of multi-modality; for each peak in the
true steady state distribution, there is a corresponding peak in the upper bounding
histogram.

This is an intriguing idea. However, we must point out that it has its limitations.
In particular, notice that the central peak of the upper bounding histogram in Figure
[3-12] has no corresponding peak in true steady-state histogram. This extra peak
seems to be an artifact of our bounding method, with no connection to the true
distribution. Thus, while the upper bounding histogram can be used as an indicator

of multi-modality, it may over-estimate the number of modes.
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Figure 3-14: Bounds on a histogram for the larger reaction system in Figure |3-4] at
steady state.

3.8.4 Larger Example

For the larger reaction system in Figure [3-4] we assume the same values for the rate
constants and initial counts stated in Section [3.4.4]— the one exception being ¢, which
we now hold fixed at ¢; = 1 s~'. We aim to obtain bounds on the molecular count
histogram for species A. From Figure the mean (A) is around 24. Accordingly, we
will pick as intervals [0, 2], [3,5], ..., [57,59], hoping that these 20 intervals will cover a
large enough range to capture the relevant features of the distribution. Solving SDP
(13.39) with m = 2 for each of these intervals gives the upper bounding histogram
shown in Figure [3-14] When we attempted to obtain tighter bounds by repeating the
analysis with m = 4, we encountered numerical difficulties.

Because of the complexity of the reaction system, we don’t know the true steady-
state distribution for the count of A molecules. However, using Figure [3-14] we may

speculate that it is unimodal and centered around x5 ~ 24.

3.9 Other Probability Bounds

The previous two sections focused on our ability to bound the probability that the

molecular count of independent species i lies in a specific interval [pin, Zmax]. How-
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ever, more generally, it is possible to bound the probability that the vector of molec-

ular counts X lies in any basic semi-algebraic set, i.e., a set of the form

{(KeRY:g;(%)>0, j=1,...,K}, (3.40)

where each g¢;(-) for j = 1,..., K is a polynomial in X. The interval {& € RY .
Z; € [Tmin, Tmax|} 1S merely a special case of this type of set, as it can be written
equivalently as {%X € RY : & — 2o > 0, Tmax — Z; > 0}. Basic semi-algebraic sets
can also be used to describe polyhedra, discs, ellipses, and certain nonconvex and
disconnected sets. For example, they can be used to describe the sets corresponding
to the statements “the molecular counts of species A and B together do not exceed
10” or “the molecular count of species A is at least twice the molecular count of
species B squared”. It is not immediately obvious that bounding the probability of
such events would be useful — this is largely why we chose to focus on the interval
case — but it could be done.

The SDP for calculating an upper bound on the probability that the steady-state
distribution assigns to an arbitrary basic semi-algebraic set is just a variation of SDP
(3:39). Inspecting SDP (3.39), it is clear that the set of interest (in this case the
interval {& € RY : & € [Zain, Tmax]}) is reflected in the final LMI. To bound the
probability associated with an arbitrary basic semi-algebraic set, we have to derive
the LMIs corresponding to that set, and substitute them in place of the last LMI in
SDP . An explanation of the derivation of these LMIs is beyond the scope of
this chapter. However, Appendix |B| gives some insight. Further details can be found
in Chapter 3 of Lasserre’s book[42].

3.10 Size of the Semidefinite Programs

In this section, we tabulate the size of each of the SDPs considered in the previous
examples.

The factors determining the size of the SDP include:
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A

the number of independent molecular species, N;

the order of the highest-order reaction occuring in the system, g;

the order of the highest-order moment whose time derivative we are setting

equal to zero, m;

and the quantity being bounded (i.e., mean, variance, or bound on probability).
Our measures of the SDP size will include:
e the order of the highest-order moment that appears as a decision variable, h;
e the number of decision variables, d;
e the number of linear constraints, [;
e the dimension of the largest matrix appearing in an LMI, L.

The connection between the factors determining the size and the measures h, d,

[, and L, requires some explanation and is deferred to Appendix [B]

3.11 Conclusion

The proposed bounding method is a fundamentally different approach to the problem
of characterizing steady-state distributions in stochastic chemical kinetic systems. In
this chapter, it has been applied to calculate bounds on the mean count of molecules
of each species, variances in these counts, and the probability that the count lies in
a given interval — leading to bounding histograms. These bounds are mathemati-
cally rigorous and based on no approximations or unprovable assumptions about the
underlying probability distribution. This sets the bounding method apart from the
various moment closure schemes in the literature, which provide only estimates of the
quantities of interest, with no bounds on the error.

Admittedly, bounds on a quantity of interest are less useful than the value of

the quantity itself. However, guaranteed bounds are arguably more useful than an
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Model N | ¢ | Bounded Quantity |m [h | d [ 1 [ L |
. 2 4 15 6 6
Michaelis- ( 2) 2 4 16 6 6
Menten 2 |2 TiJss 411 6| 29 15 | 10
- 2 4 30 6 6
Pss(Xi - [I’min,xmax]) 4 6 56 15 10
. 2 4 5 3 3
(Xi)ss 4 1 6 7 5 4
Reversible ( 2) 2 4 6 3 3
Dimerization | 1 | 2 TiJss 41 6 8 5 4
- 2 4 10 3 3
PSS(Xi S [xmina xmaX]) 4 6 14 5 4
2 4 5 3 3
10| 12| 13 11 7
Schlbgl 13 (07)ss Z é g 2 i
- 2 4 10 3 3
PSS(Xi S [xmina xmaX]) 4 6 14 5 4
. 2 4 | 330 | 36 | 36
(Xi)ss 116 1716 | 330 | 120
Larger (02) 2 4 | 331 36 | 36
Example 7 19 i/ss 4 6 | 1717 | 330 | 120
- 2 4 | 660 | 36 | 36
P, (Xi < [l‘min, l’max]) 4 6 | 3432 | 330 | 120

Table 3.1: Sizes of the SDPs solved in the examples of this chapter.

estimate with unbounded error. Furthermore, as we saw in the case of several of the
mean-bounding examples, the bounds can be so tight that they effectively give the
quantity of interest.

The bounding method has its limitations. First, the bounds are not always as tight
as we would like for them to be. In principle, we could tighten them by increasing
m (increasing the number of moments whose time derivatives we are setting equal to
zero), or by selectively adding LMIs to partially enforce the integrality requirement.
However, both of these strategies increase the size of the SDP that must be solved.
We then confront the bounding method’s second major limitation: while SDPs in gen-

eral have nice theoretical properties, something about the structure of moment-based
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SDPs specifically seems to make them numerically ill-conditioned. This limits the
size of the systems that the bounding method can handle, with current SDP solver
technology. We hope that continued refinement of this technology (or perhaps devel-
opment of a solver specialized for moment-based SDPs) will extend the applicability
of the bounding method to ever larger systems.

In summary, we believe that the bounding method described in this chapter is
an interesting theoretical addition to the wide array of tools available for analyzing
stochastic chemical kinetic systems. We have demonstrated its potential by applying
it to a nontrivial reaction system with over 74 billion states. However, there are
some numerical issues that need to be worked out before the bounding method can
be reliably applied to larger systems of practical importance.

While this chapter has been concerned with applying the bounding method to
steady-state distributions, it can also be extended to dynamic distributions. This

extension will be the subject of Chapter [4]

3.12 Implementation Details

All numerical examples in this chapter were computed on a 64-bit Dell Precision
T3610 workstation with a 3.70 GHz Intel Xeon CPU. In each example, CVX [2§]
was used to model the SDP, using the default tolerance (i.e. “precision”) settings.

SeDuMi [66] was used as the underlying solver.
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Chapter 4

Dynamic Bounds on Stochastic
Chemical Kinetic Systems Using

Semidefinite Programming

The contents of this chapter were published as a peer-reviewed paper [I5] in the

Journal of Chemical Physics.

4.1 Introduction

In Chapter [3] we showed that the closure problem of stochastic chemical kinetics
can be partially overcome using moment-based semidefinite programs (SDPs). In
particular, we showed that moment-based SDPs can be used to calculate rigorous
bounds on various descriptions of the stochastic chemical kinetic system’s stationary
distribution(s) — for example, mean molecular counts, variances in these counts, and
so on. In this chapter, we show that these ideas can be extended to the corresponding

dynamic problem, calculating time-varying bounds on the same descriptions.

115



4.2 Mathematical Background

This section is used primarily to introduce the notation that will be used in Sections
-[A.8] Many of the ideas contained herein are similar to the corresponding section
of Chapter [3] However, there are some key differences, most notably in our handling

of the invariants, which foreshadow developments later in the chapter.

4.2.1 Mathematical Notation

In this chapter, the symbols N, Z, R will be used to represent the natural numbers,
integers, and real numbers, respectively. For notational convenience, we will adopt
the definition of N that includes 0. We will use angular brackets “(-)” to represent
an “expected value” or mean of a random variable. Vectors and matrices will be
represented with bold symbols. The vector e; = (0,...,1,...0) is the ith coordinate
vector, in which all components are zero, except the ith component, which is 1. The
interpretations of all other symbols should be clear from the context in which they

appear.

4.2.2 Stochastic Chemical Kinetics Notation

As in Chapter [3, we will let N € N denote the number of distinct chemical species
in our reaction system, and let R € N denote the number of reactions. Furthermore,
we will model the state of the system at time ¢ with the random vector X(t) =
(X1(t),..., Xn(t)) € NV where X;(t) > 0 is the count of molecules of species i
present. The vector s, € Z" will contain the stoichiometric coefficients for reaction
r € {1,...,R}. Concatenating these vectors together gives the stoichiometry matrix
S = [s;...s5] € ZV*®. This stoichiometric matrix together with the initial state of
the system X(0) = xo € NV defines the set of all reachable states:
X = Xp + Sy,

X={xeN": . (4.1)
x>0, yecNF
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4.2.3 Invariants and Independent Species

Let the vectors {by,..., by} C R form a basis for the left null space of the sto-
ichiometry matrix S. FEach vector b; corresponds to an invariant of the reaction

system[20]. In particular,
bIX(t)=f;, Vie{l,....L}, Vt>0, (4.2)

where each f; € R is a constant which we will call the value of the jth invariant.
This is a small but significant deviation from Chapter |3, where Equation (4.2]) was
written not in terms of invariant values but in terms of the initial state X(0). In
what follows, we will assume only that the invariant values {fi,..., fr} are known.
Precise knowledge of the initial state X(0) is unnecessary. Of course, knowledge of
X(0) might be used to calculate the invariant values {f,..., fr}, via Equation (4.2)).
However, the definition of the invariants does not depend explicitly on X(0). This
has some interesting implications regarding uncertainty in the initial state, which will
be explored further in Section [4.8|

If we set £ = (f1,...,fr), and

o)
Il

€ RN, (4.3)

then Equation (4.2)) can be expressed concisely as
BX(t)=f, Vt>0. (4.4)

These equations imply that the set of reachable states X is contained in an affine
subspace, i.e., that X C {x € R" : Bx = f}. Furthermore, they imply that not

all molecular counts X1, ..., Xy can vary independently. In particular, following the
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same basic idea of Chapter |3 we can write
X(t) =B —B'BX(t), Vt>0, (4.5)

where B € RY*L is a matrix obtained by concatenating L linearly independent
columns of B, and the matrix B € R- N ig obtained by concatenating the remaining
N — L = N columns. Furthermore, the vector X (t) € N” consists of the components
of X(t) corresponding to the columns of B, and, similarly, X(£) € NV consists of the
components of X(¢) corresponding to the columns of B. Equation allows us to
treat the components represented in the vector X as the “independent species” and

the components represented in the vector X as the “dependent species”.

4.2.4 A Reduced State Space

Since the molecular counts of the independent species determine the molecular counts
of the dependent species through Equation (4.5)), each full-dimensional reachable state
x € X C NV is equivalent to a reduced reachable state, X € NV , which specifies only
the molecular counts of the independent species. We will represent the set of all these
reduced reachable states as X C NV,

We know that the molecular counts of the independent species must be nonneg-
ative, so for any X € X, we must have X > 0. Furthermore, we know that the
molecular counts of the dependent species must be nonnegative. By Equation (4.5,
this implies B-'f — B~!Bx > 0. It follows that the set of reduced reachable states

X must be contained in the following polyhedral set:

% >0,

X={%cR":

o (4.6)
B-'f -B'Bx >0

For the sake of brevity, in what follows, we will often loosely refer to the “state” of
the system, meaning the “reduced reachable state”, X € X. If we are instead talking

about the full-dimensional state x € X', this will be clear from the context.
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4.2.5 The Chemical Master Equation

As described in Chapter [3, we assign a probability Pr(X(t) = %,t) = P(X,t) to each
of the reachable states X € X. Taken together, this collection of probability values
constitutes a probability distribution P(-,t) supported on the set of reachable states

X. This distribution changes over time according to the chemical master equation

(CME):

dP . R o o ~ .
d—t(x7 t) = ;[P(x —§,,t)a.(Xx—8,) — P(X,t)a,(X)], @

Vx e X,

where §, € ZN is the vector obtained by selecting only the components of the vector
s, € Z~ corresponding to the independent species, and a, is the “propensity function”
of reaction r (see Higham[31] and Gillespie|26] for details). In the general case, the
propensity functions depend on all molecular counts, and are thus often written as
a function of the full-dimensional vector x € N¥. However, since the dependent
species can be expressed in terms of the independent species via X = B~ — B_lﬁfc,
the propensity functions can be considered as functions of the independent species
% € N¥ alone. In this chapter, we consider only the case of mass-action kinetics, which
implies that the propensity functions are polynomials of X. In principle, our method
can handle polynomials of arbitrarily high order (and even rational functions, if we
extend the results of Kuntz et al[39]), but we focus on the physically important special
case of second-order polynomials, assuming reactions requiring at most bimolecular
collisions.

If we specify an initial probability distribution P(-,0), the CME determines all
future probability distributions P(-,¢) for ¢ > 0. Often this initial distribution is
assumed to be a Dirac distribution, P(-,0) = d3,, where all of the probability is
concentrated on a single state Xy € X. However, in principle, the initial distribution
could be supported on any subset of X.

As described by several authors[49, [72], the CME can also be expressed as a linear
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time-invariant ordinary differential equation (LTI ODE):

P 1) = Gp(1), (1.9

where p is a vector specifying the probability for each state x € X, and G is the
time-invariant “infinitesimal generator” matrix describing how probability flows from
one state to another. Conceptually simple as this equation is, it is usually too large

to compute a numerical solution.

4.2.6 Moments in Stochastic Chemical Kinetics

The probability distribution P(-,t) can be characterized by its moments, defined as

pi(t) = ZijP(fi,t), (4.9)
xeX
for any multi-index j = (ji,....Jx) € N, where the sum is over the set X of all
reachable states, and %I = Hfj:l fc{f is a monomial. The order of the moment p; is
defined as the sum [j| = Z,]y:l Jk- Notice that ug(t) = 1 for all times ¢.
The first-order moment fie, (¢) is the mean molecular count for independent species

ie{l,...,N} at time ¢:
fe,(t) = Y X% P(k,t) = Y 3, P(%,t) = (Xi(1)). (4.10)
x€X keX

Furthermore, if we let 3 ; denote the element in the kth row and jth column of the
matrix B_lﬁ, and «a;, equal the kth component of the vector B~!f, then Equation

(4.5) allows us to express the mean molecular count for each dependent species k €
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{1,...,L}:

o (4.11)
= (ak - Zﬁk]i‘]) P(x,1),
xeX

= Qg — Z Bk,j,uej (t)

j=1
As for the second-order moments, we see that pe,(t) and pge,(t) can be used
together to compute the variance in the count of molecules of independent species @

at time ¢:

o7 (t) = (XP(1) — (Xi())* = pae, (1) — 41z, (1). (4.12)

4.2.7 The Closure Problem

As described by several authors[64}, 65, 25], the CME can be used to derive a system of
linear ordinary differential equations describing how the moments of the distribution
P(-,t) change over time. For reaction systems containing at most unimolecular (i.e.,

first-order) reactions, this equation can be written as

dpr

7 (t) = Arpr(t) (4.13)

where p(t) is a vector of “low-order” moments up to some arbitrary order m € N,
and Ay is a constant square matrix of appropriate dimension. This simple ODE poses
no problem. However, for systems in which the highest order reaction is order ¢ > 1,

the ODE becomes
dpr

L (t) = Arpr(t) + Agpr(t), (4.14)

where py(t) is a vector of “high-order” moments, order m + 1 through m + q —
1 = M; and Ay is an appropriately sized constant matrix, usually non-square. In

the physically important special case where the reaction system contains at most
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bimolecular reactions (i.e., ¢ = 2), the vector py(t) contains only moments of order
m+ 1 = M. What Equation expresses is that the time derivatives of the
low-order moments depend not only on the values of the low-order moments but also
on the values of the high-order moments — which are themselves changing in time.
This is the case no matter what value of m we pick as our arbitrary cut-off of what
to consider a “low-order” moment. It is unclear how to solve such a dynamic system.

This is the infamous “closure problem”.

4.3 Bounds on Dynamic Systems

In this section, we describe the main contribution of this chapter: a method for
calculating time-varying bounds on various quantities for stochastic chemical kinetic
systems. This method is an extension of our previous work on calculating steady-
state bounds for such systems[I4], and some similarities will be apparent. However,

considering dynamics adds an element of complexity not found in our Chapter [3]

4.3.1 The Paradigm

Suppose that we have a generic stochastic chemical kinetic system, characterized by
a stoichiometry matrix S € Z¥*® and a vector of rate constants ¢ € R¥. Assume
that there is at least one reaction with order greater than one, so that this system
exhibits the closure problem when subjected to a moment analysis. Suppose that we
have analyzed S to construct an invariant matrix B € RF*Y | as described in Section
, and that we know the associated invariant values f € R”. Suppose further
that have identified the N = N — L chemical species we wish to treat as independent
and constructed the matrices B € RV and B € RE*L. Finally, suppose that we
have chosen a value of m € N and constructed the matrices A; and Ay described
in Section [4.2.7 We are interested in analyzing the properties of the probability
distribution describing the stochastic chemical kinetic system at a particular time 7'.

Consider the problem of bounding (X;(T")), the mean count of molecules of inde-

pendent species i at time 7. What we’d like to do is calculate two numbers (X;(T))*
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and (X;(T))Y such that
(Xi(T))" < (X)) < (X(T))Y (4.15)

is guaranteed.

First, let us focus on the upper bound, <)A(Z(T)>U To calculate this bound, we will
write down several mathematical conditions that the moments pu(7") of the probability
distribution P(-,T") must necessarily satisfy. We will then optimize over all of vectors
[t that satisfy these necessary conditions, searching for that vector which maximizes
fie,(T), the expression corresponding to the mean molecular count of independent
species ¢ (see Equation (4.10])). This optimization can be stated slightly more formally,
but still rather abstractly, as

(X(T)Y =max e, (T)
a(T)

s.t.  @(T) satisfies necessary (4.16)

moment conditions at time 7.

Note that we are making a distinction between the true moment vector p(77) at time
T, and the decision variable fi(7T), which is a proxy for u(7T). By construction, the
true moment vector p(7) is a feasible point for this optimization problem. This
implies that the problem’s optimal value (X;(T))V is guaranteed to be an upper
bound on e, (T') = (X;(T)), the true mean molecular count of species i at time 7.

Now, whether or not we can actually solve this problem remains to be seen. The
sole point of this section is a theoretical one: if we can solve the abstract optimization
problem above, we would have our desired upper bound.

Notice that the above reasoning is valid whether fi(T") and p(7T) are considered
to be infinite sequences or vectors containing only finitely many moments. However,
for practical computations, we must work with finite vectors. So, going forward,
we will specify that f1(7") contains only those moments up to order 2n € N, where
n = f%} The reason for this choice of n is explained in detail in Chapter . Roughly

speaking, it ensures that we are explicitly representing enough moments to express
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the dynamics described by Equation (4.14]).

4.3.2 Necessary Moment Conditions
What exactly are the necessary moment conditions appearing in Problem (4.16))?
First, we must have that the total probability is equal to one:

po(T) = 1, (4.17)

Second, as explained in Chapter , the fact that the distribution P(-,T') is sup-
ported on the set X C X implies that its moments p(7") must satisfy a set of linear

matrix inequalities (LMIs):

My (u(T)) = 0, (4.18)
M (uw(T)) =0, Yje{l,...,N}, (4.19)
MO %Bm w(T) = 0,
=1 (4.20)
Vke{1,...,L}.

The exact definitions of the matrices MO(u(T)), M®_,(u(T)), and M, ;(uu(T)) can
be found in Appendix but are unimportant for the present discussion. What
is important is that these matrices are symmetric and linear with respect to their
arguments. Fach LMI simply asserts that the matrices on the left-hand side of the
“>” must be positive semidefinite (i.e., have all nonnegative eigenvalues).

The set of vectors satisfying LMIs - is a mathematical cone. To sim-
plify the notation in what follows, will represent this cone concisely as C, (e, 3).

Thus,
p(T) € C(a, B) (4.21)

is equivalent to LMIs (4.18)])-(4.20)).

Necessary Conditions (4.17]) and (4.21)) are notably lacking any information about
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the dynamics of the system. To obtain necessary conditions implied by the dynamics,
we make use of Equation , which holds for all times ¢. Suppose that we pick an
arbitrary p € R, multiply both sides of Equation by e?Tt) and then integrate
fromt=0tot="1T:

/TGP(T—t) dﬂ (t)dt
0 dt (4.22)

T
= [ e (A L (1) + Anpn (1) de.

Applying integration by parts to the left-hand side, we obtain
T d
p(T—t) YL dt
/0 g W
T
GP(T_t)ML(t)|oT _/ (—p)e”(T—t)p,L(t)dt, (4.23)
0

T
= uu(T) = e (0) +p [T Dpy (b,

We presume that the initial values of the low-order moments p7(0) can be easily
computed from the initial distribution P(-,0) via Equation (4.9)). This is true, for
example, if the initial molecular count is known exactly — which corresponds to an
initial probability distribution P(-,0) where all the probability is concentrated on a
single state X, i.e., the Dirac distribution d3,. However, it may also be the case that
we don’t know the initial molecular count exactly. In this case, our initial probability
distribution P(-,0) will be supported on several reachable states X € X. Our method
can handle this situation, as well, as long as we can compute the moments g (0) (see
Section [4.8)).

For the right-hand side, we can make use of the fact that the integral is a linear

operator to obtain
AL / " T=0 (Dt + Ay / Ty (). (4.24)
If we define the generalized moments

T .
A0 = / e"T=0 s (t)dt, Vj e NV, (4.25)
0
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we can express Equation (4.22]) concisely as

pi(T) — e Tpr(0) + pz¥) = Az + Az, (4.26)
Rearranging, we obtain the following necessary condition on pu(7):

pu(T) = e pi(0) = (Ap — phzf” + Apalf). (4.27)

Now, recall that we are deriving these necessary conditions with the intent of
using them as constraints in our abstract Problem (4.16). In particular, we would

like to write each necessary condition in terms of the decision variable proxy fir (7).

For Necessary Conditions (4.17) and (4.21)), this is straightforward. They translate

into the constraints

fio(T) = 1 (4.28)
and

Q(T) € Cy(ax, B). (4.29)

For Necessary Condition (4.27)), we are tempted to write the constraint

i (T) — g (0) = (Ap — pl)zf) + Apzlf). (4.30)

However, there is a problem here: while the vectors Z(Lp) and z%)) are well-defined,

their values are unknown. This suggests that we should replace them with additional
proxies Z(Lp ) and Z;‘I’), which will also be considered as decision variables in Problem
(4.16). Doing so allows us to write the following constraint, which, importantly, is

linear in the decision variables:

(1) — e (0) = (Ap — pD)2 + Apz)y. (4.31)
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4.3.3 Necessary Conditions on the Generalized Moments

Now, by itself, Equation isn’t very useful as a constraint on fi(7), because it
is in terms of the unknown vector ) = (Z(Lp ), ig{;)). It tells us only that fir(7) —
eIz (0) must be contained in the column space of the matrix [(A; — pI) Agl.
However, if we can constrain the set of possible z() values, Equation becomes
more useful to us. Our strategy for constraining the possible values of z(”) will be
analogous to what we've done for fi(T). We will first derive necessary conditions on
the generalized moments z® and then translate them into constraints on z().

The first constraint on the #) values is derived from the fact that po(t) = 1 for

all times ¢t € [0, T]. This implies

T
2 = / " T o (t)dt
0
= /T e/ T dt
0 (4.32)
T it p=0,
epTT_l otherwise.
which suggests the constraint
T it p=0,
2 = ) (4.33)
epT’l otherwise.

The second set of constraints is derived from LMIs (4.18)) - (4.20). Since these

LMIs are derived solely from the fact that the unknown probability distribution is
supported on Xcx , they hold not just at time T', but also for all times ¢t € [0, T].

For example, we have

M?(u(t)) = 0, Vte[0,T). (4.34)

Multiplying both sides of the LMI by the nonnegative factor e”("=*) and integrating
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over [0, 7] maintains the LMI:
T
/ P T=OMO (p(t))dt = 0. (4.35)
0

Furthermore, because the integral is a linear operator, and because M2(+) is a linear

function of its argument, we can bring the integral inside:

T
M? ( / e”(T_t),u(t)dt> =M} (z) = 0. (4.36)
0

Following similar reasoning, we can show that

M?—l(’z(p)) i 07 vj € {1a---7N}7 (437)
N .
My, (27) =3 B ;ML (21) = 0,
j=1 (4.38)
Vke{1,...,L}.

LMIs (4.36) - (4.38]) can be written concisely as
20 € Cy(e, B). (4.39)

We have shown that membership in the cone C, (e, 3) is a necessary condition for
the vector 2(). Accordingly, we will enforce this membership as a constraint on its
decision variable proxy z():

20 e C,(a,p). (4.40)

Recall that our choice of p € R was arbitrary. It follows that Necessary Conditions

(4.27), (4.32), and (4.39) can be written for any p € R. In fact, they hold for each
p in any subset R C R. Furthermore, we can write constraints (4.31)), (4.33)), and
(4.40) for each p in any subset R C R.
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4.3.4 A Semidefinite Program

If we use constraints (4.28]), (4.29), (4.31)), (4.33)), and (4.40) in place of the abstract

statement “f1(7T') satisfies necessary moment conditions at time 7", we obtain Problem

(4.41)):

(Xi(1)7 = max e, (T)
a(T),
z(P) VpeR

st. f(T) =1,
p(T) € Co(a, B), (4.41)
7z e Cy(a, B), Vpe€ER,
Equation holds, VpeR,
Equation (4.33)holds, Vp € R.

Note that the vectors z(?) for all p € R are decision variables in addition to the
vector k(7). As with the vector fi(T'), it is only necessary for these vectors to contain
moments up through order 2n, where n = [4].

With its linear objective function, linear equations, and LMIs, Problem (4.41)) is a
special type of optimization problem called a Semidefinite Program (SDP). As with all
SDPs, Problem is convex. Thus, at least in theory, we should be able to solve
it efficiently[71]. Doing so, we obtain the desired upper bound, (X;(T))V. Solving

the corresponding minimization problem, we obtain the lower bound, (X;(T))~.

4.3.5 Irrelevance of Intermediate Time Points

One intriguing property of SDP (4.41]) and its minimization counterpart is that they
can give us bounds on the mean molecular count of species ¢ at time ¢t = 1" using only

knowledge of
e the reaction invariants (encoded in a and 3) and

e the distribution at time ¢ = 0 (encoded in the moments p(0) in Equation

@31).
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In particular, to obtain the bounds at time ¢ = T, it is not necessary to do any
calculations concerned with any intermediate time points, ¢ € (0,7"). Moreover, this
is true for any value of T' € (0,400), no matter how large. We will revisit this idea

in Section [£.9

4.3.6 Inspiration from Previous Work

The inspiration for the bounding method described in the preceding sections comes
from a paper by Bertsimas and Caramanis[3], in which moment-based SDPs are used
to bound the solutions of linear partial differential equations (PDEs). The central
idea of their method is to view the solution u(-) of the PDE as a distribution over

the problem domain (2. Taking this view, they define the full moments

m; E/iju(x) (4.42)

and boundary moments

by = /aQ xIu(x) (4.43)

of the distribution, where 02 is some portion of the boundary. Starting from the linear
PDE and the associated boundary conditions, they derive linear equations that these
moments must satisfy. Furthermore, they derive LMIs that the moments must satisfy,
simply by virtue of being moments of a distribution supported on {2. They then solve
an SDP to optimize over all vectors (m, b) which satisfy these necessary conditions,
searching for that vector which maximizes or minimizes some moment of interest.
Clearly, this is thematically similar to the bounding method we have proposed
for stochastic chemical kinetic systems. We now elaborate on this connection. In
considering the problem of stochastic chemical kinetics, we naturally focus on P(-, )
as a probability distribution over the reachable states X for each time ¢t € [0,T7].
However, we can also think of the function P(-,-) as a generalized distribution over
both state space and time — that is, a distribution supported on the set 2 = X x
[0,7]. This P(-,-) is directly analogous to the function u(-) above. Furthermore,
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the moments 1;(0) and p;(7") are analogous to the “boundary moments”, as they are
associated with the boundaries of {2 corresponding to ¢ = 0 and ¢t = T'. Finally, the
quantities zj(p ) are analogous to the “full moments” above.

This last analogy may not be so obvious, but it becomes clearer if we expand

Equation (4.25)) using Equation (4.9)). Doing so, we see that for any j € NV,

T .
2P = / S e TN P, t)dt, (4.44)

which can be written more abstractly, closer to Bertsimas and Caramanis’s notation,

as

A7 = [ ATORP(x, 1), (4.45)
Q

) is written in this form, the

where, again, Q = X x [0,7]. When the equation for zj(p
analogy with Equation (4.42)) is obvious.

The reader might protest that a closer analogy to Equation (4.42)) would be
() _ PG S
7" = | t'RIP(%,1), (4.46)
Q

and we agree. Our departure from the strict analogy is deliberate. As Bertsimas and
Caramanis point out, while moments are classically defined in terms of monomials,
we are free to define them in terms of other basis functions which may be better
suited to the problem at hand. This is exactly what we have done in our definition

of zj(p ). Recall that the CME (4.8)) is a linear time-invariant ODE:

dp

P(t) = Gpl).

Assuming that the number of reachable states |)2 | is finite, and assuming that G has

| X| distinct eigenvalues {); }'fi‘l, the solution to this system can be written as

||
p(t) = Y 4,y (4.47)
j=1
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where the {v; }'fi‘l are the right eigenvectors of G, and the {a; }Li‘l are complex-valued
coefficients derived from the initial distribution p(0). In this case, the solution’s time-
variation has an exponential character. This strongly suggests that, in our efforts to
bound the solution, we should use basis functions which are also exponential with
respect to time. Furthermore, it strongly suggests that the coefficients p appearing

in these basis functions should match the eigenvalues of the matrix G.

4.3.7 Choosing the Values of p

An obvious problem with the idea of choosing our values of p to match the eigenvalues
of G is that there can be as many distinct eigenvalues as there are reachable states
— often a huge number. Recall that each value of p € R has an associated collection
of decision variables z(” and constraints in SDP . It is not tractable to have
such a large number of variables and constraints; so we can only hope to use some
relatively small subset of the eigenvalues in defining the set R.

This brings us to the question: which eigenvalues should we use? Our computa-
tional experience suggests that we should pick the values of p to approximate the real
parts of the first several distinct eigenvalues of the matrix G when listed in order of
increasing magnitude. By the construction of G, one of these eigenvalues is guaran-
teed to be zero, so we will always have p = 0 as one of our members of R. Using
Gershgorin’s Circle Theorem[23], one can show that the nonzero eigenvalues of G all
have strictly negative real parts.

The next question is: how can we approximate the eigenvalues we’d like to use in
defining the set R? There are several possible strategies. First, it may be possible
to construct a smaller instance of the problem we actually care about and use the
eigenvalues of the smaller system as a proxy for the eigenvalues of the larger problem.
For example, if the system we care about has an unmanageably large but finite num-
ber of reachable states, we could consider another instance of this system with the
same reactions but with fewer molecules in the initial state xo. Alternatively, it may

be possible to decompose one large reaction system into two (smaller) independent
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subsystems though the elimination of a single reaction. We can then approximate the
eigenvalues of each smaller system separately, and then use their union to approxi-
mate the eigenvalues of the original system. The G matrix corresponding to one of
these smaller systems might still be quite large. However, since it is also sparse, its
low-magnitude eigenvalues can feasibly be approximated using an iterative Krylov
subspace method[55]. This strategy is employed with measured success in Section
4.9 It may also be the case that the stoichiometry of the system is structured in such
a way that it guarantees infinitely many reachable states, regardless of the initial
state. In this case, the above strategy obviously won’t work. An alternative strategy
consists of picking several representative reachable states, evaluating the propensity
functions at these states, and setting R to be the negatives of these values (being
certain to include p = 0). This strategy is consistent with the observation that the
relevant eigenvalues are usually the same order of magnitude as the reaction rate con-
stants. However, it is clearly imprecise. Fortunately, as we will see in Section [4.5.3]

the bounding method is tolerant of inaccuracy in the estimates of the eigenvalues.

4.3.8 Bounds on Higher-Order Moments

Tracing the argument leading to the formulation of SDP (4.41)), we see that the
exact identity of the objective function fi,(7') is not critical. This implies that we
can replace fie,(T) with other moment-based expressions to obtain bounds on other
quantities besides the mean molecular count of species ¢. For example, we can replace
fie;(T) with any moment fi;(7") such that |j| < 2n, to obtain bounds on p;(7) =
(X3(T)). An example is given in Appendix . More generally, we can readily bound
any quantity that can be expressed as an affine function of the moments p(7"), because
the substitution of such a function into the objective function of SDP gives an

optimization problem that is still clearly an SDP.

4.3.9 Bounds on the Variance

In Section [4.2.6] we noted that the variance in the molecular count of species ¢ at
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time T' can be expressed in terms of the moments (7). In particular, o?(T) =

i
pize,(T) — pi2,(T'). Given this situation, it is natural to wonder if one can obtain

2
e

bounds on the variance of species i by simply substituting fise,(T) — 12, (T") in place

of fie,(T) in SDP (4.41)), giving Problem (4.48)):

o (T)Y = max  fige,(T) — fi,(T)
(),
z(P) VpeR

st. (7)) =1,
p(T) € Co(a, B), (4.48)
7" e Cya,B), YpeR,
Equation holds, Vp e R,
Equation holds, Vp e R.

Since the expression fise,(T') — 12 (T') is not affine with respect to the moments p(T'),
Problem (4.48) is not an SDP, and it is not immediately obvious that we can solve

it. However, it can be reformulated as an SDP in two steps:

1. Replace the objective with a “dummy variable”; s, and add the constraint s <

fize,(T') — jig,(T).

2. Use the Schur complement lemma[71] to express this nonlinear inequality equiv-
alently as the LMI
/1261' <T> - S ﬁei

i ) = 0. (4.49)
He;

Doing so gives an SDP for calculating an upper bound on the variance in the molecular
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count of species i at time T"

o2(T)Y = max s
A(T),s,
z(P) VpeR
oo, (1) — S [le,
St M2 ( ) M =0,
o, 1
fio(T) = 1, (4.50)

ﬁ(T) € Cn(a7ﬁ>7
z” € Cp(a, B), YpER,

Equation (4.31)) holds, Vp e R,
Equation (4.33)) holds, Vp e R.

It is important to note that changing the “max” to a “min” in SDP does
not result in a useful lower bound on variance. This is related to the fact that
fize,(T) — [i2,(T) is a concave function of f(T). Further details can be found in
Chapter [3, in which we construct a similar SDP for bounding variances in the steady-

state distribution of a stochastic chemical kinetic system.

4.3.10 Conservatism in the Bounds

As described in Chapter [3] there are several sources of conservatism in the bounds
calculated by solving SDP (4.41)) (and its variations). The first of these is related
to the fact that our choice of m, the cut-off of what we consider to be a “low-order”
moment, is somewhat arbitrary. The second source of conservatism is that the neces-
sary conditions appearing in SDP (4.41)) in no way reflect the physical constraint that
the number of molecules of each species must be an integer. These sources of con-
servatism are discussed at length in Chapter [3} and the interested reader is referred
there for further details.

There is, however, one source of conservatism which cannot be found in Chapter

and which is unique to the dynamic problem. This conservatism comes from our

choice of the set R. As we’ve already pointed out, Conditions (4.27)) and (4.39)
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hold for all p € R. However, for Problem to be computationally tractable, we
can only enforce these conditions for some finite subset R C R. In a sense, we are
thus relaxing Conditions and for all p € R such that p ¢ R. Doing so
may introduce some conservatism in the resulting bounds. This suggests that adding
elements p € R to our set R will improve the quality of the bounds. When we come

to the examples in Section [4.5, we will see that this is, in fact, the case.

4.3.11 Scaling

As pointed out in Chapter[3] one shortcoming of moment-based SDPs such as Problem
(4.41]) is that they can give solvers numerical difficulties. This is especially true if the
SDPs are not appropriately scaled. We discuss some strategies for scaling in Chapter
[Bl, so we will not go into details here. However, we do wish to point out that, if one
solves a sequence of bounding problems for increasing times 7}, the bounds at time

T; could be helpful in appropriately scaling the problem for time 7j;.

4.3.12 Practical Applications

Sakurai and Hori[57] have demonstrated how moment-based SDPs for bounding
the means and variances of steady-state distributions can be used in the design of
biologically-inspired stochastic chemical kinetic systems called “biocircuits”. Specifi-
cally, they use moment-based SDPs to synthesize a negative feedback biocircuit with
statistical design specifications, and then conduct a sensitivity analysis on this system.

The dynamic bounding method we have described above can be used in much the
same way. However, it allows for an even more sophisticated design analysis that also

accounts for dynamics.
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4.4 Toy Example

In this section, we apply SDPs (4.41) and (4.50) to a simple stochastic chemical

kinetic systems as a proof of concept. Consider the simple irreversible reaction

C1
A+B——C (4.51)

with rate constant ¢; = 1 s7!, and known initial molecular counts of A = 3, B = 4,
and C = 0. If we select A as the species to consider independent, this translates to an
initial probability distribution P(-,0) = d3, where all of the probability is concentrated
on the reduced state & = 3. This system has only four reduced states (Z = 3,...,0).

Thus, we can compute the infinitesimal generator matrix for this system,

(12 0 0 0]
12 -6 0 0
G- , (4.52)
0 6 -2 0
0 0 2 0

and solve the CME directly. However, since this system features a bimolecular re-
action, it exhibits the closure problem when subjected to a moment analysis. These

features make this system a good first test for our bounding method.

4.4.1 Mean and Variance Bounds

If we repeatedly solve SDP and its minimization counterpart for this sys-
tem, taking m = 2 and R = {0, —2} (the first two eigenvalues of G), we obtain
time-varying bounds on the mean molecular counts of each species. Similarly, if we
repeatedly solve SDP for this system, with the same R and m, we can obtain
time-varying upper bounds on variance for each molecular count. These bounds are
shown in the top and bottom panels, respectively, of Figure [4-1 For comparison, we

have also included the true means and variances computed by directly solving the

CME.
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As expected, the mean bounds do, indeed, enclose the true means; and the variance
upper bound does, indeed, exceed the true variance for all times ¢. This is consistent

with the theory of Section (4.3)).

4.4.2 Increasing the value of m

Equation (4.31]), which appears as a constraint in SDPs and , is derived
from the expressions for the time derivatives of all moments up to order m. So, as
we increase the value of m, the number of constraints implied by Equation (4.31)
grows. Each of these additional constraints restricts the feasible set of SDPs
and . We might reasonably suspect, then, that increasing the value of m could
lead to tighter bounds. This is, indeed, the case. If we recalculate the bounds shown
in Figure [4-2| using m = 3 instead of m = 2, we obtain the slightly tighter bounds
shown in Figure (compare the plots at t = 4).

This is phenomenon is not specific to this example, but is a general feature of our
bounding method. Increasing the value of the parameter m leads to monotonically
tighter bounds (see Appendix [C| for a proof). But there is a trade-off, because in-
creasing m also leads to larger, more numerically unstable SDPs. This same trade-off
appeared in a slightly different form in the previous papers[13, 14, 56| 39, 24] on the
moment-based steady-state bounding method. It is worth noting that the trade-off
carries over to the dynamic extension. However, since the trade-off is well-documented
in the steady-state papers and not unique to the dynamic bounding method, we dis-

cuss it no further here.

4.4.3 Using more values of p

In Section [£.3.10, we noted that the choice of the set R can affect the quality of the
resulting bounds. We demonstrate this by recalculating the bounds shown in Figure
with the enlarged set R = {0, -2, —6}, including one more eigenvalue of G. The
results are shown in Figure[4-3] The bounds are noticeably tighter for both the means

and the variance, which is consistent with our prior reasoning.
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Figure 4-1: Time-varying bounds on System , calculated using R = {0, —2}
and m = 2. The points marked with circles and stars each correspond to the solution
of an SDP and are theoretically guaranteed bounds. The lines interpolated between
these points are not guaranteed bounds. They are included just to lead the eye. The
dashed lines are the true values, obtained through direct solution of the CME. The
bottom plot shows the variance in the molecular count of species A only, because the
variances of the other species are identical.
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Figure 4-2: Time-varying bounds on System (4.51)), calculated using R = {0, —2}
and m = 3. Note that the bounds are tighter than those shown in Figure [4-1. This
is particularly true at long times.
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Figure 4-3:  This figure is equivalent to Figure [-2] in every way, except that the
bounds were calculated using the enlarged set R = {0, —2, —6}, giving tighter bounds.
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Figure 4-4:  This figure is equivalent to Figure [4-2] in every way, except that the
bounds were calculated using the enlarged set R = {0, —2, —6, —12}, giving tighter
bounds.

If we enlarge the set R further by adding in p = —12, the final eigenvalue of G, we
obtain the bounds shown in Figure [4-4l The bounds on the mean molecular counts
are not noticeably tighter, but the upper bound on the variance is.

In summary, the more values of the eigenspectrum of G that we use in the set R,
the better the bounds become. However, even if we use the full eigenspectrum, the

bounds are not perfect.
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4.5 A Bit More Complexity

In this section, we apply SDPs (4.41]) and (4.50) to a slightly more complex reaction

system, where we’ve added a reversible reaction:

A4+B——>Cw=—=D (4.53)

The rate constants for this system are ¢; = 1 s71 ¢y = 2.1 571 and ¢3 = 0.3 s71
The initial molecular counts of A = 3, B =4, C = 0, and D = 0. As with the
previous example, this reaction system exhibits the closure problem when subjected

to a moment analysis.

4.5.1 Mean and Variance Bounds

If we repeatedly solve SDP and its minimization counterpart for this system,
taking R = {0,—2,—2.4} and m = 3, we obtain time-varying bounds on the mean
molecular counts of each species. Similarly, if we repeatedly solve SDP for
this system, with the same R and m, we can obtain time-varying upper bounds on
variance for each molecular count. These bounds are shown in the top and bottom
panels, respectively, of Figure [4-5|

Again, this system is small enough that it is plausible to obtain the true mean and
variance trajectories by numerically integrating the CME. These true trajectories are

shown as dashed lines in Figure 4-5|

4.5.2 Using more values of p

As with the previous example, we now add a value of p to our set R, repeat the
bounding calculation, and see an improvement in the bounds. In particular, adding
p = —4.4 to our R, we obtain the bounds shown in Figure -6l Comparing with
Figure we see substantial improvement in the lower bound of the mean molecular
count for species C. We also see that the limiting value of the variance upper bound

for species C and D is about half of its previous value. Finally, for each species, the
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Figure 4-5: Time-varying bounds on System (4.53]), calculated using R =
{0,—2, —2.4}. The top plot shows bounds on mean molecular counts, while he bot-
tom plot shows upper bounds on the variances in the counts. Species A is omitted
because its behavior closely follows that of species B, and adding extra curves would
only clutter the plot. The dashed lines are the true mean and variance trajectories,
obtained by direct solution of the CME.
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Figure 4-6: This figure is equivalent to Figure [4-5| in every way, except that the
bounds were calculated using the enlarged set R = {0, —2, —2.4, —4.4}, giving better
results.

peak in the variance upper bound (around 0.5 s) has been reduced.

4.5.3 Sensitivity of the Values of p

As explained in Section [£.3.7, while any values of p will result in theoretically-
guaranteed bounds, we recommend picking the values of p to match the real parts of
the first several distinct eigenvalues of the matrix G, when these eigenvalues are listed
in order of increasing magnitude. This is exactly how we chose the values of p for the
two foregoing examples. These two examples are small enough that we can calculate
the eigenvalues directly. However, this will not be the case in general. Usually, the
best we can hope for is some numerical approximation of the eigenvalues. This begs
the question: how robust is our bounding method to the choice of p values? If the
values of p are off by a little bit, do the bounds become so conservative that they are

practically useless?
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To explore this idea, we repeated the bounding calculation for Reaction System
, using a set of perturbed p values: R = {0,—1.9, —2.6, —4.7}. The resulting
bounds are shown in Figure [4-7] Comparing this plot with Figure -6, we see that
the perturbation of the values of p did not substantially affect the quality of the
computed bounds. We see that the perturbed p values create a slight long-time gap
in the mean bounds for species C and D, which is undesirable. However, mean bounds
on these species at intermediate times (e.g., t = 1 s) actually seem a little tighter.
This demonstrates that the bounding method does not require exact knowledge of
the eigenvalues of the underlying CME to obtain reasonable results.

That being said, the choice of p values does matter. Using a set of further per-
turbed p values (R = {0,—6,—12, —18}), we produced the bounds shown in Figure
In this Figure, we see wide gaps in the long-time mean bounds for all species.
Furthermore, the variance bounds are much less tight.

In summary, while the chosen values of p do not have to match low-magnitude

eigenvalues G exactly, at least approximating them seems to be a good heuristic.

4.6 Complex Eigenvalues

Given our observation in Section [£.3.6] that it seems reasonable to choose the values
of p to match the eigenvalues of the matrix G, it may seem odd that, in Section 4.3.7,
we suggested focusing on only the real parts of these eigenvalues. In fact, if we know
that some of the low-magnitude eigenvalues have nonzero imaginary parts, we can
use this information to obtain tighter bounds.

For example, consider the cyclic system

1
A+B——>C

Co
C——D (4.54)

C3
D——>A+B

where the initial molecular counts are A = 2, B =1, C = 1, and D = 0, and
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Figure 4-7:  This figure is equivalent to Figure 4-6, except that the bounds were
calculated using the perturbed set R = {0, —1.9, —2.6, —4.7}, giving slightly different
results. In particular, notice the long-time gap that has appeared in the mean bounds
for species C and D.
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Figure 4-8: This figure is equivalent to Figures and except that the bounds
were calculated using the further perturbed set R = {0, —6, —12, —18}. This pertur-
bation dramatically degrades the quality of the bounds.
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the rate constants are ¢; = 157!, ¢ = 1.1 57!, and c3 = 0.9 s7!. The smallest-
magnitude eigenvalues of this system are A = 0, —2.1322+0.97414, —4.1637 +1.58371.
If we follow the advice given in Section [£.3.7, and calculate bounds using R =
{0,—2.1322, —4.1637}, we obtain the bounds shown in the top panel of Figure [4-9]
However, by making use of the knowledge of the imaginary parts of the eigenvalues,
we can produce the slightly improved bounds shown in the bottom panel. The most
notable improvements are for early times (¢ < 0.5 s)

Given this potential to improve the bounds by using the imaginary parts of the
low-magnitude eigenvalues, why has this chapter been concerned almost solely with
their real parts? The fact is “making use of the knowledge of the imaginary parts of
the eigenvalues” is not trivial. One cannot simply use complex values of p in SDPs
and . The reason for this is that the argument for the derivation of
LMIs - breaks down when p is complex-valued. It is possible to derive
an analogous set of LMIs when p is complex-valued, but this requires introducing
entirely new classes of decision variables and constraints. The resulting augmented
versions of SDPs and are considerably more complicated. We felt that
this extra complication would only distract from the main idea of this chapter, and, as
demonstrated by Figure , it leads to only marginal improvement in the bounds.
Accordingly, we have deferred the discussion of how to account for complex eigenvalues

to Appendix [C|
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Figure 4-9: Bounds on the mean molecular counts of species A, C, and D of Reaction
System (4.54]). Bounds on species B are omitted, because they are similar to those
shown for species A. The top panel shows bounds calculated without accounting
for the imaginary components of the system’s eigenvalues, while the bottom panel
shows the slight improvement that can be achieved by accounting for these imaginary
components. Both panels show the exact means calculated by directly solving the

CME.

4.7 Perfect Bounds in the Absence of the Closure
Problem

It is interesting to note that we can also apply our bounding method to stochastic
chemical kinetic systems which do not exhibit the closure problem, and that, doing

S0, it is possible to obtain perfect bounds.
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For example, consider the reaction system

C1 Co

A—>B C, (4.55)

where ¢; = 1 571, ¢, = 3 571, and there are initially 4 molecules of A and 0 molecules
of each B and C. Since every reaction in this system is unimolecular, it does not
exhibit the closure problem. The smallest-magnitude eigenvalues for this system
are A = 0,—1,—3. Solving SDP and its minimization counterpart with R =
{0, —1, —3}, we obtain the bounds shown in Figure The upper and lower bound-
ing curves are indistinguishable from one another because there is essentially no gap
between them; they have collapsed upon the true mean trajectories.

This collapsing behavior is not unique to Reaction System . In Appendix ,
we show that it can occur for any system which does not exhibit the closure problem,
and whose matrix Ay is diagonalizable (the typical case, in our experience). This
feature supports the theoretical foundation of our bounding method. In particular, it

suggests that our choice to use exponential basis functions is the appropriate choice.

(A1), (B(1)), (C(?))

Figure 4-10: Bounds on the mean molecular counts of species A, B, and C for Reac-
tion System (4.55)), which does not exhibit the closure problem. For this example, the

bounding method calculates perfect bounds, collapsing on the true mean trajectories.
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State  x = (za, B, Tc,TD)
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Table 4.1: The set of reachable states X of the system described in Section

4.8 Uncertainty in the Initial State

In each of the foregoing examples, we have assumed that we knew the initial molecular
count exactly. This implies an initial probability distribution which is a Dirac distri-
bution, where all the probability is concentrated on a single reachable state. However,
as suggested in Section , our method can also handle the more general situation
where we don’t have exact knowledge of the initial molecular count, and the initial
probability distribution (representing our knowledge of the system) is supported on
several reachable states. We demonstrate this capability with the following example.

Again, consider Reaction System (4.53)),

C1 Co
A+B >C—=—=—=D,

with the same rate constants given in Section In our prior analysis of this system,
we assumed we knew the initial molecular counts A =3, B=4, C =0, and D = 0.
This implies the set of reachable states X shown in Table[d.I} Furthermore, it implies
an initial probability of zero for all states in Table [4.1} except State 1 which has an
initial probability of one.

This time, we will assume uncertainty in the initial state, and we will express
this uncertainty by assigning a nonzero initial probability to three distinct reachable
states x € X'. In particular, we will assign initial probabilities of 1,1 and i to States

472
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1, 4, and 10, respectively, with all other reachable states having an initial probability
of zero. Once we have decided on the set of species to be considered independent
(e.g., species A and C), we can easily calculate the initial low-order moments gy, (0)

corresponding to this initial distribution P(-,0) using Equation (4.9). We can then

apply SDPs (4.41)) and (4.50) to calculate bounds on the means and variances for this

system over time. For the sake of comparison to Figure [4-6] we again use m = 3 and

R ={0,-2,—2.4,—4.4}. The results are shown in Figure [4-11]

Mean Bounds
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Figure 4-11: Bounds on the mean and variance for Reaction System (4.53) with an

uncertain initial state.

The first thing to notice in comparing Figures [4-6] and [A-11] is that the starting
point of each mean and variance trajectory is different between the two figures. This
is consistent with the fact that the initial distribution P(-,0) and thus the initial
moments yr,(0) are different for the two figures. The second thing to notice is that
both plots approach the same steady-state at long times. This is consistent with the

fact that Reaction System (4.53)) has just one steady-state, in which species C and D
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are in equilibrium. Finally, notice that the quality of the bounds is similar between
the two plots. At least visually, the bounds in Figure are just as tight as those
in Figure [4-6] This may seem somewhat counter-intuitive given that Figure [4-11] was
generated assuming uncertainty in the initial state. However, recall that once this
uncertainty is expressed in an initial probability distribution P(-,0), the means and

variances (which are expectation values based on P(-,0)) are precisely defined.

4.9 A Larger Example

All of the examples given in the previous sections are small, in the sense that they
contain very few reachable states. There are two reasons for this. First, the small
size of these examples allows us to integrate numerically the CME and confirm that
the true mean and variance trajectories do, in fact, lie within the bounds we have
computed. Secondly, as suggested in Section[4.3.11] moment-based SDPs often lead to
numerical difficulties, and these difficulties tend to scale with the size of the problem;
using small examples allowed us to demonstrate various conceptual aspects of the
bounding method without the distraction of numerical difficulties.

However, we do not wish the readers to be left with the impression that our
bounding method is only applicable to small toy models. In theory, it could be applied
to stochastic chemical kinetic systems of arbitrary size. Because the reachable states
are not explicitly represented in our bounding SDPs, in theory, it does not matter
whether the number of reachable states is ten, ten billion, or infinite.

To illustrate this point, we now apply our bounding method to a larger reaction
system, taken from Chapter [3] and reproduced in Figure -12]

We assumed initial molecular counts of A = 53, F = 53, and zero for all other
species. One can show[I4] that this initial condition implies just over a billion reach-
able states (1 068 505 812, to be exact). Thus, solving the CME for this system
is impractical. We can, however, apply our dynamic bounding method. If we re-
peatedly solve SDP and its minimization counterpart for this system, taking
R ={0,-0.354, —0.651, —0.857, —1.062, —1.072, —1.374} and m = 2, we obtain time-
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Figure 4-12: A larger reaction system

varying bounds on the mean molecular counts of species A and H. These bounds are
shown in Figure

The reader may naturally wonder how we decided on the values to include in the
set R. After all, with one billion reachable states, computing the low-magnitude eigen-
values of the infinitesimal generator matrix G is a daunting proposition. What we
did was consider a smaller instance of the reaction system, in which only 4 molecules
of A and F were present initially. This system has only 570 reachable states, so es-
timating the low-magnitude eigenvalues of the corresponding G is manageable, via
Arnoldi iteration[55]. These approximations were used in our set R.

We have included this example to demonstrate that our bounding method can, in
principle, be extended to very large systems. However, a few disclaimers are necessary.
First, we are showing bounds for species A and H, because the bounds for these species
are reasonably high-quality. However, the bounds for several other species in the
reaction system are less impressive. Second, in solving the SDPs leading to the bounds
in Figure [4-13] our solver of choice (SeDuMi[66]) often reported numerical problems.
Accordingly, while our bounding method is useful for analyzing large systems in
theory, we cannot yet claim that it is useful for analyzing such large systems in

practice.
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Mean Bounds

time (s)

Figure 4-13: Bounds on the mean molecular counts of species A and H for the reaction
system shown in Figure [4-12]

4.10 Comparison with SSA

To provide a comparison, Figure [f-13] also shows the averaged results of 100 runs of
Gillespie’s Stochastic Simulation Algorithm (SSA)[27], implemented in StochKit2[58].
While the sample mean trajectories apparently fall within our calculated bounds in
this case, it is important to note that this result is not theoretically guaranteed;
our bounds are for the true mean (X(¢)), but the sample mean X (¢) is a random
variable, which can deviate substantially from the true mean. Still, since the sample
mean converges to the true mean in the limit of large sample size, it is not surprising
to see that it falls within our bounds.

The number of SSA runs was selected to provide a comparison of the capabilities
of SSA and our bounding method, given equal CPU time. Specifically, the CPU time
required to simulate the 100 SSA trajectories (130.9 s) is comparable to the CPU
time required to solve the SDPs (125.9 s) which give the upper and lower bounds on
the mean for species A at the final time point, ¢ = 5 s. This equal-time comparison
serves to highlight three differences between SSA and our bounding method. First,
using SSA is inefficient for this reaction system because it contains rate constants of
widely differing orders of magnitude (see Appendix . On the other hand, while the

stiffness of the system may affect the numerical conditioning of the bounding SDPs,
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it does not affect their theoretical solution time. Second, we revisit the point made
in Section [£.3.5] To obtain information for this reaction system at ¢ = T using SSA,
we must simulate the entire time interval from ¢ = 0 to ¢ = T. On the other hand,
with our bounding method, we must solve only the upper- and lower-bounding SDPs
for t =T. We do not have to do any calculations concerned with intermediate time
points. Finally, while our bounds are deterministic and will have the same values

each time they are computed, the results of the SSA simulation will vary.

4.11 An Open System

For completeness, we also applied our bounding method to an open system with

infinitely many reachable states:

C1
) ——A

Co
2A—

where ¢; = 157!, ¢ = 0.01 s7!, and the initial count of molecules is A = 2. To
obtain values of p to use in the set R, we followed the second strategy given in Section
[4.3.7 Specifically we chose x4 = 1,2,3,4 as our representative states, evaluated the
propensity functions at these states, and then took the negatives of the resulting
values, giving R = {0, —0.02, —0.06, —0.12, —1}. If we repeatedly solve SDP
and its minimization counterpart for this system, using the R specified above and
m = 4, we obtain time-varying bounds on the mean shown in Figure 4-14] For

comparison, we have also included the averaged results of 100 SSA runs.

4.12 Next Steps: Bounds on Probability

In Chapter [3, we also formulated SDPs for calculating an upper bound on the
steady-state probability that the molecular count of species i is an arbitrary interval

[Zmin, Tmax), and we saw that this led to bounding histograms. We also noted that we
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Figure 4-14: Bounds on the mean molecular counts of species A and H for the reaction
system shown in Figure [4-12]

could bound the probability that the steady-state probability distribution assigns to

an arbitrary basic semi-algebraic set, i.e., a set of the form

{ReRY:g;(%) >0, j=1,...,K}, (4.56)

where each g;(-) for j =1,..., K is a polynomial in X.

These ideas could readily be extended to the dynamic problem. For example,
we could calculate bounds on the marginal distribution of species i at several times
t. Such bounds have recently been shown to be useful in the analysis of individual
cells[21]. Furthermore, we could bound the probability that this distribution assigns
to an arbitrary basic semi-algebraic set over time. These extensions of the method

are left for future work.

4.13 Conclusion

This chapter has described a method for calculating rigorous bounds on time-varying
stochastic chemical kinetic systems. In particular, we have formulated SDPs for
calculating time-varying bounds on the mean molecular count of each species in the

system and the variances in these counts. This idea is an extension of the method
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described by several authors [13], 14}, [56], [39) 24] for calculating bounds on the steady-
state (i.e., stationary) distribution of a stochastic chemical kinetic system.

As a proof of concept, we have demonstrated the bounding method for a toy
stochastic chemical system, with a single reaction. For this example, we have seen
that our bounds are, in fact, valid. Furthermore, we have seen that they can be very
tight, given the appropriate choice of the parameter set R.

We also applied the bounding method to a slightly more complicated reaction
system, which reaches a dynamic equilibrium in the limit of ¢ — 4o00. With this
example, we saw that the bounds we obtain are not dramatically sensitive to the
values of p we select in our parameter set R.

While the majority of the chapter was written assuming that the parameter set
R contained strictly real values p, in Section we saw that it is possible to obtain
improved bounds by also using values of p with nonzero imaginary parts — though at
the expense of solving a larger, more complicated SDP.

In Section [£.7], we saw an example which does not exhibit the closure problem, for
which the bounds generated by our method collapse upon the true mean trajectories,
supporting the theory underlying our approach.

In Section [4.8] we demonstrated that our method can also handle the scenario
when the initial state of the system is not known exactly and we instead have nonzero
initial probabilities associated with several reachable states.

In theory, our bounding method could be applied to stochastic chemical kinetic
systems of arbitrary size. To demonstrate this point, in Section we applied the
method to a reaction system with more than a billion reachable states, though with
qualified success. For our bounding method to be reliably useful in analyzing such
large systems, there are two practical issues that must be overcome: first, we need
to formalize a procedure for selecting the set R; second, we need to further explore
options for mitigating the numerical issues mentioned in Sections and 4.9, The
first issue is left for future research. The second issue is the subject of Chapter [7]

Despite the method’s incompleteness, it is a theoretically novel, interesting ap-

proach to the closure problem in stochastic chemical kinetics. We share it with the
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community in the hope that it might inspire further research in the area.

4.14 Implementation Details

All numerical examples in this chapter were computed on a 64-bit Dell Precision
T3610 workstation with a 3.70 GHz Intel Xeon CPU. In the example, CVX [28] was
used to model the SDP, using the default tolerance (i.e. “precision”) settings. SeDuMi

[66] was used as the underlying solver.
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Chapter 5

Improved Bounds on Stochastic
Chemical Kinetic Systems through
an Alternative Representation of

State Space

The contents of this chapter have not yet been published.

5.1 Introduction

As described in Chapter [3] one of our unique contributions to the bounding method
was to show how it could be adapted to account for reaction invariants, which con-
strain the set of reachable states. However, after publishing several papers on the
subject [13, 14, 16, 5] on the subject, we realized that we didn’t take the idea
far enough, and that our previously published methods provided unnecessarily loose
bounds for specific types of reaction systems. In the present chapter, we identify
the physical feature of reaction systems for which our previously published bounding
method is ill-suited. We then describe an alternative formulation of the bounding
method which addresses the problem. Finally, we demonstrate the advantages and

limitations of the alternative formulation with numerical examples.

161



5.2 Notation

Much of the notation in this chapter is the same as in previous chapters. However,
there are some subtle but important differences, specific to this chapter. For example,
we now assign a physical interpretation to the auxiliary variables used in the definition
the set of reachable states. Furthermore, we reserve the notation P(-,¢) for the
distribution over X.

Let N denote the natural numbers, {0,1,2,...}. Consider a reacting chemical
system with N € N distinct molecular species and R € N reactions, described by a
stoichiometry matrix S € ZV*%. Let the state of the system at time ¢ be specified by
the vector X(t) = (X1(t),..., Xn(t)) € NV, where X;(¢) > 0 is the count of molecules
of species 7 present. Given an initial state X(0) = xg, the set of all reachable states

is defined by

x=lxeny, XTXTSe (5.1)
x>0, ecNF |’

where €, for 7 € {1,..., R} is the extent of the rth reaction.

The probability associated with each reachable state x € X at time t > 0 is
denoted Pr(X(t) = x) = P(x,t). The function P(-,t) is then the probability dis-
tribution over the set of reachable state X' at time ¢. In general, this probability
distribution changes over time, and the way it changes is described by the Chemical

Master Equation (CME):

dP

E(X, t) = z::l [P(x — s, t)a.(x —s,) — P(x,t)a.(x)], Vxe€X, (5.2)

where s, is the rth column of the stoichiometry matrix, and a,(-) is the propensity
function associated with the rth reaction. When the reaction rates are governed by

mass-action kinetics, these propensity functions are polynomials of their arguments.
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In particular, in the typical case, we have

oI (), ifxe X,

i=1

a(x) = T (5.3)
0, otherwise.

where ¢, is the rate constant associated with reaction r, and 7;, = —min{s;,,0} is
the (nonnegative) stoichiometric coefficient associated with species j in reaction r.
See Gillespie [26] and Higham [31] for details.

Notice that a,(x) is defined such a,(x) = 0 if z; < 7;, (i.e., if the number of
molecules of species j is less than the number required for the occurrence of reaction
r). This prevents the flow of probability from a state x € X to a state x' = x+s, € Z¥
which would be outside the set of reachable states, for the reason that xg < 0. In
other words, for any state x € X and any reaction r such that x + s, ¢ X, we have

a.(x) = 0.

5.3 Previous Work

Again, most of what follows is review from previous chapters. This review will help us
develop the novel material of this chapter by appealing to analogy with the previous
material. Also, there are slight differences in notation. For example, we now reserve

the symbol P(-,t) for the distribution over X’

5.3.1 Invariants and Reduced Reachable States

In our previous work on bounding stochastic chemical kinetic systems [14] [16], we
made use of the fact that reaction invariants can lead to a lower-dimensional repre-

sentation of the state. In particular, the stoichiometry matrix S often has a nontrivial
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left null space, spanned by a set of basis vectors {by,..., by} C RY. Setting

we noted that the the state X (¢) must satisfy the affine equation
BX(t) =Bxo =f (5.5)

for all times t > 0. We referred to the vector f as the invariant values. Concatenating

RLXL

L linearly independent columns of B into a matrix B € , and collecting the

RLXN

remaining N — L = N columns in a matrix B € , we saw that the above

equation could be written equivalently as
BX(t) + BX(t) = f (5.6)

where X () € R” consists of the components of X(t) corresponding to the columns

of B, and X(t) € RY is defined similarly. Rearranging (5.6), we obtained

X(t) = B7'f - B'BX(t), (5.7)

which shows that specifying X(t) determines the values of X(t). Accordingly, we
labeled the species represented by X(t) as the independent species, and those rep-
resented by X(t) as the dependent species. Since specifying X(t) determines X(t),
we saw that the state of the system can be expressed entirely in terms of the lower-
dimensional X(t) It follows that every full-dimensional reachable state x € X C NV
can be expressed equivalently in terms of a reduced reachable state x € NV , obtained
by extracting the components of the independent species from x. We denoted the set

of reduced reachable states using the symbol X c NV
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5.3.2 A Reduced Probability Distribution

Having defined the set of reduced reachable states, X, we then defined a probability
distribution over these reduced states, writing P(%,t) = Pr(X(t) = X), for all X € X.
The way this probability distribution changes over time is given by a slight variation

of the CME,

dP R o . . o
(% :Z[ — 8, )i (k - 8,) - P(x,0)a,(%)|, VkeX, (58

in which §, is the reduced form of s,., containing only those components corresponding
to the independent species; and a,(-) is a reduced form of a,(-) in the sense that
it accepts only the counts of the independent species as inputs. Assuming known
invariant values f and an initial probability distribution ]5(, 0), we defined the steady-

state or stationary distribution of the system as pss(-) = limy 4 o p(, t).

5.3.3 Moments of the Reduced Distribution

We defined the moments of the distribution 15(, t) using the equation

) = S KPR, 1), VjeNV (5.9)
xeX

where %I = Hk L 2% is the monomial corresponding to the multi-index j € NV, We
used the symbol p(t) to denote the infinite sequence of moments at time ¢t. The

steady-state moments pg were defined similarly.
We noted that several physically meaningful statistical descriptions of ]5(-, t) and
]Sss(-) could be expressed in terms their moments. For example, the mean molecular
count of independent species i € {1,..., N} at time ¢ can be written as (X;(t)) =

le, (1), where e; is the ith coordinate vector.
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5.3.4 The Bounding Paradigm

Next, we introduced our paradigm for obtaining rigorous bounds on statistical de-
scriptions of the distribution P(-,¢) or Py(-) which can be expressed in terms of their
moments. For example, we suggested that we could calculate an upper bound on
the mean molecular count of independent species i € {1,... ,N } at steady state by

solving an abstract optimization problem of the form

<Xl>gs =1nax /]ei

s

s.t.  f satisfies necessary steady-state (5.10)

moment conditions.
Similarly, to calculate an upper bound on (X;(t)) for an arbitrary time ¢ > 0, we had

(Xi(t)Y =max e, (1)

s.t.  fu(t) satisfies necessary (5.11)
moment conditions at time ¢.

We label the decision variable 1 with a “tilde” to distinguish it from the vector of true

moments p defined in Equation . In principle, this vector of decision variables

could be infinitely long, containing the full sequence of moments. However, in what

follows, we will assume that the vector g is finite and contains only as many moments

as are required to express the necessary conditions that we will enforce as constraints.

5.3.5 Necessary Conditions on the Moment Sequences

The necessary conditions appearing in Problems ([5.10)) and (5.11]) can be divided into

three main categories, described in turn below.
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Dynamics-Based Necessary Conditions

From the reduced form of the CME (5.8)), one can derive a system of equations
describing how the moments p change over time. In particular, we can write

o

o (&) = Arpr(t) + Appn(t) (5.12)

where py, is a vector containing the “low-order” moments up to some arbitrary order
m € N, py contains finitely many “higher-order” moments, and the constant matrices
A} and Ay are computed using the procedure described by Smadbeck and Kaznessis
[63].

The dynamics-based necessary conditions are all derived from Equation ((5.12]).
For example, for the steady-state analysis, we know that the time derivatives of the

moments must be zero, leading to the equation
0=Arprs + A (5.13)
For the transient analysis, we had linear constraints of the form
pr(t) — e’ up(0) = (AL — pI)z(Lp) + AHZ%) (5.14)

for each value of p in a finite set R C R_, where z(#) is a vector of generalized moments
defined by
t N
zj(p) = / e/ ps(r)dr, Vi e NV Vp e R. (5.15)
0

The vectors z(”) for each p € R are also treated as decision variables in solving

Problem (j5.11)).

Probability-Based Necessary Conditions

The first group of probability-based constraints came from the simple fact that the

sum of all probabilities must always be one. For the steady-state analysis, this gave
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us

Ho,ss = 1. (516)

For the dynamic analysis, this gave us

po(t) =1 (5.17)
and
) T if p=0,
ePT _1 .
&— otherwise,

The second group of probability-based constraints was derived from the inequality

S Fx)P(x,t) >0, V>0, (5.19)

XEX
for any polynomial ¢(-). For the steady-state analysis, this lead to a linear matriz
inequality (LMI)
Mg(:“’SS) =0, (5.20)

where the matrix M?(-), defined in Appendix , is a linear function of its argument.
Similarly, for the transient analysis, we had

MO (u(t)) =0 and MO%(z®) =0, VpeR. (5.21)

Support-Based Necessary Conditions

Since the molecular counts of both the independent and dependent species must be
nonnegative, it follows that the set of reduced reachable states X must be contained

in the polyhedral set

=
Il
b
m
7
=2

(5.22)
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Since P(-,t) is nonzero only on X and since X C X, it follows that the P(- 1) is
supported on X.
This led to a second group of LMIs based on the inequality

3 g(X)PFF)P(x,t) >0, V>0, (5.23)

where, again, ¢(+) is an arbitrary polynomial, and g(-) is one of the several polynomials
defining X' through an inequality of the form g(%X) > 0. For example, one such g(-)
is g(X) = ;. We had two different types of LMIs derived from inequality ,
corresponding to the two different types of inequalities appearing in the definition of

X. In particular, for the steady-state analysis, we had

M, () =0, Vje{l,...,N}, (5.24)
and
N
M) (fhes) Zﬁm "1 (pss) =0, VEe{l,...,L}. (5.25)

where ay is the kth element of the vector B~'f, and Bk,; is the entry in the kth row
and jth column of the matrix B~*B. For the transient analysis, we showed that the

same LMIs must be satisfied by the moment vectors p(t) and z#) for each p € R.

5.3.6 Semidefinite Programs

Using all of the necessary conditions appearing in Section as constraints in the
abstract optimization problems of Section [5.3.4], we obtained two SDPs: one for the
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steady-state problem,

<XZ>U =1nax [Lez’

st. Appr+Appg =0,

(5.26)

and one for the transient problem,

(K(0) = max ie,(t)

a(t)
z(P) YpeR
s.t. () — e’ (0) = (AL — pI)i(Lp) + AHZEL';), Vp e R,
ﬂ0<t) =1,
T if p=0,
30 = Vp € R,
ePT—1

otherwise,

M, (f(t)) = 0,

M9(z*)) = 0, Vp € R,

M (a(t) =0, Vje{l,... N},

M (Z2P) =0, Vje{l,....N}, VpeR,

n—1 -

M Gi(1) — 3 5 MO (A0) =0, ke (1., L),

N
oM (27) = 3 B MLy (20) = 0, Wk e{l,...,L},

=1

Vp € R.
(5.27)
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Parameters

For the steady-state problem, there are two parameters. The first of these is m € N,
our arbitrary cut-off of what we consider a “low-order” moment. The choice of m
affects the length of the fi;, and fig vectors. Accordingly, it affects the number of
rows and columns of the A and Ay matrices. The second parameter is n € N, which
determines the size of the M?(f), M?_ (@), and M;’ ;(fx) matrices, as described in
Appendix [Bl In principle, any combination of these two parameters gives an SDP
which will yield valid bounds. However, for reasons explained in Chapter [3 we
recommend linking the two parameter values through the equation n = [(m + ¢ —
1)/2], where ¢ € N is the maximum reaction order in the underlying chemical system
(e.g., for a system containing at most bimolecular reactions, ¢ = 2). With the equation
n=[(m+q—1)/2], we can treat m as the sole parameter for the SDP. As explained
in Chapters[3|and ], the quality of the bounds increases monotonically with the values
of m. However, larger values of m also yield larger SDPs, which are more prone to
numerical instability. Thus, there is a trade-off in selecting m.

The transient problem also has m € N and n € N as parameters, and everything
we’ve said in the previous paragraph applies. Furthermore, the choice of m affects the
size of the ZS—J’) ) and Z%) for each value of p € R. This set R C R_ is also treated as a
parameter. Any choice of R leads to valid bounds. However, as we showed in Chapter
[, the quality of the bounds tends to be better when the values of R approximate
the most significant time constants of the underlying chemical system. In that same
chapter, we gave some heuristics for picking R. One of these heuristics was to pick
several representative states X € X and then evaluate the propensity functions for
these states. Adding values to the set R can only improve the quality of the resulting
bounds. However, again, there is a trade-off, because the size of SDP increases
with the cardinality of R.
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Bounds on other Statistical Descriptions

Solving SDPs and gives an upper bound on the mean molecular count
of independent species i at steady state and at an arbitrary time ¢ > 0, respectively.
However, as we showed Chapters |3 and [4 variations on this theme can be used to
bound other statistical descriptions of the unknown probability distributions 1385(-)

and P(-t).

5.3.7 X as an Outer-Approximation of X

As described in Chapter , the polyhedral superset X is an outer-approximation of
the set of reduced reachable states X in the sense that X does not require molecular
counts to be integers (i.e., a point X € X’ doesn’t necessarily satisfy X € NY or B—lf —
B 'Bx € N while a point X € X does). We noted that this outer-approximation
has potential to introduce conservatism into the bounds produced by solving the
aforementioned SDPs. While this conservatism was slight, it is still undesirable. We
described a mitigation strategy involving selectively adding LMIs to the bounding
SDPs.

5.4 A Second Type of Outer-Approximation

In fact, there is a second way in which the set X may be an outer-approximation of

X, leading to more dramatic conservatism in the bounds.

5.4.1 A Pathological Example

This second type of outer-approximation is best illustrated through an example. Con-

sider the reaction system
C1
A+B——>C

(5.28)

Co
A——>D
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with ¢; = ¢ = 1 s71. The stoichiometry matrix for this system is

~1 -1
-1 0
S = . (5.29)
1 0
- 0 1 .-

The left null space of S is spanned by the rows of

1011
B = . (5.30)

0110
It follows that the sums xa + xc + xp and zp + x¢ are invariants of this reaction
system. The values of these invariants depend on the initial condition x(0). Suppose

that the initial condition is x(0) = (2,3,3,0). Then, the values of the invariants are

BTx(0) = (5,6). Selecting species A and B as the independent species, Equation

(5.22) simplifies to

T A 20
_ T 5 x
x={|"er": b . (5.31)
6 —
B B 20
—1—2z4+2xp

How does this X compare with X7 Inspecting Reaction System ([5.28)) and recall-

ing the initial state x(0), we see that the set of full-dimensional states is

: (5.32)

O W W N
o IS [\ —
— O:)v w =
— »-lk“ \\} e}
W W O
[a) ot — (@)
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from which it follows trivially that the set of reduced reachable states is

) 2 1 1 ol|lo]]o
X = : , : : (5.33)

3 2 3 2 3 1

We can easily verify that X C . However, notice that there are many integer-valued

points X € X that are not elements of X. For example, each of the points in the set

S = : : (5.34)
4 6 5

is an element of X but not X. Inspecting Reaction System ([5.28)) and the initial
state x(0) = (2,3,3,0), it is obvious that each of the states X € S cannot be in X
achieving these states would require the generation of A or B molecules, for which
there is no mechanism. Yet, clearly, S C X. This leads us to the conclusion that, in

this case, X is a gross outer-approximation of X.

5.4.2 Implications for the Bounds

As we might expect based on the discussion in Section [5.3.7] this outer-approximation
leads to undesirable conservatism in the bounds produced by solving the SDPs de-

scribed in Section [(.3.61

Steady-State Analysis

For example, if we try to upper bound the steady-state mean molecular count of
species B by solving SDP (5.20)), with any m € N, we obtain (B)Y = 6. This upper
bound is valid, but it is also obviously conservative, given that the stoichiometry and
initial condition of the reaction system require that xg(t) < 3 for all £ > 0.

The explanation for this conservatism in the upper bound has two parts. First, the
LMIs appearing as constraints in SDP are necessary conditions for a moment
sequence p of a distribution supported on X. As we saw in Section , while the

point X* = (0,6) is not an element of X, it is an element of X. Accordingly, the
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Dirac distribution d3+, in which all of the probability is concentrated on the point
%*, is supported on X. It follows that the moments g of this distribution satisfy the
LMIs of SDP (5.26)). They also trivially satisfy the constraint g = 1. Second, the
point x* = (0,6) implies 0 molecules of A. Inspecting Reaction System (|5.28)), we
see that having 0 molecules of A implies that no reaction is possible (the propensity
functions evaluate to zero). It follows that the distribution dgz«, when subjected to
the CME for this system, is invariant with time. Furthermore, its moments p do
not change with time. In other words, p satisfies the first constraint of SDP ([5.26]).
We’ve come to the conclusion, then, that p is a feasible point of SDP (5.26)). This
implies that the optimal value of SDP is greater than or equal to the objective

value corresponding to p:

Hey = Z )ACEQ(S}A(* = Z jfgéA* = fi‘; =6 (535)

xeX c

=

%

Thus, the inclusion of the point X* in the set X artificially pushes the upper bound
upward, degrading the quality of the bound.

Transient Analysis

What about the transient analysis? To solve SDP , we need to choose a set
R. We will do so using the heuristic described in Section m picking (somewhat
arbitrarily) X = (2,3) and x = (1,2) as the “representative” reachable states. Eval-
uating the and summing the propensity functions for each of these states suggests
using p values of —8 and —3. Including the standard value of p = 0, leaves us with
R ={0,-3,-8}.

Solving SDP with this R and m = 2 for a range of ¢ values from t = 0 s
to t = 3 s, we obtain the bounds shown in Figure [5-1} This system is small enough
that directly solving the CME is also practical. Accordingly the exact CME solution
is also plotted in Figure for comparison.
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N o (AW
z (A
8 —o—(B()”
= ——(B(t))*
= —o(D(1)"
= —— (D)
S ———(A®)
= ———(B(1)
-~ (D)

Figure 5-1: Time-varying bounds on the mean molecular counts of species A, B,
and D for Reaction System ([5.28]). These bounds were calculated by solving SDP
(5.27) (and its minimization counterpart) over a range of ¢ values, using m = 2 and

R ={0,—3,-8}.

Inspecting Figure [5-1], we see that the computed bounds are quite tight. At least,
they are not more conservative than the bounds implied by stoichiometry, as we saw
for the bound in the steady-state analysis. However, given that many of the LMIs
appearing as constraints in SDP are derived from X, we might wonder if the
over-approximation built into X is causing unnecessary conservatism in the bounds.

In what follows, we will see that this is, in fact, the case.

5.4.3 Generalization

What went wrong in the above example? We’ve seen that the immediate problem
is that the set X is a substantial over-approximation of the true reachable set X, in
the sense that there exist many integer-valued points X € N¥ such that & € X but
X ¢ X. However, the fundamental problem is that the set X described in Equation
does not reflect the fact that the reactions appearing in Reaction System ([5.28))
are irreversible.

As the reader may guess, the problem is not specific to this example. The general

expression for X' given in Equation (5.22) implicitly assumes reversible reactions.
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Thus, if irreversible reactions are present, and this leads to X being a substantial
over-approximation of the true reachable set X , applying the bounding methods of
Section may lead to the same type of undesirable conservatism we’ve seen in the

present pathological example.

5.5 An Alternative State Representation

Fortunately, there is a relatively simple way to fix the problem identified in the
previous section. The key idea is to express the state of the system not in terms
of the molecular counts X(¢) € NV but in terms of the extents of reaction E(t) € N,
Then, in analogy with our definition of X', we can redefine the set of reachable states

as

55{6€NR:X0+SGZO}. (5.36)

Now, as before, we’d like to construct a polyhedral superset guaranteed to contain
the set of reachable states. This superset is given by
Xo + Se > 0,

E=JecRF: : (5.37)
e>0

The first inequality appearing in this definition of £ reflects the physical fact molecular
counts must be nonnegative, and is analogous to the two inequalities appearing in
our definition of X. However, the second equality, € > 0, has no analogue in the
definition of X it expresses precisely what the definition of X lacks — namely, that

each elementary reaction is irreversible.

5.5.1 Redundancy in the State Representation

One undesirable feature of this state representation is that it may be redundant, in
the sense that there may be multiple states € € £ corresponding to the same state
x € X. This will be true whenever there exists some €, € N such that €, # 0 and

Se; = 0. Then, for every € € £ and the corresponding state x = xg + Se € X, there
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is an infinite set of states
{et+ae, :a€Z, et+ae; >0} C& (5.38)

corresponding to x.
For example, consider the simple reversible reaction system A == B. The stoi-

chiometry matrix for this system is

S = . (5.39)

The vector €, = (1, 1) satisfies Se; = 0. In words, this means that the two reactions
“cancel each other out”. If the system is in state x € X, and both reactions occur
in sequence, incrementing the values of €; and €y, the system returns to the same x,
but has arrived at a new € € £. Accordingly, for any x € X in this reaction system,
there are infinitely many corresponding states € € £.

In general, we will define the set of states € € £ corresponding to a state x € X
as

E(x)={ec & :x=x0+Se}, VxecAX. (5.40)

Similarly, we can define £(X) as the set of states € € £ corresponding to a reduced

state X € X'. From Equations (5.1) and (5.36)) it follows that

&= &x). (5.41)
xeX
Since there is a one-to-one correspondence between the elements of X and X , it is

also true that

&= Ex). (5.42)

xeX
The redundancy we have described in this section will require us to exercise some
care in the derivations that follow, but it does not invalidate the representation of

the state of the system in terms of extents.
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5.6 Alternative Formulation of the Bounding Method

Having redefined the set of reachable states in terms of extents of reaction, £, and
having constructed the corresponding polyhedral superset £, we have apparently over-
come the fundamental problem described in Section In this section, we describe
how the bounding method described in our previous work [14], 6] can be adapted to

make use of this alternative representation of the state.

5.6.1 A New Probability Distribution

First, we can define a probability distribution over £ in much the same way that we
defined the probability distribution over X and X

P:(e,t) =Pr(E(t) =€), Veel. (5.43)

The function can be extended to the domain Z% if we specify that Pe(e,t) = 0 for all
€ € Z% such that € ¢ £.
The distribution Pe(-,t) is related to P(-,t) and P(-,t) through the following

equations:
P(x,t)= > Pec(et), VxeAX, (5.44)
ec&(x)
P(x,t) = > Pelet), VxeX. (5.45)
ecE(%k)

5.6.2 Moments

Second, we can define moments of the distribution Pg(-,¢), in analogy with how we

defined the moments of the distribution P(-,):

yi(t) = D €Pe(et), VjeN" (5.46)

ecé

As before, the zeroth order moment is nothing more than the sum of probabilities

across all € € £. Accordingly, we have yo(t) = 1, for all ¢t > 0.
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The moments y(¢) can be used to express the same statistical descriptions of the
reaction system that could be expressed in terms of the moments (). For example,

the mean molecular count of species i € {1,..., N} at time ¢ is equal to

(X)) =3 ( .S ) Pr(e.t),

ecE r=1
R
= Zo, Z Pg(G, t) + Z Sir Z ETP5<€, t),
ec& . r=1 ec& (547>
= Zo,:Y0 (t) + Z SirYe, <t>7
r=1
R
=20i + Y SizYe, (1)
r=1
Moreover, any moment p;(t), j € N” can be expressed as a linear combination of

the moments y(¢). We leave the derivation to Appendix @

5.6.3 The Bounding Paradigm

The new bounding paradigm is essentially the same that we saw in Section |5.3.4]
For example, to calculate an upper bound on the mean molecular count of species
i € {1,...,N} at steady-state and at an arbitrary time ¢, we solve the abstract

optimization problems

R
<Xz>slé =max %o, + Z SirTe,
r=1

Yy
s.t. y satisfies necessary steady-state (5-48)
moment conditions,
and
R
<Xi<t>>U =max  To; + Z Si,rger (t)
y(@®) r=1
s.t.  y(t) satisfies necessary (5-49)
moment conditions at time ¢,
respectively.
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5.6.4 Necessary Conditions on the Moment Sequence

Third, we can derive necessary conditions that the moments y must satisfy. Most of
these conditions are directly analogous to the conditions appearing in Section ([5.3.5]).

However, there are also a few subtle but important differences.

Dynamics-Based Necessary Conditions

The dynamics-based necessary conditions that we saw in Section [5.3.5 were derived
from the CME (5.8)) expressed in terms of the reduced states, X € X. To derive anal-
ogous necessary conditions for the moments y, we need an analogous CME expressed

in terms of the states € € £, which is

dPe

W@’t) =Y [Pe(e— e, t)a (e —e,) — Pe(e, t)(€)], Ve€&, (5.50)

r=1

where

a,(€) = a,(xq + Se). (5.51)

From this CME, we can derive an analogue of Equation (5.12), describing the dy-

namics of the moments y:

dyL

0t (t) = Alyr(t) + Afyu(t). (5.52)

The matrices Af and A$, are clearly analogous to the matrices Ay and Ay appearing
in Equation and can be constructed in essentially the same way. Details can
be found in Appendix [D]

Now, in seeking the analogue of Necessary Condition ([5.13), it is tempting to

simply set the time derivatives on the left-hand side equal to zero, giving

t
0—ac| ¥l , (5.53)
yu(t)
where [AS A%] = A¢. This is, indeed, a necessary condition for a distribution
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Pe(-,t) which is not changing with time. However, remember that our goal is to write
a necessary condition for a time-invariant distribution P(-,¢). It turns out that the
time invariance of P(-,t) does not imply the time invariance of Pe(-,1).

To see this, consider the simple reversible reaction system A == B with some
nonzero initial count of A molecules and nonzero rate constants for both the forward
and reverse reactions. In the steady-state distribution Py(-) = limy_, 4o P(+, ), there
will be some nonzero probability associated with every x € X', and probability will be
flowing between the reachable states in a way that the flow into each state balances
the flow out. Probability can only flow from state to state if reactions are occurring.
This implies that the state of the system, represented in terms of the reaction extents,
€ is constantly changing. In particular, both reaction extents are increasing with time
at a constant rate, as the reactions continually fire in the dynamic equilibrium. In
turn, this implies that the moments y based on the reaction extents € are not constant
with time. Thus, ‘Z’TL = 0 is not a necessary condition for a stochastic chemical kinetic
system at steady state.

What do we use, then, for our necessary steady-state condition? While we cannot
insist that dg’—tL = 0, it is still true that we must have dg—tL = 0. Moreover, as we show

in Appendix [D] the time derivatives of the moments g, can be related to those of y,

through a linear equation:

dpr dyr
W(t) = Cﬁ(t). (5.54)

Our steady-state necessary condition is then obtained by pre-multiplying both sides

of Equation (5.53|) by the matrix C:

Yiss (t)

0= CA¢ (5.55)

YH,SS (t)

How about the necessary condition for the transient analysis? Fortunately, in this

case, none of the above concerns apply, and the analogy is more straight-forward. We
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simply set
yi(t) — ey (0) = (AL — pu + Aful), VpeR, (5.56)
where ul® is a vector of generalized moments defined by

t
uf) = [y (r)dr, Vie NLYp e R (5.57)
0

J

Probability-Based Necessary Conditions

The probability-based necessary conditions are directly analogous to those we had

before. Since the total probability must always be one, we have

Yss,0 = 1 (558)
for the steady-state analysis and

Yo(t) =1 (5.59)
and

) T if p=0,
&1 otherwise,
for the dynamic analysis.
Furthermore, since
> (e )Pe(e,t) >0, Vt>0, (5.61)

ecé

for an arbitrary polynomial ¢(-), we have the LMIs

M (yss) = 0, (5.62)
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for the steady-state analysis, and
MO(y(t)) =0 and M°u) =0, VpeR. (5.63)
for the transient analysis.

Support-Based Necessary Conditions

We've seen that the reachable set £ must be contained in the polyhedral superset E.
This implies that Pe(-, ) is supported on £. We then have a family of LMIs based on
the inequality

> g(e)q*(e)Pe(e, t) >0, Vt >0, (5.64)

ecf
where, again, ¢(+) is an arbitrary polynomial, and ¢(-) is one of the several polynomials
defining € through an inequality of the form g(e) > 0. In particular, polynomials g(-)
of the form g(e€) = ¢, for r € {1,..., R} lead to the LMIs

M (yss) =0, Vre{l,...,R}, (5.65)

while polynomials g(-) of the form g(e) = zo; + 3%, s;.¢, for j € {1,..., N} lead to
the LMIs

20, M2 (Ves) +Zsﬂ " (ys) =0, Vie{l,...,N} (5.66)

r=1

Of course, the same LMIs must be satisfied by the moment vectors y(¢) and u” for
all p e R.

The LMIs described by Necessary Condition reflect the fact that molecular
counts must be nonnegative and are thus analogous to the LMIs described by Neces-
sary Conditions ) and (| in Section . However, the LMIs described by
Necessary Condition - have no analogue in Section m
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5.6.5 Semidefinite Programs

Using all of the necessary conditions appearing in Section as constraints in the

abstract optimization problems of Section [5.6.3, we obtain two SDPs: one for the

steady-state problem,

R
<XZ>SUS =max Zo,i + Z Si,rger

r=1

Yo = 1, (5.67)

M (y) =0, Vre{l,...,R},

2o Mp_1(¥) + D85, My 4 (¥) = 0, Vje{l,...,N},
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and one for the transient problem,

(Xi(t))U = max
y(®)
al®) vper

s.t.

R
0,70 (t) + Z SivJer (t)
r=1

yi(t) — "y (0) = (A] — pDaf + Afa), VpeR,

gO(t) = 17
T if p=20,

ay) = Vp € R,
erT —1

otherwise,

M (@?) =0, Vre{l,....R}, ¥peR,
R
2o, Mo 1 (F(1) + D 55, M1 (¥(t) = 0, V5 e {1,
r=1
R
xU:jMnfl(ﬁ(p)) =+ ZSjJ“Mfz] 1<~(p)) = 07 vj € {17
r=1

These SDPs have the same parameters as those described in Section [5.3.6]

N,

LN,

(5.68)

Solving these particular SDPs gives an upper bound on the mean molecular count

of species i at steady-state or at an arbitrary time ¢ > 0, respectively. Of course,

variations on this theme can be used to bound other statistical descriptions of the

reaction system.

5.7 Revisiting the Pathological Example

In this section, we apply the alternative bounding method based on reaction extents
(Section[5.6]) to Reaction System (5.28)), which we used in Section to demonstrate

a fundamental shortcoming of the bounding method based solely on independent

species (Section . We will see that the alternative bounding method gives tighter
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bounds for both the steady-state and dynamic analyses.

5.7.1 Steady-State Analysis

Solving SDP (5.67) with m = 2 to upper bound the steady-state mean molecular

U:

s = 3. This upper bound is consistent with our

count of species B, we obtain (B)
observation in Section that the stoichiometry and initial condition for Reaction
System imply that xg(t) < 3 for all ¢ > 0. Admittedly, it is, in some sense,
still a trivial upper bound, as it is can also be calculated by a simple analysis of

the stoichiometry. However, it is unmistakably a substantial improvement over the

bound of (B)Y. = 6 calculated in Section [5.4.2|

5.7.2 'Transient Analysis

Repeating the transient analysis of Section ((5.4.2)), but using SDP (/5.68]) in place of
SDP (5.27)), we obtain the bounds shown in Figure . These bounds are tighter
than those shown in Figure This confirms our earlier suggestion that the over-

approximation built into X might be degrading the quality of the bounds produced
by SDP (5:27).
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B —o—(A®)”
5 —— (A1)
= —o—(B(1))"
= e (B(1)*
= —o—(D(t))?
= —— (D(1)”
5 )
= — - (B(1)
l0)

Figure 5-2: Time-varying bounds on the mean molecular counts of species A, B,
and D for Reaction System ([5.28]). These bounds were calculated by solving SDP
(5.68)) (and its minimization counterpart) over a range of ¢ values, using m = 2 and

R = {0, -3, —8}. Compare with Figure [5-1]

5.8 Discussion

5.8.1 Weakness of the Steady-State Bounds

The fact that the bound (B)Y = 3 obtained in Section is equal to the stoichio-
metric bound suggests that the steady-state SDP is not incorporating information
about the relative time scales of the competing reactions. For the system to reach
a steady-state in which (B) = 3, all of the probability would have to flow from the
initial state x(0) = (2,3, 3,0) via the second reaction, with no probability flowing via
the first reaction. This could only occur if the second reaction was infinitely more
likely than the first. But, whenever g > 0 (in particular, for the initial condition),
this is not the case. Thus, the steady-state formulation that we have presented in this
chapter seems to be missing an aspect of the dynamics inherent in the system. We will

explore augmenting the steady-state formulation to add in this dynamic information

in Chapter [6]
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5.8.2 Strictly Better Bounds Are Not Guaranteed

While the alternative formulation of the bounding method described in Section
will always produce bounds that are at least as good as those produced by the original
formulation described in Section , the bounds are not necessarily strictly better.
In particular, if the set X does not over-approximate the set X in the sense described
in Section [5.4.3] then the bounds produced by the two methods will be the same. An

example where this occurs is given in Appendix [D]

5.9 Conclusion

In this chapter, we have seen that the bounding method described in Chapters |3 and
fails to account for the irreversibility of reactions, and thus can perform poorly
when irreversibility is important in defining the set of reachable states. In an effort
to mitigate this problem, we described an alternative formulation of the bounding
method which explicitly takes this irreversibility into account. We then demonstrated
with an example that this alternative formulation can yield tighter bounds than
the original formulation in both steady-state and transient analyses. Finally, we
demonstrated that while the alternative formulation yields bounds that are at least
as good as those given by the original formulation, the bounds are not necessarily

strictly better.
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Chapter 6

An Additional Steady-State

Necessary Condition

The contents of this chapter have not yet been published.

6.1 Introduction

In this chapter, we derive an additional, relatively simple necessary condition on the
low-order steady-state moments, gy . This necessary condition can be added as a
constraint to any of the steady-state bounding SDPs that we have derived previously,
potentially reducing the feasible set and tightening the bounds. We give a specific
example of a system where this additional constraint leads to dramatically tighter

bounds.
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6.2 Deriving the Necessary Condition

By definition of the A and Ay matrices, we have

d
%(t) =Arpr(t) + Appu(t),
] t
= |: AL AH NL( ) 9
J NH(t) (6.1)
_A pr(t)
pu(t) |
Integrating both sides with respect to time, we obtain
T ( T t
/ %(t)dt - / NG dt,
0 t 0 pr(t)
(6.2)
Jo mo(t)dt
pr(T) — pr(0) = A OT :
Jo pu(t)dt
It follows that
pr(T) — pr(0) € ng(A), VT =0, (6.3)

where rng(A) denotes the range (i.e., column space) of the matrix A. Assuming that

the limit
TLHEOO .U’L(T) = MLgss (64)
exists, it follows that
HKiss — H’L(O) € rng(A). (65)

Proof. By definition of the limit, it follows that for every e > 0 there exists a 7, > 0
such that
No(T) — prssl| <€, VT >T.. (6.6)

It follows that the sequence of points {r(n)},en converges to pir s, because, for
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every € > 0, there exists N, = [T.] € N such that
||pr(n) — prsl| <€, VneNst n>N. (6.7)

From Statement (6.3), it follows that {gr(n)}reny C rng(A). Since rng(A) is a closed
set, it follows that the every limit point of {p(n)}nen is an element of rng(A). In
particular, s, as a limit point of {1 (n)}nen, is an element of rng(A). H

M+N)

Statement (6.5)) is equivalent to the statement that there exists some w € R
such that

prss — pn(0) = Aw. (6.8)

6.3 Using the Necessary Conditions as Constraints

We may now include this Necessary Condition as a constraint in our steady-
state SDPs, expressing it in terms of proxy decision variables. For example, adding
this constraint to the SDP for calculating an upper bound on the steady-state mean

molecular count of species 7, we obtain

N
<X1>U =maXx Vi0 + Z Ui,j,aej

[L,W jzl
st. Ap =0,
pr— p(0) = Aw,
(6.9)
/:LO = ]-7
M, () = 0,

N
UC,OMgfl(ﬂJ + Zvcij’reLj—l(i:l’) =0, Vee {17 SR 7N}
=1

Interestingly, the additional constraint incorporates information about the initial
moments (and thus the initial distirbution) which does not appear explicitly in our
previous steady-state bounding SDPs. In these previous SDPs, the initial distribu-

tion was reflected in the invariant values. However, there are usually many different
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distributions (with different moments) corresponding to the same invariant values.
The additional constraint effectively specifies which of these distributions is the true

initial distribution.

6.3.1 Redundancy

Of course, the equation iy, — pr(0) = Aw is really a system of equations, with one
equation for each row of the A matrix. By it’s construction, the first row of the A

matrix is necessarily all zeros, implying the equation

fio = 110(0). (6.10)

Assuming that the initial distribution has been appropriately defined, we have 119(0) =
1. Thus, Equation reduces to fig = 1, which we have already included as a
constraint. It follows that the first row of fiy, — pr(0) = AW is redundant and can
be eliminated.

Let A be equal to the A matrix with the first row removed. Furthermore, let
[t1., denote a vector of the elements of @1 corresponding to multi-indices of order 1
through m, in graded descending order. Let p1.,(0) be defined similarly. Then, we
can express all of the equations implied by fiy — pr(0) = AW except the redundant
equality by writing

A

I]’l:m - “lm(o) = Aw (611)
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in its place. This gives us the equivalent SDP

N
(Xi>U =max Vo + Z Uz‘,jﬂej
H,w 7j=1
S.t. Aﬂ/ - Oa
Him — lem(o) = AV~V, (6 12)
/10 - 17
M, (f2) > 0,

N
’UC,UM?L—l(’]’) +ZUC,jMSLj—1([L) i 07 Ve € {LaN}
j=1

6.4 When Does it Help?

6.4.1 A Rank Condition

Now, the question is: under what circumstances will the additional constraint, f&.,, —
1:m(0) = AW, improve the quality of the bound, (X;)V? We have added a constraint,
so SDP is potentially a restriction of the our typical mean-bounding SDP.
However, if the columns of A span the space R(m;zﬁ)_l in which fi1.,, — p1.m(0) exists,
then ft1., — p1.m(0) = AW isn’t a restriction at all. Tt is only a restriction when the

columns of A do not span R("")=1, Tt other words, fi1., — p1m(0) = Aw is only a

restriction when A is not full row rank.

6.4.2 An Invariant Polynomial

What does it mean if A is not full row rank? If A is not full row rank, there exists
some q # 0 such that
qtA =o". (6.13)

Letting q = (0, q), it follows that q # 0 and

q'A =0" (6.14)

195



Then, for moments p(t) of any distribution P(-,t), we have
qtAu(t) =0, Vt>0. (6.15)

Using the definition of the A matrix, this implies

dpr, d

T T

—(t) = — t)=0, Vt>DO0. 6.16
5 ()= ap(t) =0, vt (6.16)
In other words, a nontrivial linear combination of the low-order moments is constant

with time.

This is equivalent to the statement that there exists some polynomial

q(X) = Z qucj (6.17)

lil<m
such that .
dP
Y a(X)—-(%,t) =0, Vt>0. (6.18)
xeX dt
6.5 Example
Consider the reaction system
C1
A+B——C
¢ (6.19)
A+B——>D

with initial molecular counts of Ay = 4, By = 3, Cy = 0, and Dy = 0, and rate

1 1

constants ¢; = 1 87" and ¢; = 3 s7. Selecting species C and D as the independent
species, and setting m = 2, we can solve our original SDP to calculate bounds on
(C)g. Doing so gives the stoichiometric bounds (C)Z = 0 and (C)Y = 3. While these
bounds are valid, they are disappointingly loose.

On the other hand, if we solve SDP for this system, we obtain (C)L =

(CYU = 0.75, which implies that (C)y = 0.75. Solving the CME for this system, we

can confirm this value for (C).
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Why does the additional constraint make such a dramatic difference for this sys-
tem? If we were to examine the propensity functions for the two reactions in the
system, we would find that they have exactly the same functional form, and differ
only by a scalar, co/c; = 3. This means that the average rate at which species D is
formed is precisely 3 times the average rate at which species C is formed. Since we
have zero molecules of both species initially, this implies that there are always, on
average, 3 times as many D molecules as there are C molecules. This can be stated

concisely as

3(C(1) = (D(t)), V> 0. (6.20)

Alternatively, it can be written in terms of moments:

3,0 (t) — Lpn(t) =0, Vi >0, (6.21)

which shows that we have a nontrivial linear combination of moments that is constant

with time. This is consistent with the fact that A matrix for this system,

12 -7 -7 1 2 1 00 0 O
36 —21 =21 3 6 3 00 0 0
A=|12 17 -7 —-13 —12 1 24 2 0 (6.22)
0 36 12 -21 -28 -7 3 7 5 1
36 —21 51 3 =36 =39 0 6 12 6

has a left null space which includes the vector § = (3, —1,0,0,0). Thus, this example

is consistent with our general analysis in Section

6.6 Extensions

The primary contribution of this chapter is the derivation of the necessary condition

M+N
that there exists some w € R( ) such that

prss — pL(0) = Aw. (6.23)
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However, this idea can be taken further.
For example, since each p;(t) > 0 for all ¢, it is relatively easy to show that the w
must be nonnegative. The argument is essentially the same as the one given above.

The only real difference is that we use the fact that
{Aw :w >0} (6.24)

is a closed set. This implies that we can also include the constraint w > 0 in the
bounding SDP, with potentially dramatic consequences.

In fact, for any polyhedral set P, the set
{Aw : w € P} (6.25)

is closed. We may be able to use this fact to obtain even tighter bounds, if we can
show that
T
/ p(t)dt € P, VT > 0. (6.26)
0

Taking the idea on step further still, since the vector [ p(t)dt satisfies the LMIs
appearing in for all times 7" > 0, we may be able to show that w must
satisfy these LMIs as well. However, the proof of this claim (if it exists) is less-
straightforward, because the image of a set defined by LMIs under a linear mapping
is not necessarily closed.

These ideas are fertile ground for future research. They have not yet been ade-

quately explored.

6.7 Conclusion

We’ve seen that inclusion of a constraint based on Equation in the steady-state
analysis can yield significantly improved bounds. However, this constraint will only
benefit the bounds in the situation where there is some nontrivial linear combination

of the moments which is constant with time. We’ve seen one example where this is
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the case: when the propensity functions of two different reactions in the system differ
by a constant factor. There may be other structural features of a reaction system
for which the additional constraint benefits the bounds. Exploring these additional
features is left for future work. Moreover, there are clear extensions of the main idea

of this chapter, which are also left for future work.

199



200



Chapter 7

Improved Numerical Performance
Through Linear Programming

Approximations

The contents of this chapter have not yet been published. The ideas contained herein

were developed in collaboration with Tim Varelmann, as part of his Master’s Thesis.

7.1 Introduction

In the previous chapters, we noted that the SDPs we derived often cause numerical
difficulties for off-the-shelf solvers like SeDuMi and Mosek. This limits the practical
value of the SDPs we have derived. So, the aim of this chapter is to devise a strat-
egy for solving these SDPs more reliably, or at least reliably outer-bounding their

solutions.

7.2 Notation

In this section, we define some notation which is necessary to concisely express the

ideas that will developed later in this chapter.
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7.2.1 Invariants and Reduced Reachable States

In the previous chapters, we made use of the fact that reaction invariants can lead
to a lower-dimensional representation of the state. In particular, the stoichiometry
matrix S often has a nontrivial left null space, spanned by a set of basis vectors

{by,...,br} C RN, Setting

we noted that the the state X(¢) must satisfy the affine equation
BX(1) = Bx, = f (7.2)

for all times t > 0. We referred to the vector f as the ‘nvariant values.

Since the L rows of B are linearly independent, it follows that B has L linearly
independent columns, corresponding to L chemical species. Let the selection matrix
Q € {0,1}¥*F be defined such that the product BQ = B € R* is a nonsingular
matrix consisting of just these L columns. The molecular counts of the corresponding
L species are given by Q"X (t) = X(t). Let Qe {0, 1}¥*V=L) be a complementary
selection matrix such that B = BQ € REXV=L) contains the N — L = N columns of
B not found in B. It follows that Q"X (¢) = X(t) contains the molecular counts of

the chemical species not represented in X(t), and that

Q= [ aQ Q } € {0, 1}V (7.3)
is a permutation matrix, satisfying QQ" = I € R¥*¥. From this fact, it follows that

Vx| YO o X0 0y

X() =QQ'X(t) = Q . i
Qr QTX(t) X(t)
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Furthermore, we can rewrite Equation (7.2)) as

£ — BX(t),
= BQQ"X(1),
.. 11Q"
_B X (1),
@ Q| (X0 s
X
“[s ]| 2]
X(t)
_ BX(1) + BX(1
Rearranging (7.5)), we obtain
X(t) = B7'f - B'BX(t), (7.6)

which shows that specifying X(t) determines the values of X(t). Accordingly, we
labeled the species represented by X(t) as the independent species, and those repre-
sented by X(t) as the dependent species. Let I C {1,..., N} denote the set of indices
corresponding to the independent species. Similarly, let its complement D = I¢
denote the set of indices corresponding to the dependent species. Since specifying
X (t) determines X(t), we saw that the full state of the system X (t) can be expressed

entirely in terms of the lower-dimensional X(t) In particular, from Equations (7.4)

and (7.6]), we have

It follows that every full-dimensional reachable state x € X C NV can be expressed

X(t)

B~ 'f — B'BX(¢)

0

B~!f

I

X(1) = Q s

+

X@). (7.7)

equivalently in terms of a reduced reachable state QTX = % € N¥. We denoted the

set of reduced reachable states using the symbol X c NV
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Setting

0
vo=Q | _ (7.8)
B-if
and
I
v=Q| _ |, (7.9)
-B'B
Equation (7.7)) can be written concisely as
X(t) = vy + VX(t). (7.10)

Since molecular counts must always be nonnegative, it follows that X(t) must always

be contained in the set

X ={xeR" :vo+Vx >0} (7.11)

In what follows, we will let v, o represent the cth component of the vector v. Similarly,

we let v, ; represent the element in the cth row and jth column of the matrix V.

7.3 Numerical Stability through an LP Relaxation

In this section, we describe a linear programming (LP) relaxation of a representative
moment-based SDP. This relaxation, and the refinement described in Section [7.4] are

based heavily on the work of Ahmadi et al. [I].

7.3.1 Relaxation Yields Valid Bounds

In all of our work thus far, we have been solving SDPs to calculate a bound on some
actual quantity. For example, to calculate an upper bound on the steady-state mean

molecular count of species i, we proposed solving the an SDP which can be expressed
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concisely as:

N
* ~
p =max  vip+ § Vi, jHe;

i =
st. Ap =0,
flo =1, (7.12)
M (i) = 0,

N
UC,OMgfl(ﬁ)_FZUCJMij—l(ﬂ’) =0, Vee {17"-7N}7
=1

where the constraints are necessary conditions on the (unknown) true steady-state
moment sequence pgs. We showed that p* provides an upper bound on (X;)s, the

essential points of the argument being:

1. Since the constraints of SDP ([7.12)) are necessary conditions for s, the point

[t = g is feasible.

2. The objective value corresponding to fr = pss is

N
Vio + Z Vi jthe; = (Xi)ss- (7.13)

=1

Notice that this argument still holds if we relax any of the constraints in SDP
. Relaxing any of the constraints will give a different problem, with an optimal
value p which may be strictly greater than p*. However, we are still guaranteed that
P > (X;)ss- The question then is this: can we relax SDP in such a way that
the problem becomes easier to solve, without introducing too much conservatism into

the bound on (X;)s?

7.3.2 Relaxing the LMIs

Recall that the LMI M?%(f) = 0 is equivalent to the condition

p™MO(i)p >0, Vpe R, (7.14)
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Importantly, the inequality associated with each p € R("%") is linear with respect
to the vector fi. If we modify SDP ([7.12)) by replacing the LMI M?(i) = 0 with
Condition ([7.14)), and we replace the other N LMIs by analogous conditions, we

obtain an equivalent optimization problem:

Pt = m[iiX Vo + ji:; Vi jfle;
st. Ap=0,
o=t (7.15)
p M) (i1)p > 0, Vp e r("Y),
n’' (UcoM (f) Zvc] ) n>0, Vngc R(" HN)
Ve e {1, N}

This is a semi-infinite linear program — a linear program with infinitely many inequal-
ity constraints.
Suppose that we pick some finite set of vectors P = {p1,...,pip|} C R("") and

replace the semi-infinite constraint
p™™C()p >0, Vp e R (7.16)
with finitely many linear constraints
p"M(1)p >0, VpeTP. (7.17)

Suppose we similarly pick finite sets of vectors N, C R ) force {1,..., N}, and

replace the last N semi-infinite constraints with finitely many constraints. Doing so
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results in the linear program:

N
p=max Vo + Z Vi jle;
Jj=1

nT (Uc,OMgl([j’) + Zvc,jij_l(ﬂ)) n>0 VYneN, Vee{l,...,N}
(7.18)
Clearly, this linear program is a relaxation of the semi-infinite program . It
follows that p > p*. It may be the case that p — p* > 0, in which case solving LP
provides a strictly weaker upper bound on (X;) than that provided by solving
SDP (7.12). However, if we cannot solve SDP due to numerical difficulties,
this gap in the bounds is somewhat irrelevant.

Given that we are focused on overcoming numerical limitations, solving an LP
to obtain the bound is appealing. Linear programming is a more mature technology
than semidefinite programming. In particular, linear programming solvers such as
Gurobi and CPLEX are more numerically robust than their semidefinite programming
counterparts. This gives us hope that in situations where we cannot solve SDP
due to numerical difficulties, we may still be able to solve LP and obtain

nontrivial bounds on (X ).

7.3.3 Choosing P and N.

But the obvious question is: how do we choose the sets P and N, for c € {1,...,N}?
Generally speaking, the fewer vectors that we include in each set, the greater the
relaxation and the greater the gap between p and p*. This suggests that we should
include a large number of vectors in each set, perhaps sampling uniformly from the
unit sphere. However, there is a balance to be struck, because more parameter vectors

imply more linear inequality constraints in the LP.
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Ahmadi Vectors

In an effort to achieve this balance, Ahmadi et al. [I] suggest that an LMI featuring
an n X n dimensional matrix Y should be replaced with n? linear inequalities, where
the vectors defining these inequalities have at most two nonzero components, each
equal to +1. We will denote this set of vectors as A,. For example, in the case of

n = 2, the set of vectors is,

A2 - ) 3 ) . (719)

1 0 0 1 1 1 1 0 0
Az = ol,l1 1,100,121, =11],10]|,] 0 |,]1],| 1
0 0 1 0 0 1 -1 1 1

Notice that for each vector a € A,,, there is no need for the vector —a to also be in

A, because the linear inequalities

a'Ya>0 (7.21)
and
(—a)'Y(-a) >0 (7.22)
are equivalent.
If we set
and
N, = A<n_1jlfv), Vee{l,...,N}, (7.24)

LP (7.18)) is well-defined, and we can solve solve it to obtain an upper bound on (X ).

Of course, solving the corresponding minimization problem, we can also calculate a

208



lower bound.

A Bounded LP

One of the advantages of using the Ahmadi vectors is that they ensure the LP ([7.18|)
is bounded, provided the set X defined in Equation (7.11)) is bounded. The reason
for this is that A<n_1+N) always includes the vector e; € R(n?le). When this vector

is included in the set A, LP ([7.18]) will be constrained by the corresponding linear

inequalities
N .
el | veoM_ (ft) +> v, My ((f1) | e >0, Vee{l,...,N} (7.25)
j=1

Using the definition of the M®_, (fz) and M;”_, (fx) matrices given in Appendix B} we

can show that these are equivalent to the linear inequalities

N
UC,O_’_ZUCJ[D“QJ‘ > 0, Ve € {1,,N} (726)

=1
Consider an LP of the form

N
max ;o + Z Ui,j«%j

ﬁERN j:1

o (7.27)
St Voo + Y Uiy >0, Vee{l,...,N}.
j=1

We see that this LP maximizes the molecular count of species i over the set X.
Accordingly, if the set X' is bounded, then the optimal value of LP is bounded.

Now, while the decision variables differ between LP and LP , the
objective functions have the same form. Furthermore, the linear inequalities described
by are the same form as the constraints in . Accordingly, LP (7.18),
with the linear inequalities described by and other inequality and equality
constraints, can be viewed as a restriction of LP . Since the objective value of
LP is bounded, it follows that the objective value of LP is bounded.
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7.3.4 Small Example

To demonstrate the use of LP ((7.18)), we now apply it in a numerical example.
Consider a variant of the Michaelis-Menten reaction system, described by Smad-

beck and Kaznessis [64]:

C1
S+ E—=——=—8SE
&)

C3
SE——>P+E (7.28)

Cq
P——S

with initial molecular counts S = 10, E = 10, S:E = 0, and P = 0. In Chapter [3] we
showed that we could obtain very tight bounds on (S)s and (E)y for a range of rate
constant values by repeatedly solving SDP ([7.12). These bounds are reproduced in
the top panel of Figure [7-1]

The bottom panel of the figure shows analogous bounds produced by repeatedly

solving LP (7.18)), with the sets P and N, for ¢ € {1,..., N} defined by Equations
(7.23) and ([7.24]), respectively.

Clearly, for this example, the SDP-based bounds are superior. However, the LP-
based bounds aren’t terrible. In fact, for some values of the rate constant c;, the LP

bounds are just as tight as the SDP bounds.
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Figure 7-1: Bounds on the Michaelis-Menten system at steady state. Upper bounds
are shown with open circles, while lower bounds are shown with stars. The top panel
shows bounds produced by repeatedly solving SDP for a range of values of
the rate constant ¢; (the other rate constants being fixed at ¢, = ¢3 = ¢4 = 1s71).
Similarly, the bottom panel shows bounds produced by repeatedly solving LP ([7.18]),
with the sets P and N, for ¢ € {1,..., N} defined by Equations and ,
respectively. To provide a reference, both panels show the true means calculated by
directly solving the CME. These CME solutions are shown as dashed lines. The solid
lines connecting the circles and stars are not theoretically guaranteed bounds; they

are included just to lead the eye.
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7.3.5 Large Example

Next we apply LP (7.18)) to a larger reaction system from Chapters 3| and , repro-
duced in Figure [7-2]

Figure 7-2: A larger reaction system

The rate constants are given in Appendix[B] With an initial state consisting of 100
molecules of species A and F and 0 molecules of all other species, this system has over
74 billion reachable states. Thus, solving the CME for this system is impractical. In
Chapter 77, we calculated bounds on (A) for a range of rate constants by repeatedly

solving SDP ([7.12)). These bounds are reproduced in the top panel of Figure .
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Figure 7-3: A larger reaction system

The bottom panel of the figure shows analogous bounds produced by repeatedly
solving LP (7.18)), with the sets P and N, for ¢ € {1,..., N} defined by Equations

(7.23) and ([7.24]), respectively.

As in the Michaelis-Menten example, the SDP-based bounds are clearly superior.
The LP-based bounds, while nontrivial, are much looser, with very wide gaps in the

bounds for some rate constant values.

7.3.6 Summary

The LP-based bounds that we have described in Section are robust in the sense

that they can be obtained without excessive numerical issues. However, as demon-
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strated by the example in Section these LP-based bounds are sometimes unac-

ceptably loose.

7.4 Iterative Refinement of LP Bounds

In this section, we describe an algorithm for iteratively refining the bounds produced
by solving LP (7.18]). This is essentially a cutting plane algorithm, inspired by the
work of Krishnan and Mitchell [38] and Ahmadi et al. [I].

7.4.1 Calculation of Cutting Planes

Suppose that we have solved LP ((7.18)), with the sets P and N, for ¢ € {1,..., N}

defined by Equations ([7.23]) and (7.24)), respectively, and obtained an optimal solution

f1*. Suppose we then calculate the eigenvalues of the matrix M?(a*) and find that
one of these eigenvalues, A, is strictly negative. This implies that @i* is infeasible for
SDP (7.12)). Accordingly, we’d like to exclude it from the feasible set of LP (7.18).
Let py) € R(nzw be the normalized eigenvector corresponding to the eigenvalue \. If

we add the vector p) to the set P, we add the constraint
PAM ()P > 0 (7.29)
to LP . This constraint renders the vector @i* infeasible, because
pIMO(4*)pa = PL AP = APipa = A < 0. (7.30)

The constraint p; M2(@)py > 0 is a cutting plane in the sense that it is guaranteed
to exclude f1* from the feasible set of LP ([7.18)). At the same time, by the inequality’s

structure, we are guaranteed that it does not exclude any point in the feasible set of

SDP (7.12)).
Of course, if any of the matrices UQOMg,l(ﬂ)—l—Zﬁl ve ;M (i) forc € {1,...,N}

has a strictly negative eigenvalue, we could generate another cutting plane in much
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the same way.

Having added the cutting planes to LP ([7.18]), we could again solve the problem,
obtain a new optimal solution, add new cutting planes — and repeat the cycle indefi-
nitely. As we add cutting planes, we systematically refine the feasible set of LP ([7.18])
so that it better and better approximates the feasible set of SDP . If we could
refine the feasible set of LP to the point where it was the same as the feasible
set of SDP , the optimal values would also be the same.

7.4.2 A Cutting Plane Algorithm

The observations of the foregoing section suggest a procedure for iteratively refining

the bounds produced by solving LP ([7.18)), which we formalize in Algorithm [4]
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Algorithm 4 Iterative Refinement of LP Bounds through Cutting Planes
Input:

1. The index i € {1,..., N} corresponding to the species whose mean you’d like
to bound.

2. The matrix A.
3. The vectors {vo,Vvi,..., vy}

4. The maximum number of cutting plane iterations, k..

Output: An upper bound (X;)¥ on the steady-state mean molecular count of

species 1.

Algorithm:

Set P := A(”TLN) and N, := A(nll—ﬁfv) forallce {1,...,N}.

Solve LP and extract the optimal solution g, and the optimal value py.
for k=1,..., kna do

Calculate X := A\puin(M2(f15_;)) and the corresponding normalized eigenvector

Px.
if A <0 then
Set P :=P U {pr}.
end if

forc=1,...,N do
Calculate X := \yin (uc,oMg,l(;}k,l) + Zj-v;l vc,jsz_l(ﬁk,l)) and the

corresponding normalized eigenvector ny.

if A <0 then
Set V. := N.U {n,}.
end if
end for

Solve LP ([7.18)) and extract the optimal solution fi; and the optimal value py.
end for

return (X;)V =5, .
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For brevity, in what follows, we will refer to LP (7.18) with P = A(n:% and
N, = A(n:jN) for all c € {1,..., N} simply as the “initial LP”.

This algorithm requires the computation of several eigenpairs consisting of a min-
imal eigenvalue and the corresponding eigenvector. To this end, we recommend the
Hermitian Lanczos algorithm with filtering [55]. It is important to realize that the
computated eigenpairs do not have to be exact. We say this for several reasons: First,
only the sign of the eigenvalue is used Algorithm [4, never the actual value. Second,
suppose M2 (f1*) has a strictly negative eigenvalue A < 0 with a corresponding eigen-
vector py. Suppose further that our computed eigenvector p, has some error Ap,
such that py = px + Apy. Since py M2(f1)p, is continuous with respect to py, the
constraint p; M2(f)py > 0 will still exclude @* from the feasible set of LP ([7.18])
provided that the error ||Ap,|| is sufficiently small. Third, every point in the feasible
set of SDP satisfies the linear inequality ps MO (f)py > 0 for any vector py,
no matter how inaccurate. So no point will ever be “accidentally” excluded from the

feasible set of LP ([7.18]) as a result of inaccurate eigenvalue computation.

7.4.3 Convergence

As we iterate over the values of k in Algorithm [}, each LP we solve is a restriction of
the previous problem, in the sense that it has a smaller feasible set. Accordingly, the
sequence of bounds (p) is guaranteed to be monotonically improving, in the sense
that pr < pr_1, for all £ > 1. It is important to note, though, that strict improvement
(i.e., Pr < Pr—1) is not guaranteed in each iteration.

In the ideal scenario, the sequence of optimal values (py) generated by Algorithm
would converge to p*, the optimal value of SDP (7.12)). However, it is not immediately
obvious that this convergence is guaranteed. In what follows, we describe a technical
condition under which convergence is guaranteed. This result and its proof is based

heavily on a closely related result given by Blankenship and Falk [4, Theorem 2.1].

Claim 3. If the sequence of optimal solutions (fu;) produced by Algom'thm contains

a convergent subsequence, then the corresponding sequence of bounds (py) converges
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to p*, the optimal value of SDP (7.12)).

Proof. Let (f},) be the convergent subsequence of (fi}), converging to the point p*.
First, we aim to show that p* is feasible for SDP (|7.12)).

By definition, each optimal solution f;, is feasible for LP (7.18)), and thus satisfies
Ap = 0 and figry = 1. Since Afr and fip are continuous functions of fi it follows
that

lim Apyy = Ap* =0, and lim = figr = po = 1. (7.31)
k'—o00 k’'—o00

So, p* satisfies the linear equalities of SDP (7.12]). To prove feasibility, we must show
that p* also satisfies the LMIs. We will do so through a proof by contradiction.
Assume that p* violates the first LMI in the sense that M2(*) % 0 It follows

that there exists some vector p € R("%") such that
pTMO(f1")p < 0. (7.32)

Now, the convergent subsequence of optimal solutions (fi},) is associated with
n+N) .
n Since each

a corresponding sequence of normalized eigenvectors (pyw) C R(
vector in this sequence is normalized, the (py ) is contained in the unit sphere — a
compact set. It follows that there exists a convergent subsequence (p AR, ) whose limit
we will denote as p. The corresponding subsequence of (f13,) will be denoted (&)
Since pTM?2(1)p is continuous with respect to fi, and since By, — p*, it follows

from Inequality that
DM (e, )p < 0 (7.33)

, .
for k7 sufficiently large.
Since p AR, is the normalized eigenvector corresponding to the minimum eigenvalue

of MY (fuy, ), it follows that

Paw Mo (i, )Py < D' M (fue, )b (7.34)
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Taking the limit as k'; — oo, we obtain
DA M, ()pa < p'M; (i2°)p. (7.35)
With Inequality , this implies
Py M (f*)py < 0. (7.36)
Now, the constraint

P My ()Pag, > 0 (7.37)

is enforced in the (k'; 4+ 1)st LP that is solved and in every LP thereafter. Since
kK'jy1 > K'j+1, and since pj, ., is feasible for the (k;j41)st LP that is solved, it
follows that

Pf,k; M (i, )Pak; > 0. (7.38)

Taking the limit as k'; — oo, we obtain
ATAFO/ ~ %\ A
PAM,(")px = 0. (7.39)

This directly contradicts Inequality . Thus, we know that our original assump-
tion, M2(f1*) # 0, was false. It follows that M2(i*) = 0.

In much the same way, we could prove that fi* also satisfies the other LMIs
appearing in SDP (7.12]).

We have shown that fi* satisfies all of the constraints appearing in SDP . It
follows that @* is feasible for SDP ([7.12)).

We now show that f@* is optimal for SDP . Let p* be the objective value
corresponding to @i*. From the feasibility of @*, it follows that

pr<p (7.40)

Since each LP solved in the execution of Algorithm [ is a relaxation of SDP
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(7.12), it follows that pp > p* for each k’. Furthermore, since i}, — f1* and since
the objective function is a continuous function of f, it follows that
pr>ph (7.41)
With Inequality ([7.40)), this implies p* = p*.
Thus, (f1;,) converges to the optimal solution of SDP ((7.12)), and the corresponding
sequence of optimal values (py/) converges to the optimal value of SDP ([7.12)). Since

(pr) is a subsequence of (px) and the latter sequence is monotonically decreasing, it

follows that (pg) converges to the optimal value of SDP ((7.12)) as well. ]

Corollary 4. If the feasible set of any LP solved in the execution of Algorithm 4] is
bounded, then the sequence of bounds (py) converges to p*, the optimal value of SDP
(7.12]).

Proof. Let Sy denote the feasible set of the kth LP solved in executing Algorithm [4]
By construction, the feasible sets of successive LPs satisfy the relation Sy, 1 C Si. It
follows that S; C Sy for all j > k. Each Sy, is polyhedral, and is thus closed.
Suppose that the S; is bounded. Since S} is also closed, it is compact. Since
Sp C S for all k > l%, the sequence of optimal points (ﬁ;;);‘;k is contained in the
compact set S;. Every sequence contained in a compact set in Euclidean space has a
convergent subsequence. In particular, ([‘Z)Zozk has a convergent subsequence. This
is still true if we prepend the finite sequence (fo, ..., fr=—1) to (f13)5°;, giving the
full sequence (fi}). Then, (fi}) satisfies the condition of Claim [3] The conclusion
follows. O

7.4.4 Small Example

We now demonstrate the use of Algorithm [4] by applying it to the Michaelis-Menten
system from Section [7.3.4 The results are shown in Figure [-4 Inspecting this
figure, we see that the bounds are substantially improved after just one cutting plane
iteration. Applying a second iteration, they become even tighter, approaching the

SDP-based bounds given in the top panel of Figure [7-1}
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Figure 7-4: Bounds on the Michaelis-Menten system at steady state obtained by ap-
plying Algorithm 4l The top panel shows the bounds obtained using ky.x = 1 cutting

plane iterations, while the lower panel shows the bounds obtained using k.. = 2.

7.4.5 Large Example

Next, we apply Algorithm [4] by applying it to the reaction system shown in Figure
[7-2] using as many as 10 cutting plane iterations. The results are shown in Figure
Comparing these bounds with those shown in Figure , it is apparent that
the cutting plane iterations do, in fact, tighten the initial LP-based bounds. However,
even after 10 cutting plane iterations, the gap between the LP-based bounds is still

much wider than the gap between the SDP-based bounds.
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Figure 7-5: Bounds on the reaction system shown in Figure at steady state
obtained by applying Algorithm [4f The top panel shows the bounds obtained using
kmax = 5 cutting plane iterations, while the lower panel shows the bounds obtained

using kmax = 10. Compare with the bounds shown in Figure [7-3

7.4.6 Summary

We’ve seen that we can iteratively improve the bounds produced by LP , by
adding vectors to the sets P and N. as specified by Algorithm [l This iterative
refinement retains the numerical robustness of the original LP. Moreover, the bounds
are theoretically guaranteed to monotonically improve. Unfortunately, as we saw in

Section ([7.4.5)), the rate of improvement can be unfortunately slow.
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7.5 Warm-Starting P and N,

We’ve seen that we can improve the quality of the bounds by choosing the sets P and
N, appropriately. Also, while

n
and

N, = A<n_1+N), Vee{l,...,N}, (7.43)

seem to be reasonable initializations of these sets based on their successful use in
related literature [I], there is admittedly some arbitrariness in this choice. These two
observations together suggest that it might be worth pursuing initializations of P and
N, which are somehow tailored for the problem at hand.

To see how this can be done, it is helpful to first understand what the LP relaxation
described Section (|7.3.2) means for the dual of SDP . In what follows, we will
refer to SDP as the primal SDP. We will now derive the corresponding dual
SDP.

7.5.1 Derivation of the Dual SDP

This process will be made easier if we first express SDP in terms of sums over
all moments ji; that make up the vector fi. Let J be the set of all multi-indices j € N¥
for which there is a corresponding component fi; in fi. If Aj represents the column
of the matrix A corresponding to the multi-index j € J, then the first constraint can

be written equivalently as

> Ay = 0. (7.44)

jeJs

The constraint jip = 1 can be rewritten as

> di=ofy = 1. (7.45)

jedJ
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Furthermore, the matrix M2(f) can be written as a linear combination of coefficient

matrices {MJ;}jes € (")

M(a) =S M2 ,ji;. (7.46)

jeJ

So that the LMI M?(f1) = 0 can be written equivalently as
> M) ;i = 0. (7.47)
jeJ

In much the same way, the other LMIs can be written as

N
quMg +ZUCJ = Uc,0 (Z Mn 13%) Z c,j (Z M, LJ”J)

jeJ

:Z(UC,OM —i—Zvc,J nlj)/}jto, Vee{l,...,N}.

jeJ

Finally, the objective function can be rewritten as

N N
UZ'70 + Z Ui,jﬂej = Z (Ui705j20 + Z Ui,jdj:ej) ﬂj. (749)

j=1 jeJ j=1

Substituting these expressions into SDP ([7.12)), we obtain

N
p" =max > (Ui,05j=0 +2 Ui,j5j:ej) f;

jeJ j=1

s.t. ZAjﬂj = 0,

jeJ

> diofy = 1, (7.50)

jeJ

jeJs

N
Z (UC,OM?L—].J + Z /Uc,jMij_Lj) g =0, VYee{l,...,N}.

jeJ j=1

The next step is to introduce a dual multiplier for each constraint, and then bring
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that constraint into the objective function. Doing so, the problem becomes

N
U(q,u, P, (N)XL,) = max > (Ui,05j0 + Zvi,j5jej) 45

jeJ j=1

+q' (Z Ajﬂj)

jedJ

+u (1 — Zéjoﬂj)

jeJ

jeJ
N N _
+ Z N, - Z UC,OMg—l,j + Z Ve ML 5 | A
c=1 jeJ Jj=1
(7.51)

where the “dot” notation is the standard matrix inner product for symmetric matrices,
defined by A - B = tr(AB). If the matrices P and (N,)Y_, are positive semidefinite,
then

Ulq,u, P, (N)L,) > p', (7.52)

by the standard duality argument. Specifically, any point gt which is feasible for SDP
(7.50) is also feasible for Problem (7.51]). Moreover, if fi which is feasible for SDP
(7.50)), it follows that

> Aji; =0, (7.53)
jeJ
1= dj—oft; = 0, (7.54)
jeJ
> My = 0, (7.55)
jeJ
N .
Z UC,OMg—l,j + ZUCJMZ]ij ﬂj i 0. (756)
jeJ j=1

225



From LMI ([7.55)) and P > 0, we are guaranteed that

(Z Mm,:LJ) (7.57)

jeJ

Similarly, from LMI (7.56)) and N, = 0 for all ¢ € {1, ..., N}, we are guaranteed that

jeJ

ivch- (Z (UC’OM put ZUC] ) NJ) >0, (7.58)

It follows that the objective value associated with fx in Problem (|7.51)) is greater than
or equal to the objective value associated with & in SDP ([7.50]). Since this is true for

every fi which is feasible for SDP ([7.50)), Inequality (7.52)) follows.
Algebraically manipulating the objective function, Problem ((7.51)) can be rewrit-

ten as

max Z (Uzo(% 0+szy j= e;) 5

jeJ 7j=1
+ Z (qTAj> 43
jeJ
+u— (udj=o)
jeJ
+> (P M) i
jeJ
N (7.59)
P (S (st Do) )
jeJ \c=1
U106_] O+ZJ IU’L_] j=e;
+q' A
=max u -+ Z —udj=o ;-
i jeJ
+P - M),

+3¥ N, (Uc,oMg_u + Z;’V:I Uc,jMijA,j)

Let the term in the large parentheses be represented concisely as wj(q, u, P, (N.)Y ;)
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for each j € J. Then, Problem (|7.51)) can be written relatively concisely as

jeJ

U<Q7 u, P, (NC)iV:1> = mgx {u + Z wj (qv u, P, (NC)i\le)ﬂJ} . (7'6())

Since ft is a free variable in the optimization problem, this last expression implies

that

uw o ifwi(g,u, P, (NE) =0, Vje,

c=1

U(q’ u, Pv (NC>éV:1> - (761)
+00 otherwise.

Collecting our results, we’ve seen

1. If the matrices P and (N.)Y, are positive semidefinite, then

Ulq,u, P, (N)L,) > p". (7.62)

2. If wi(q,u, P, (N.)Y ;) =0 for all j € J, then

U(q7 u, P7 (Nc)évzl) =u. (763>

It follows that if we can find some q,u, P and (N,)Y | such that

wi(q,u, P, (No)L,) =0, VYjeJ (7.64)
P -0, (7.65)

and
N, =0, Vee{l,...,N}, (7.66)

then u > p* (i.e. u is an upper bound on p*). Ideally, we want this upper bound to
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be as tight as possible, which leads us to the the following optimization problem:

d"= min u

q,’U/,P,
(Ne)2ly
st. wi(q,u,P,(N)Y ) =0, VjeJ (7.67)
P -0,

N, =0, Vee{l,...,N}

Recalling that the expression wj(-, -, -, -) is affine with respect to each of its arguments,
we see that this is an SDP. More specifically, it is the dual of SDP .

By construction, we are guaranteed that d* > p*. Our computational experience
suggests that there is no duality gap (i.e., that d* = p*). However, we have not
yet been able to prove this. In any case, since p* is an upper bound on (X;), the
steady-state mean molecular count of species i € {1,..., N}, it follows that d* is also

an upper bound on (X;).

7.5.2 Sum of Squared Polynomials Interpretation

The dual SDP ([7.67)) can be interpreted as a polynomial optimization problem, where
the constraints enforce the nonegativity of a polynomial on the set X'. This interpre-
tation is not essential for understanding what follows. We note it now simply because

it is interesting, and future work may benefit from this interpretation.
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7.5.3 Dual Equivalent of the LP Relaxation of the Primal
SDP

One could repeat the derivation of Section [7.5.1] but, instead of starting from SDP
(7.12)), start from its LP relaxation, (|7.18]). The resulting dual LP is

CiE mi

wj(q,u,P, (NC)ivzl) =0, Vjel

P=> a,pp’,
= (7.68)
N, = Z Bennn', Vee {1,...,N},
nGNc

ap >0, VpeP,

5c,n20, VHG./\/’C, VCG{]_,...,N}.

An Inner Approximation

Comparing the dual LP (|7.68]) with the dual SDP , we see that the two are very
similar, except that dual LP approximates each positive semidefinite matrix
appearing in dual SDP with a conic combination of finitely many rank one,
positive semidefinite matrices. Of course, generally speaking, any positive semidefinite

matrix Y € S* can be written as

k
Y =Y ANyiyl, N >0, Vie{l,... .k}, (7.69)

i=1

for some set of vectors {y;}*_, = V. However, remembering that P and (V)Y , are

fixed, finite sets of prespecified vectors, we see that dual LP ((7.68) is a restriction of
dual SDP ([7.67). From any feasible point of dual LP ([7.68) it is possible to construct
a feasible point for dual SDP . However, it is not necessarily possible to go the
other way — using a feasible point for dual SDP to construct a feasible point
for dual LP . Thus, in some sense, the feasible set of dual LP is an inner
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approzimation of the feasible set of dual SDP ([7.67)). Given that both problems share
the same objective value, this implies that d > d*. Since d* > (X;)s, it follows that
J Z <Xi>ss-

Comparison with the Primal LP

We wish to remind the reader that while dual LP is a restriction of dual SDP
, in the primal picture, LP is a relaxation of SDP (|7.12]).

By strong duality, we know that the optimal values of primal LP and dual
LP are equal (i.e., that p = J) Thus, in some sense, the two problems are
equivalent.

Notice that for every inequality constraint appearing in the primal LP (|7.18]) we
have a corresponding rank one matrix and nonnegative decision variable in the dual
LP . Thus, every time we add a cutting plane to primal LP in Algorithm
, we are also adding a decision variable to dual LP ([7.68]). This observation is in
agreement with the general fact that, for linear programs, adding a cutting plane to
the primal problem is equivalent to “column generation” for the dual problem [I].

The two problems are also complementary. While the primal perspective can
be used to motivate the cutting plane procedure, the dual perspective can guide us
towards a set of ideal cutting planes. We will explore this idea further in the next

section.

The Perfect Choice of P and N,

Assume that dual SDP (7.67) has an optimal solution (q*,u*,P*, (N?)Y,), with a
corresponding optimal value of d* = u*. By definition, P* must satisfy P* = 0. It

follows that P* can be written as

(")
P = > a;pwp;., (7.70)
k=1
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(")

for some set of vectors {px},_] ’ and a corresponding set of nonnegative coefficients

o > 0. Similarly, for each ¢ € {1,..., N}, we have

(")

n—1
* * T
Nc = Z Bc,kncyknc,kﬂ (771)
k=1
(n71+N)
for some set of vectors {n.,},_1" ’ and a corresponding set of nonnegative coeffi-

cients 37, > 0.
Suppose that we set
("5Y)
P = {prhii (7.72)

and
("5

Nc = {nc,kz}k:al_l (773)

and consider dual LP (7.68). Setting q = q*, u = v*, P = P*, and N. = N for
each ¢ € {1,..., N}, we are guaranteed that we satisfy the first family of equality
constraints:

wi(q,u, P, (N)Y,) =0, Vje (7.74)

c=1

Furthermore, setting

N
ap, = af, Vke{l,...,<n+ )} (7.75)

and

—1+N
Bemr = Bip Vke{l,...,(n + )},Vce{l,...,]\f}, (7.76)

n—1

we are guaranteed that we satisfy the remaining constraints. We have thus con-
structed a feasible point for dual LP ([7.68). Furthermore, the objective value asso-
ciated with this feasible point is u* = d*. Since d > d*, it follows that the feasible
point we have constructed is not only feasible but also optimal for LP (|7.68]).

Thus, for this particular choice of P and {N_}Y,, the optimal value of dual LP

c=1>»
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(7.68) equals the optimal value of dual SDP ([7.67). Given that dual LP is a
restriction of dual SDP , this is the best possible outcome. Thus, in some sense,
the choice of P and {N_}Y , that we have described above is perfect.

Notice, also, that if we were to augment the perfect sets P and {N.}Y, with
extraneous vectors, setting the corresponding coefficients equal to zero, we would still
obtain a feasible point with an optimal value equal to d*.

Since primal LP ([7.18) and dual LP are equivalent (i.e., p = d), it follows
from the above discussion that the perfect choice of P and {N.}Y, for dual LP
is also the perfect choice for primal LP ([7.18]). Thus, the ideal cutting planes
for primal LP can be obtained from the optimal solution of dual SDP ([7.67)).

An Imperfect Choice of P and N,

<n71+1\7

n+N
Suppose that instead of the perfect vectors {pk},g::ﬁ ) and {n.;},_1" ), Vee{l,...,N},

we have a collection of slightly perturbed vectors
- ()
{Prtri (7.77)

and

()

{fgphh™ ), Vee{1,... N} (7.78)

with which we define our sets P and {N.}2 ;. Then, we are not guaranteed that primal
LP (7.18) (or dual LP (7.68)) achieves an optimal value of d*. However, assuming
that the perturbation from perfection is not too large, we can still reasonably expect
the perturbed vectors to provide decent cutting planes in primal LP ((7.18)). To justify
this statement, we again appeal to the fact that all of the cutting planes are based
on quadratic forms, such as p"M?(f1)p, and that this quadratic form is a continuous
function of p.

Technically, attempting to solve primal LP (7.18|) with the perturbed vectors
described above, we are not guaranteed that the problem has a bounded solution.
However, as explained in Section [7.3.3] for stochastic chemical kinetic systems where
the set X' is bounded, inclusion of the Ahmadi vectors in the sets P and {N.}Y, is
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sufficient to guarantee that primal LP (7.18) is boundedﬂ. Thus, it is reasonable to

set )
P= {f)k}zgj{]v) U A(njﬁ)? (7.79)
and
N, = a0 | Aprisy, Ve e (L.} (7.80)

7.5.4 The Warm-Starting Algorithm

Suppose that we attempt to solve primal SDP ([7.12)) with an SDP solver such as
SeDuMi, and we obtain a solution with a certificate of optimality. In this case, we
are done, we can take the optimal value p* as an upper bound on (X;)s.

On the other hand, suppose that the computed solution is inaccurate in that it
does not satisfy the solver’s numerical tolerances. Then, the computed optimal value
cannot be trusted as an upper bound on (X;)s. However, the effort put into obtaining
this inaccurate solution need not be wasted. Along with the inaccurate primal opti-
mal solution, p*, any SDP solver using a state-of-the-art primal-dual interior point
method will also return an approximate dual optimal solution (q*,u*, P*, (NN ).
We can perform eigenvalue decompositions for the matrices P* and {N*}, to obtain
approximations of the vectors that constitute the perfect choice of P and {N_}Y,.
Supplementing these vectors with the Ahmadi vectors, we can then solve primal LP
, expecting to obtain reasonably good bounds. Of course, the bounds may not
be quite as tight as desired. In this case, we have the option of applying cutting plane
iterations to refine the already good (but not perfect) bounds.

What we have just described can be viewed as a method for warm-starting Algo-
rithm || with sets P and {N.} | that are tailored to the problem at hand. Alter-
natively, it can be viewed as using an SDP solver to obtain a quick but inaccurate
solution to primal SDP , and then using a more numerically robust LP solver

to find a “nearby” solution which provides a guaranteed bound.

! Actually, from the argument in Section only the inclusion of the vector e, in each set N,
is necessary. However, we include the rest of the vectors “for good measure”. They can only improve
the quality of the bound.
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These ideas are formalized in Algorithm [5

Algorithm 5 Sequential SDP-LP Solve

Input:

1.

The index 7 € {1,..., N} corresponding to the species whose mean you'd like

to bound.
The matrix A.
The vectors {vo, vi,...,Vg}

The maximum number of cutting plane iterations, k..

Output: An upper bound (X;)Y on the steady-state mean molecular count of

S

species 1.

Algorithm:
Attempt to solve primal SDP (7.12)).

if the solution is numerically accurate then

return (X;)¥ := p*.

else

Extract the matrices P* and {N*}&_ from the inaccurate dual optimal solution.
Set P := A(n_;N> and N, := A<n;1j1fv) forallce {1,...,N}.

Augment P with the eigenvectors of P*.

Augment N, with the eigenvectors of N*, for all c € {1,..., N}.

Solve LP and extract the optimal solution #* and the optimal value p.
Apply cutting plane iterations, as described in Algorithm [4]

return (X;)V := p.

SS

end if
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7.5.5 Example

To demonstrate the utility of the sequential SDP-LP solve, we now apply it to a reac-

tion system representative of a gene network with autoregulatory negative feedback:

&1

G——G+M
Co
M——>P+ M
C3
P+ E EP
Cq
Cs
EP——>E
co (7.81)
M——->()
Cr
P+ G GP
Cs
Cy
P+ GP =—GP,
C10
C1
GP——GP + M

This system was first proposed and studied by Thomas et al. [68]. Species M is
intended to represent messenger RNA (mRNA), produced by transcription from a
single gene, G. The mRNA is translated into a protein, P, which is subsequently
degraded by enzyme E. The protein can also reversibly bind to the gene at two
sites. If only one site is occupied, giving the species GP, the mRNA continues to be
transcribed. If both sites are occupied, giving species GP5, no transcription can take
place.

Reaction System has 7 distinct chemical species and 11 reactions. In this
respect, it is smaller than the reaction system described in Section [7.3.5| However,
while the previous reaction system had finitely many reachable states, Reaction Sys-
tem has infinitely many reachable states.

Thomas et al. [68] specify the rate constants, k,, for reactions 2 through 10, which
can be translated into the microscropic rate constants, c,, in Table[7.I] We assume an

initial condition of x¢ = 1, xg = 100, and all other species zero, which is consistent
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with the total molecular counts for the gene and enzyme specified by Thomas et al.

[63].

Reaction Index, r | ¢, (s7})

2 1 x1072
1x10°°
1x 1071
1x 1072
1x1072
1x107°
1x107!
1x 1072
10 1x 107!

O 00| | | U b= | W

Table 7.1: Microscopic rate constants for the autoregulatory gene network.

As with the previous examples, we conducted a parameter sweep, varying ¢; from
1x107* to 1x1073. For each value of ¢;, we attempted to calculate bounds on (P)gs by
solving SDP . For several of the bounds, CVX returned an “inaccurate” warning
flag, casting doubt on the validity of the results. We then applied Algorithm [, with
kmax = 5. Each LP was solved successfully. However, there was a wide gap in the
bounds for several values of ¢;, as shown in the top panel of Figure [7-6] In contrast,
applying Algorithm [5| gave the very tight bounds shown in the bottom panel of Figure
Notably, no cutting planes were required to generate these bounds. Only one LP
was solved after each inaccurate SDP solve. Each of these LLPs was solved accurately,

to Gurobi’s default precision.
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Figure 7-6: Bounds on (P)y generated through Algorithm [4| (top panel) and Algo-
rithm |5| (bottom panel).

7.6 Conclusion

In this chapter, we have described an algorithm for improving the numerical relia-
bility of the bounding method. This algorithm is based on LPs which outer- and
inner-approximate the original primal and dual SDPs, respectively. We’ve shown
that the approximating LPs can be iteratively improved through the computation
of cutting planes, and intelligently initialized using the results of an inaccurate SDP
solve. Finally, we have demonstrated the efficacy of the algorithm by applying it

to a stochastic chemical kinetics system taken from the literature which models an
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autoregulatory gene network.
While we have discussed the algorithm specifically in the context of the problem
of calculating bounds on the steady-state mean molecular count of a species, it could

readily be generalized to bounds on other quantities and to the dynamic analysis.
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Chapter 8

Conclusion

8.1 Summary

This thesis demonstrates how, given a partial description of a distribution, we can use
SDPs to calculate mathematically rigorous bounds on other descriptions. We con-
sidered two distinct problems, briefly considering particle size distributions and more
extensively analyzing the problem of stochastic chemical kinetics. We demonstrated
that moment-based SDPs provide an effective means of dealing with the closure prob-
lem as it appears in stochastic chemical kinetics. We showed that the SDP bounding
method, developed in the context of the steady-state problem, could be generalized
to the dynamic problem. Furthermore, we showed that our bounding method can
be used to analyze stochastic chemical kinetic systems with features that frustrate
analysis through other methods. Several refinements of the bounding method were
presented which aim to mitigate either theoretical or numerical weaknesses of the

original method.

8.2 Future Directions

As noted throughout the preceding chapters, there are still many lingering questions,
requiring further research. We now note a few other research areas which may prove

to be fruitful.
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While we focused on solving the moment closure problem in the context of stochas-
tic chemical kinetics, it also presents itself in population balance models describing
other systems (e.g., aggregrating particles). It would be interesting to apply the SDP
bounding method to these systems as well.

In our formulation of the dynamic bounding SDP, we had a distinct set of LMIs
for each value of p € R. The corresponding vectors z(?) were related only indirectly
through y(T'). However, if we were to pick our values of p so that they were equally
spaced in R_, it would be possible to construct a set of LMIs involving all values
of p € R simultaneously. This would actually be a closer analogy of what is done
in the Bertsimas and Caramanis paper [3] than what we have currently proposed.
Constructing these larger LMIs would create more direct dependencies between the
z) vectors, further restricting them, and potentially producing tighter bounds. This
suggestion contradicts our previous suggestion that the values of R should be picked
to approximate eigenvalues of the matrix G. However, maybe some compromise is
possible, in which for each approximated eigenvalue p € R, we also have, for example,
{s0.3p,3p. 50} CR.

One of the unappealing features of the extents-based reformulation of the bound-
ing SDP described in Chapter 5 is that it introduces redundancy in the sense that
there are multiple states € € £ corresponding to a single state x € X. This likely leads
to degeneracy in the resulting SDPs, which exacerbates an already serious numerical
problem. To eliminate this redundancy, we propose that some reactions be eliminated
and others designated as reversible (with €, values allowed to be negative) so that
each x € X corresponds to a unique € € £. Our initial thoughts on this suggest that
it could be accomplished with some modified form of Gaussian Elimination.

While the LP approximations described in Chapter 6 do improve the numerical
tractability of the bounding method, so that it can be successfully applied to larger
more complex systems, numerical limitations are still a concern. We expect that some
of these numerical issues will be alleviated over time, as SDP solver algorithms and
codes become more sophisticated and robust. However, it seems that our prototypical

bounding SDP is intrinsically ill-conditioned, in which case, improvement in the SDP
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solvers will not be enough. It may be that this ill-conditioning is only alleviated by
some clever reformulation of the bounding SDP, which, up until now, has alluded
us. Our best guess is that the answer lies in the replacing the moments based on
momonials with moments based on some set of orthogonal polynomials. Of course,
orthogonal polynomials are always defined with respect to some distribution, and it is
unclear a priori which distribution and thus which orthogonal polynomials would be
the best choice. Perhaps the most appropriate distribution is that which maximizes or
minimizes the quantity of interest. In that case, the answer may involve an iterative
scheme, in which the result of an approximate SDP solve is used generate the set of
orthogonal polynomials. This is currently nothing more than speculation, but it may

be worth further exploration.
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Appendix A

Supplemental Material for Chapter

This is a recreation of the appendix published with the paper[I2] on which Chapter
2l is based.

A.0.1 Implementation Details

All numerical examples in this paper were computed on a 64-bit Dell Precision T3610
workstation with a 3.70 GHz Intel Xeon CPU. In each example, CVX [28] was used
to model the SDP, using the default tolerance (i.e. “precision”) settings. SeDuMi [66]

was used as the underlying solver.

A.0.2 The Problem with LP-based Methods

In the introduction, we noted that LP-based methods for calculating bounds on PSDs
are “not truly rigorous”. By this, we mean that the bounds they produce are not
necessarily valid. There may exist a distribution which satisfies all the known data
(i.e., constraints) and yet violates the supposed bound.

The reason for this is that the LP-based methods optimize only over those distri-
butions supported on finitely many predetermined “grid locations”, rq,...,7,. This

means that we are only considering distributions with particle sizes ry,...,r,. No
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other sizes are permitted. However, it is likely that the distribution which maxi-
mizes/minimizes the quantity we care about includes particles of size s outside of the
predetermined set {ry,...,r,}. In this case, the bound computed by considering only
distributions on rq,...,r, is invalid. It is a false bound.

We will illustrate this point by applying the LP-based method to the problem
appearing in Example[2.3.1] In that example, we wished to compute an upper bound
on the number of particles with size in the range 85 pm to 150 pum, with the moments

given in (2.19)). Following the paradigm described in [45], we formulate the following
LP:

N = max c'w
s.t. iwirf = u, forall k €{0,...,3}, (A1)
i=1
w > 0,
where 7q,...,7r, is a set of n grid locations spaced evenly over the interval [0 um,
500 pm], w; is the number of particles with size equal to r;, and ¢ = (¢q,...,¢,) is

the cost vector whose components are defined by

1 if r; € [85 pm, 150 pm],
¢ = forallie {1,...,n}. (A.2)

0 otherwise.

The constraints ensure that the distribution has the specified moments, and the ob-
jective function counts the number of particles in the interval [85 pm, 150 pm].

Solving this LP with n = 10 grid locations gives Np = 1.61 x 103 cm™3 as an
“upper bound” on the number of particles in the interval. However, in Example [2.3.1],
we have already shown that there exists a three-peaked distribution which satisfies
the moment constraints and which has 1.85 x 10® cm ™ particles in the interval. This
distribution exceeds the supposed “upper bound” by 13%. Thus, we see that N is
not an upper bound on the number of particles in the interval after all.

Now, one could reasonably object that we have used too few grid locations in the

above argument. That’s fair — we chose a small value of n to stress the point. As we
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increase n and update the value of Np, the percentage by which the three-peaked
distribution violates N does decrease. However, even if we increase the number
of grid locations, the fundamental problem remains. Unless the set of grid locations
includes the points of support for the three-peaked distribution, there will always be
a finite violation of the “bound”.

This is true in general for the LP-based bounding method: unless the set of pre-
determined grid locations includes the (a priori unknown) points of support for the
optimal distribution, the LP-based bound will be violated by this optimal distribution,
and the violation will be finite. Intuitively, for a fine grid, the extent of the bound
violation is likely to be small. But it is unclear how large a value of n is required
before the violation is guaranteed to be negligibly small. So the “bound” isn’t really a
bound. It is at best an approximate bound, with unknown error. This is dissatisfying
from a theoretical perspective. It is in this sense that the bounds provided by the LLP
method are not truly rigorous.

In contrast, the SDP-based bounding method is immune to this criticism, as it
implicitly considers all distributions supported on R,. There is no need to assume

that the distribution is restricted to particles of particular sizes, ri,...,7,.

A.0.3 Proof of Claim [

Proof. Suppose we have a PSD described by a number density function f. By as-
sumption, f € M*(R,). Let it = (po, 1, fho, -..) be the sequence of moments of the

PSD, as defined by ([2.2]).
Pick an arbitrary n € N and an arbitrary vector p = (po, p1, ..., Pn) € R*™L. The

vector p can be used to define a polynomial:
p(x) =po+ pi&+ ... + pua” = pjal. (A.3)
§=0

We then consider the integral [;"*° p?(x)f(x)dz. Since p*(x) = (p(z))? and f(x) are

both nonnegative for each = € R, it follows that this integral is nonnegative. That
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/0+OO p*(x) f(x)dz > 0. (A.4)

We can also expand the integral and relate it to the matrix H,,(ji) defined in Section

221k 2
[ = [ (zopjxj) Fa)de,

n

= /;OO Z Zpipj$i+jf($)d$a

i=0 j=0
_ Xn: Zn:pipj /OJrOO 2 f(2)dw, (A.5)

i=0 j=0

n n
= Z Zpipj,ui—&-ju

i=0 j=0
=p H,(2)p.

Together, (A.4) and (A.5) imply that p"H,(ji)p > 0. Since the choice of p was
arbitrary, we can conclude that p™H,(ji)p > 0 for any p € R"™!. Recalling the

definition of a positive semidefinite matrix given in Section [2.2.1] we see that this
is equivalent to the statement that H, (i) > 0. Finally, since the choice of n was
arbitrary, we see that we have H,, (1) = 0 for all n € N.

By a very simiilar argument, we can show that B,, (1) = 0 for all n € N. To reach

this conclusion, one simply has to consider a slightly modified form of the above

integral: [;7° xp?(z) f(x)dz instead of [;" p?(z)f(z)dx. O

Technically, the above proof does not establish Claim [1| for all PSDs — only those
PSDs which can be described by a number density function f € M*°(R,). In fact,
there are some PSDs which cannot be described by a number density function. In
particular, any PSD in which there are nonzero particles of any specific size (such
as the three-peaked distribution appearing in Section can only technically be
described by a CDF or a measure. The general proof in terms of measures can be
found in [42, Chapter 3]. This general proof requires more sophisticated notions of
integration [67], which are beyond the scope of this paper. The above proof in terms

of number density functions is sufficient to get the idea across and will be accessible
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to a larger audience, so we leave it at that.
Finally, we wish to point out that the above proof is readily extended to prove

Claim [2l One simply has to consider the integral [;"*°(z — a)(b — 2)p?(z) f(z)dx.

A.0.4 Condition (2.7) implies nonnegativity of the moments

Proof. Pick an arbitrary j € N such that 7 is odd. Pick any n € N such that 2n+1 > j.
Condition (2.7) ensures that B, (1) = 0 for this n. Using the characterization of

positive semidefinite matrices given in ({2.6]), we can write
x'B,(fi)x >0, forall x € R"*". (A.6)

In particular, ej B, (ft)ex > 0, where k = (j + 1)/2 and e; € R™™ is the unit vector,
whose kth component is 1 and all other components are 0. Referring to the definition
of B, (1) given in (2.4)), we see that e{ B, (i1)ex = p;, and thus pu; > 0. In the case
where j is even, the argument is much the same; we just use H,,(ji) in place of B,,(f1).

Thus, we see that Condition (2.7 implies the nonnegativity of all moments. O

A.0.5 Equivalence of Problems (2.10) and (2.11))

Proof. Let p} denote the optimal value of Problem ; similarly, let p; denote the
optimal value of Problem ([2.11)).

Consider an arbitrary feasible point of Problem (12.10), (g, h), with an associated
objective value of p. Since Problems and have the same feasible set,
(g, h) is also feasible for Problem ({2.11)). Decompose h into two functions A" and h”
where

0, if x € 10,a),

W(r) =< h(z), ifze€lab], (A.7)

0, if x € (b, +00),
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and

h(z), ifxz€]0,a),

h'(z) = 1o, if x € [a, bl (A.8)

h(z), if z € (b, +00).

~

By construction, h = h' + h”. Define a new point as (§,h) = (g + I/, h”). Because
of the linearity of integration, (g, }AL) is also feasible for Problem ([2.11]). Furthermore,

its objective value is equal to

[ gty =

a (A.9)

In this way, for any feasible point of Problem ([2.10)), we can construct a feasible point
for Problem ([2.11)) with the same objective value. This implies that pj < pj.

The argument to show that pj > p3 is very similar. In particular, given an
arbitrary feasible point of Problem ({2.11)), (g, k), with an associated objective value
of p, one can construct (g, ﬁ) which is feasible for Problem and has an objective

value of at least p. O

A.0.6 Sufficiency of the kth order LMIs

Proof. By definition, the matrix Hy (1) is positive semidefinite if and only if xTHj,(u)x >
0 for all x € R*'. As a special case, this implies that xTHy(u)x > 0 for all
vectors x € R*! such that z,,; = 0. This is equivalent to the statement that
xTH;_1(p)x > 0 for all vectors x € R*. Thus, H;_,(u) is positive semidefinite. By

induction, H,,(u) is positive semidefinite for all n < k. Similar arguments can be
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applied to the more complicated LMIs such as

(a+)Bi(n) — Cilp) — abHy (1) = 0. (A.10)

A.0.7 Derivation of lower bounding SDP

The problem for calculating the lower bound can be derived in much the same way
as that for the upper bound. We start with an explicit statement of the quantity we

would like to calculate:
NLEmfin /abf(x)d:r
st.  feMORy), (A.11)
/0+oo o f(x)dx = pj, Vj€{0,...,m}.

Then, we decompose f into three number density functions: f = g + hy + hs, where

hy is confined to [0, a], hy is confined to [b, +00), and g, like f, is supported on R,.

b b b
NE = min [ ot@de+ [ @) + [ ha(a)d
st. g€ M*®(Ry), hy € M*(]0,a]), hy € M>([b,+0)),
+oo | +oo | +oo
/ ' g(x)dx +/ 2’ hy (x)dx —|—/ 2 hy(x)dr = pj,
0 0 0

Vi e {0,...,m}.

(A.12)
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For the same reason that Problems (2.10) and (2.11]) are equivalent, Problem (A.12))

is equivalent to

N* = min o (x)dz
 ghiho 0 I

st. g€ M*®R,), hy € M>([0,a]), hy € M>([b,+00)),

oo oo oo (A.13)
/ g(z)dz +/ ' hy(z)dx +/ v hy(x)dx = p;,
0 0 0
Vi € {0,...,m}.
Next, we introduce the moments of g, hy, and hs:
NE =  min 20
gvhl,h275)g7w
s.t. g€ M*(Ry), hy € M*>®([0,a]), hy € M>([b,+0)),
Z]' + yj + UJJ' = ,u]‘, \V/j I~ {O, ...,m},
+oo | oo | oo |
/ v g(x)dr = z;, / 2’ hy(z)dr = y;, / ' hy(z)dr = wy,
0 0 0
Vj e N.
(A.14)
Then, we add the necessary conditions for these moments:
NE = min 20
gvh17h2:2»g7ﬁ)
s.t. g€ M>®(Ry), hy € M*>([0,a]), he € M>([b,+0)),
Zj + Y; + w; = Wy, V] - {0, ...,m},
+oo | +oo | +oo
/ v g(z)dx = z;, / v’ hy(z)de = y;, / 2’ hy(z)dr = wy,
0 0 0
VjeN,
H,(2) = 0, B,(2) =0, VneN,
H,(y) =0, —C,(9)+aB,(g) =0, VneN,
H,(w) =0, B,(w)—bH,(w) >0, VneN.
(A.15)

The LMIs B, (w) — bH,(w) »= 0, for all n € N can be derived in much the same

way as the LMIs appearing in Claim . One simply considers the integral [;"*(z —
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b)p?*(z)hy(x)dz > 0.

Next, we remove the functions, leaving just the moments:

NL

min 2o
’y7

IS
&

st zjty;+w;=py, ¥5€{0,...,m},

H,(2) =0, B,(3)=0, VneN, (A.16)
H,(y) =0, —C,(y)+aB,(y) =0, VneN,

H,(w) =0, B,(w)—bH,(w) >0, VneN.

Finally, we truncate the LMIs to a finite k:
NY =min 20
Z,Y,w
st. zj+y;+w;=p;, Vie{0,..,m},
Hi(z) = 0, By1(z) = 0, (A.17)

Hi(y) =0, —Cy_1(y) +aBi_1(y) = 0,

Hk(w) i 0, Bk_l(w) — ka_l(w) i 0.

A.0.8 Inconsistency of the “Dirac Delta Function”

The idea of a Dirac delta function, while it is a useful conceptual short-cut in some

contexts, is inconsistent with the rest of mathematics.

To illustrate the problem, consider the usual definition of the Dirac delta function

as the function which satisfies

and
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From Equation (A.18)), we see that §,(z) = 0 almost everywhere on the real line.
In fact, the concept of a property holding almost everywhere is formally defined in
mathematics. Moreover, it is well-established that the (standard) Lebesgue integral of
a function that is zero almost everywhere is zero. This directly contradicts Equation
. This is the first argument against the Dirac delta function.

There is also a second argument. Suppose we wanted to make use of the scaled
Dirac delta function, f = N, mentioned previously. How should it be defined? It is

clear that we want

/+Oo f(z)de = /_J:o N, (v)dx = N/_J:O 0-(2)dz = N. (A-20)

—00

However, how does f assign values to the elements of R? We might say

N if if
o) = Noy =1 T _ )0 e (A.21)

N 400, ifr=z, +o00, ifx=z,

but then, comparing Equations (A.20) and (A.19)), we see that f(z) is identical to

J.(x) at every x € R. In other words, the functions are identical. This implies that

integrating either should yield the same value, but this contradicts Equations ({A.19)

and (A-20).

While we cannot sensibly talk about Dirac delta functions, the concept of a Dirac
distribution or Dirac measure is a perfectly well-defined, useful concept. See, for

example [42].

A.0.9 Derivation of Problem ([2.24])

While one can show directly how Problem ([2.17)) reduces to (2.24)), the argument is
cumbersome. It is actually easier to derive Problem ([2.24)) in much the same way we
derived ([2.17)), starting from Problem (A.11)). The only difference in the derivation

is that there is no need to introduce the function hy supported on [0, a].

252



A.0.10 Proofthat x5 < 21 implies N” (z5) < N' (21) and N¥(x,) <
N (ay)
By assumption, both x; and x5 are nonnegative.

We will first consider the lower bound inequality N*(zy) < N¥(x1), because its

proof is simpler.

Proof. Pick an arbitrary feasible point (z,w) of Problem ({2.24) where x = 7. By

definition w must satisfy
Hj(w) = 0 and By _;(w) — z1Hy_1(w) = 0. (A.22)

As explained in Section [A.0.6] the first LMI implies Hy_1(w) > 0. Since zo < 27,
this implies —(zo — x1)Hg_1(w) > 0. Adding this to the second LMI, we obtain

Bi_1(w) — z1Hy— 1 (w) — (x2 — 21)Hy—1(w) = Br_1(w) — 2oHg_1 (w) = 0. (A.23)

Thus, (z,w) is also feasible for Problem ([2.24) where = x5. Both problems have

the same objective function, zy. Thus, we have N¥(x,) < N*(z;). O
Next, we prove the upper bound inequality WU(xz) <N (21).

Proof. Pick an arbitrary feasible point (y, z) of Problem (2.23) where z = x5. By
definition,

Hi(2) = 0 and x9:Bj_1(2) — Cr_1(2) = 0. (A.24)

The matrix Cy_1(z) is nothing more than the k x k submatrix filling the bottom right
corner of Hy(z) (i.e. the submatrix obtained by eliminating the first column and row
of Hy(2)). Thus, Hy(2) = 0 implies Cy_1(z) = 0.

Suppose that Bg_1(y) has a negative eigenvalue (i.e. that By_1(y) # 0). This
implies that there exists v € R* such that vIB;_;(y)v < 0. Since zo > 0 and

—Cy_1(z) =0, this implies

v (29By_1(y) — Cr_1(2)) v < 0. (A.25)
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But this contradicts (A.24). Thus, our assumption that By_1(y) # 0 is false, and we
have B;_;1(y) = 0.

Since x; > x9, we have (z1 — x2)Bg_1(y) = 0. Adding this to the second LMI in
(A.24)), we obtain

(21 — 22)B_1(y) + 22Bg_1(2) — Cr_1(2) = 21Bi_1(2) — Cir_1(2) = 0.  (A.26)

Thus, (y, z) is also feasible for Problem ([2.23) where x = ;. Both problems have the
same objective function, z5. Since (y, z) was an arbitrary feasible point of Problem

[2.23) for = x», this implies the desired inequality: N (25) < N (21).
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A.0.11 Algorithm for calculating a lower bound on the CDF

Algorithm 6 Generating a lower bound on the CDF
Input:

1. Moments g, ..., fbm-
2. Estimate of the maximum particle size, yax.

3. Number of test points, n.

Output: A function CDFﬁ which provides an lower bound for the true CDF on
the interval [0, Zpax].

Algorithm:
Set x1 := 0. Set {1 := z;.
Solve Problem to calculate N (x1).
Set 9 := Tpax. Set fo 1= x5.
Solve Problem to calculate N(x,).
Set j* := 1.
for : =3,...,n do
Set @; := 5 (Cje + Lje41).
Solve Problem to calculate N*(z;).
0 := sort(x).
Set, j* € argmax;<i1 { (N"((j41) = N*(€)) (€1 — £;) }
end for
Set
NE(G), it x e[l 6n).

A27
ML(€n>a if v = Tmaz- ( )

CDFL(x) = {
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A.0.12 Algorithm for calculating a lower bound on Da

Algorithm 7 Generating a lower bound on Da*
Input:

1. Moments o, ..., fim-
2. The value of a € [0, 100] for which you want to calculate bounds on Da.
3. A tolerance € > 0.

Output: mf , which is an e-close lower bound on Da’. That is, it satisfies
Dol <Da" < Da! +e. (A.28)

Algorithm:

Set mf = 0.

Set s := ,ul/,uo.

Solve Problem (2.34)) to obtain @Y (s).

while @V (s) < a do

Set Dol := s.

Set s := 2s.

Solve Problem to obtain @ (s).
end while
Set mf =5

while Do’ — Do’ > € do
Set s := (Diozf + Da*)/2.
Solve Problem to obtain @V (s).
if aV(s) > « then

Set Da” = s.
else
Set Dal = s
end if
end while

256



Appendix B

Supplemental Material for Chapter

The following supplemental material is intended to accompany Chapter [3| It is a
slightly modified version of the supplemental material published along with the paper
entitled “Bounds on Stochastic Chemical Kinetic Systems at Steady State” by Garrett
R. Dowdy and Paul 1. Barton.

B.0.1 A Moment Enumeration Scheme

To implement the methods described in this paper, it is necessary to be able to list
systematically all moments up to a specified order. In particular, this is necessary
for constructing the moment vectors u, the A matrix, and the matrices M2(u),
M? ,(u), and M’ ;(u) (see Section . In the body of the paper, we took for
granted that we could perform this enumeration, so as to not distract from the main
message. However, enumerating the moments is not a trivial task. So, in this section,
we describe how it can be done in some detail.

To enumerate the moments {yu; : j € N~ }, we want to associate each multi-index
je NY with a single index j € {1,2,3,,...}. To do this,we must pick a specific

ordering for the multi-indices and moments.E] In principle, there are many possible

'We are well aware that we have already defined the word “order” for moments in Section
and that we are now introducing a close variant of the word with an entirely different meaning. This
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orderings we could pick [10, Chapter 2]. However, so that we may take advantage of
Smadbeck and Kaznessis’s work on the efficient construction of the A matrices, we
will use the same ordering that appears in that paper [63]. According to Smadbeck
and Kaznessis, the moments should be grouped by ordelﬂ7 and then “within each order
the moments are simply indexed in descending order for each of the components”.
They offer the following example as the appropriate ordering of third-order moments

of a system with three components:

<I?>, <I%I2>v <I%I3>v <‘T1I§>v <$1I2$3>, <I1$§>, <"ng>7 <.Z‘§I3>, <$21’§>, <$§>
(B.1)

Surprisingly, this ordering does not appear to have a well-established name. Tak-
ing inspiration from Smadbeck and Kaznessis’s description, and the similar idea of
“graded lexicographic order” [10, Chapter 2], we will call it graded descending order.
While Smadbeck and Kaznessis’s description and example may be sufficient to infer

the pattern of the ordering, the idea is made more precise in the following definitions:

Definition 1 (Descending Order). Consider the two multi-indices j = (j1,...,Jx),1 =
(i1,...,ix5) € NV, We say that j <4 i if the leftmost nonzero entry of the vector dif-

ference j —1i € ZN is positive. Furthermore, if j <4 i, we will write p; <q p;.

This takes care of the “descending” idea in Smadbeck and Kaznessis’s description.

In particular, by this definition, we have

(27) <a (zla2) <a (2lws) <a (1123) <q (T13273) <g (T123) <a (¥3) <q -+ <a (23),

which is consistent with Smadbeck and Kaznessis’s example.

To group the moments “by order”, we build on Definition [I}

Definition 2 (Graded Descending Order). Consider the two multi-indices j,i € NV,

over-loading of the word is unfortunate, but it seems that “order” really is most appropriate word
to express the present idea [I0, Chapter 2], and the phrase “kth order moment” is well-established.
As seen in the quote below, Smadbeck and Kaznessis encountered this difficulty too. We hope that
the type of “order” we are talking about will be clear from the context.

2in the sense of Section
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We say that j <gq i if
I < il (B.2)

or if

il = |i| and j <q4i. (B.3)
Furthermore, if j <gq i, we will write p; <g4q 14, and we will say that j precedes i.

The ordering relation “< 4" allows us to enumerate the multi-indices {j € N~ }in
a well-defined sequence, associating each with a single index j € {1,2,3,...}. This
association is shown in Table . By construction, for each j € {1,2,3,...}, the
multi-index in row j precedes the multi-index in row j + 1 in the sense of the order
relation “<g,q" .

It is easy to verify that the multi-indices of Table [B.1] are listed in graded descend-
ing order. However, we have the following practical question: given a multi-index
jE€ NV , how do we construct the next multi-index in the sequence, j*? One solution

is provided by Algorithm [§] below.

Algorithm 8 NextMultilndex

Input: The current multi-index, j € NY,

Output: The next multi-index in graded descending order, j* € NV,

Algorithm:
set j* :=j.
set 1 := N — 1.

while ¢ > 0 and j7 =0 do
set 2 :=1— 1.

end while

if i > 0 then
set 77 =737 — L

end if

set jy == 0.

set ji =1+ Jx-

It’s straightforward to see that the j* produced by Algorithm [§] satisfies j <44 j*.
There are only two cases to consider. First, if the condition of the “if” statement is

not satisfied, then |j*| = |j| + 1. By Definition [2| it follows that j <,4 j*. Second, if
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Table B.1: Association between single indices (j € {1,2,3,...}) and multi-indices
(j € NY)

’ Single Index ‘ Multi-Index ‘

1 (0,0,.--,070)

2 (17()’"'7070)

3 (0,1,...,0,0)

N (0,0,'- 7170)
N+1 (0707 "7071)
N+2 (27()’ "70’0)
N+3 (171a "0’0)
o[ (1,0,...,1,0)
2N+1 (17()’ 70’1)
2N+2 (072a ’0’0)
3N—1 | (0,1,...,1,0)
3N (071’ 70’1)
%N2+%]\Aj—1 (0,0,'- 7270)
SN?+SIN 1(0,0,..,1,1)
IN?4 3N 4+1[(0,0,...,0,2)
%N2+%N+2 (3,0,-'~7070)
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the “if” condition is satisfied, then |j*| = |j|. Comparing the sub-indices, we see

jik = j17
(B.4)

e
Ji—1 = Ji—1

and 57 = j; — 1 < 7;. So the leftmost nonzero entry of j — j* is positive, implying
j <aj* It follows that j <gq j*.

What’s less obvious is that the j* produced by Algorithm [§]is necessarily the next
multi-index in the sequence. In other words, we need to demonstrate that there can

never be some j € N such that j <gaj <gaJ*

Claim 5. Given a multi-index j € NN, if we use Algorithm@ to produce another

multi-index j* € N¥ | there there exists no je€ NV such that j <443 <ga J*

Proof. Assume that there exists some j € N¥ such that J <ga§ <gaj*. We will show

that this leads to contradiction. As before, there are two cases to consider:

e Case 1: |j*| = |j| + 1. Examining Algorithm [§] we see that this case only
ever occurs when j; = -+ = jg_; = 0. It follows that j; = --- = jx = 0.
Furthermore, it follows that |j| = jy and |j*| = j}. If j <,a §’ <ga j*, then, by
Definition 2 we must have either |j’| = |j| or |j’| = |j*|. We now consider these

two sub-cases separately:

— Sub-case 1.1: [j’| = |j|. If this equality holds, then, by Definition [ we
must have j <4 j', meaning that the leftmost nonzero entry of j — j' is
positive. Since j; = -+ = jg_; = 0 and j € NV, this implies that

Ji1 =+ = Jjy_, = 0 and that j% < jg. However, this implies that
'l = j% < jx = lil, which contradicts our assumption that |j'| = [j|.

— Sub-case 1.2: |j’| = |j*|. If this equality holds, then, by Definition [2| we
must have j’ <4 j*, meaning that the leftmost nonzero entry of j’ — j* is
positive. This implies that j; > ji. If ji > ji, then |j'| > ji > j5 = i*],

which contradicts our assumption that [j’| = [j*|. On the other hand, if
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J1 = J5, then we must have j! > 0 for some i € {2,... ,N}, otherwise we
would not have j’ <4 j*. It follows that |j'| > 71 + j. = 47 + ji > j1 = |i*],

which contradicts our assumption that |j'| = |j*|.

e Case 2: |j*| = |j|- As noted previously, by the design of Algorithm , when this

equality occurs, we have

j; :jh
(B.5)
j;‘k—l :ji—lv

for some 7 € {1,... N — 1}. Also, with j <,q ' <ga j*, the equality |j*| = |j|
implies that [j’| = |j*| = |j|. By Definition , it follows that j <4 j <4 j*. With
(B.5)), this implies that

]ik :]1 = j17

(B.6)
3 ., .
Jic1 =Ji—1 = Ji—1,

and that j; = j; or j. = j*. We now consider these two sub-cases separately:

— Sub-case 2.1: j! = j;. Inspecting Algorithm , we see that j 3 = -+ =
Jx—1 = 0. With j <4 j’, this implies that ji ., =--- = j;\?—1 — 0 and that

Jx > J%- However, this implies that

N N-1 N-1 N-1
B=Ddk=dx+ D dk=dx+ D dr>dv+ > dr=W (B7)
k=1 k=1 k=1 k=1

which contradicts our prior conclusion that |j'| = |j|.

— Sub-case 2.2: j! = j*. Inspecting Algorithm , we see that ji, = - =
J% = 0. With j’ <4 j*, this implies that ji., > j,, or that ji,; = ji; and
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that j; > 0 for some [ € {i+2,..., N} Either way, this implies

N i N i N i N
F1=D0=Ddk+ D =20+ > dx>> dn+t > ="l
k=1 k=1 k=1 k=1

k=i+1 k=i+1 k=i+1
(B.8)
which contradicts our prior conclusion that |j'| = |j*|.

Thus, no matter which case or sub-case we consider, we always arrive at a contradic-

tion. This completes the proof. m

Now that we have a well-defined and proven algorithm for constructing the next
mult-index in the sequence, enumerating the multi-indices {j € NV } is trivial. Fur-
thermore, we can define a simple function which maps single indices to multi-indices,

given by Algorithm [9]

Algorithm 9 MapSingleToMultilndex
Input:

1. A single index, j € {1,2,3,...}.
2. The number of independent components, N e {1,2,3,... }.

Output: The multi-index j € NV corresponding to the single index j.

Algorithm: A
set j:=(0,...,0) € NV,
for 1 =2 to j do
set j := NextMultilndex(j).
end for

A

In what follows “MapSingle ToMultiIndex(j, N')” will be abbreviated as “I,_,, (j, N)”,

% WL

where the “I” stands for “index”, “s” stands for “single” and “m” stands for “multi”.

B.0.2 Definition of Matrices M%(u), M° | (u), and M, ()
The notation MY (w) has three parts:
e k € N, which specifies the size of the matrix,

e veNY , which specifies a multi-index “offset”;
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e and p, the vector from which the entries of the matrix will be drawn.

k+N

In particular, the matrix MY () will have ( .

) rows and columns, and the entry in

the 7th row and jth column is given by

A~ 2
v . k+ N
MW = tstniirsnniir Y0 € {1 (T} @)

The function I, (-, N) converts the row and column (single) indices into multi-
indices. These two multi-indices are then added together and offset by v.

This definition of My () has the virtue of being very precise. However, it is
somewhat difficult to interpret. An equivalent way to define MY (u) is to say that
the rows and columns are indexed by all multi-indices i,j € NV such that [i, [j| < &,
where the multi-indices appear in graded descending order. Then, the element of the

matrix in the row corresponding to i and the column corresponding to j is given by

(MY ()i = pvsivg, Vi j € NV st il [jl < . (B.10)

The number of rows and columns is equal to (MI;N ) because this is precisely the
number of multi-indices (and moments) with order at most k. This can be shown
through the classic “bars and stars” argument from combinatorics.

The above definition of the generic matrix MY (u) can be used to construct the
specific matrices M2(u), M?_; (p), and M,” (). The structure of these matrices is
closely tied to the derivation of the LMIs - , which will be explored in

the next section.

B.0.3 Derivation of LMIs

In this section, we derive the LMIs (3.27) - (3.29)). In doing so, we assume that the
reader has read and understood Sections [B.0.2] and [B.0.11
We will begin with the most basic of the three: M%(u) = 0. To prove this
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inequality, consider a polynomial

lil<n
p(x) = Z pyxI (B.11)
jENN

where the sum is over all multi-indices j € N¥ with order at most n > 1, and

the coefficients {pj};je‘éz

C R are chosen arbitrarily. If we take the square of this
polynomial, p(X)?, the result is a function which is nonnegative for all X € NV ,
and, in particular, for all X € X (since X is a subset of NV ). Furthermore, since
any steady-state distribution Py(-) is a probability distribution over X, we also have

P(X) > 0, for all X € X. Tt follows that

> p(R)*Pu()) > 0. (B.12)

xeX

Expanding the squared polynomial, we obtain

lil<n
Z p<§()2PSS(7A<) = Z Z pi%x! | Pu(%),
*eX xeX \jeNN

ljl<n lij<n

- Z Z Z pjpli‘]f\{l Pss(fc)a

%€X \jeNN ieNN

ljl<n lij<n

S 3 Rt | Pa(R), (B.13)

%eX \jeNN ieNN

il<n lil<n N
= > > opn| > ¥R,

I
N

JENN jeNN xeX
lil<n li|[<n

= > D Pibikisie
JENN jeNN

Combining this result with Inequality (B.12), we have

lil<n |il<n

> D bk > 0. (B.14)

JENN jeNN
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Now, let p € R(NI ") be the vector obtained by listing the coefficients {p; }J‘JGE;;V C R so
that their subscripts are in graded descending order. Then, by design, the left-hand
side of the above inequality is equal to p"M?(u)p. (We don’t expect this to be
obvious, but it is critical; convince yourself before proceeding.) What we're left with,
then, is

"M (1)p > 0. (B.15)

J‘JGIEZ; C R was arbitrary. This means
that Inequality holds for all vectors p € R, As noted in Section III B,
this is equivalent to the statement that M2 (u) = OE| This completes the derivation
of LMI (j3.27)).

The derivation of LMI (3.28)) is similar, but has one novel aspect. Again, we

Recall that our choice of the coefficients {p;}

consider an arbitrary polynomial

fi<n-1
pF) = > p¥l (B.16)
JENN
Then, we pick an arbitrary independent species j € {1,..., N } and consider the sum
S &p(%)2Pu(5) (B.17)

As before, p(%x)? and Py(X) are nonnegative over X'. Furthermore, since #; is the

molecular count of species j, we have £; > 0. It follows that

> 2p(R)*Ps(X) > 0. (B.18)

xeX

3Notice also that our choice of n € N was arbitrary, so this LMI actually holds for any n € N.
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As before, we expand the squared polynomial and obtain

ljl<n—1
Z f:jp(f()2pss(§c) = Z Z; Z P | Pas(%),
xeX xeX jENN

jl<n—1 fil<n—1

Zj:j Z Z pjpi&jﬁi PSS()A(),

xeX JENN  jeNN

lil<n—1[i|<n-1

:Z Z Z pjpi&j+i+ej Pu(%), (B.19)

%eX \ jeNN  ieNN

lil<n—1i|<n—1 o
= Z Z Pibi (Z }A(J+1+ejpss(§()) ,
JENN  jeNN %eX

lil<n—1li|<n-1
= > > DiDiltjtite;-
jENN  jeNN

With Inequality (B.18)), it follows that

il<n—1il<n-1

> Dipittitive, = 0. (B.20)

JENN  jeNN

Now, let p € R(Nﬁf ") be the vector obtained by listing the coefficients {p; };ﬂi{};l CR
so that their subscripts are in graded descending order. Then, by design, the left-
hand side of the above inequality is equal to pTM;’ ,(p)p. Since the vector p and
the index j € {1, ... ,]\7 } were arbitrary, it follows that

M (p) =0, Vje{l,...,N}. (B.21)

The derivation of LMI (3.29)) is so similar we will not repeat the details. The key
difference from the preceding derivation is that the inequality for the molecular count

of dependent species k € {1,..., L},

X
Zok + Y Brj(foy — &) >0, (B.22)
j=1

is used in place of the inequality £; > 0. Given the preceding derivations, the con-
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nection between (B.22) and
5 X 5
jO,k + Z Bk,jjO,j M?Lfl(l'l') - Z ﬁk,]Mnj—lo“l') =0, Vk € {17 s 7L} <B23)
j=1 j=1

should be reasonably clear.

Note that, in each of the above derivations, the value of the parameter n € N was
unimportant, so long as it satisfies the inequality n > 1. This means that the LMIs
we have derived are valid for any n € N such that n > 1. This naturally leads to the
question of what value of n to choose in construction of our SDPs. In general, the
greater the value of n, the more we will restrict the feasible set of the SDPs. This
is desirable, since it may lead to tighter bounds. However, there is a trade-off, as a

larger value of n implies larger matrices. We will explain our method of picking n in

Section [B.0.5

B.0.4 Proof that LMIs (3.27) - (3.29) Imply (3.24) - (3.26)

It is simplest to prove that (3.28) implies (3.24]), so we will start there.

Claim 6. If

A

M;” ,(u) =0, Vje{l,...,N},

n—1
for any n > 1, then

fe; >0, Vje{l,...,N}. (B.24)

Proof. Pick any j € {1,...,N}. Recall that M’ (u) = 0 is equivalent to the

statement that
N+4n— 1)

pM® (u)p >0, Vpe R,

In particular,

elej (u)el Z 0.

The left-hand side of this inequality is equal to the entry in the first row and first

268



column of the matrix My’ (p). From Definition , we see that this is equal to

(M7 ()11 = Fej+ Iy sm(1,N)+ I (1,N) — He;+0+0 = fle;

(B.25)

It follows that pe, > 0. Since our choice of j was arbitrary, this is true for all

jedl,...,N}.

The proof that (3.29) implies ([3.25)) is similar.

Claim 7. If

N N
(iOJf + Z Bkajfou’) Mg—1(#) - Z 5k,jMZj—1(H) =0, Vke {17 s
j=1 j=1

for any n > 1 and pog = 1, then

N N
(fffo,k +> ﬁk,jff?o,j) = Brjtte, =0, Vke{l,...,L}
=1 =

Proof. Pick any k € {1,...,L}. Recall that

N N
(fo,k + Zﬁk,jio,j) M, () — Zﬂk; T 1(pm) =0
i=1 j=1

is equivalent to the statement that

N N
p' ((%k + Zﬂk,jff?o,j) My (B) = D B, ML 1(“’)) p=0
j=1

Jj=1

for all p € ]R< ) In particular,

OSGF{ ((xok"i_ZBijOj)

7j=1

ﬁk] )el

N
)- 2
N N
= (%k‘i‘Zﬁkg%g) el My_( Zﬁk]%TM] el

7=1
We've already seen that el M,” | (p)e; = pe,. Similarly, efM9_, (u)e,
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Ly,

(B.26)

(B.27)

(B.28)

(B.29)

= lg. Substi-



tuting these moments into the above inequality, we obtain

N N
([iojk + Z Bk,jfo,j) Ho — Z Bk,jﬂe]- > 0.

=1 =1
Finally, using po = 1 we obtain Inequality (B.20)). O

The proof that LMI (3.27) implies (3.26]) has a different flavor.

Claim 8. If M2(u) =0 for anyn >1 and po =1, then

Hoey — :u?al Hei+es = HerHea -+ Heitegy — Heilley
2
Hez+eq _ Hes ey H2e, _ :U’ez s :u’92+e]<, _ ,ue2,LLeN i 0. (B30)
| Hey+er — Megzler Hey+er = Hegley - H2eg — MZN ]

Proof. Tt M%(p) = 0 for any n > 1, it follows that M$(u) = 0. This is true because
M9 () is a leading principal sub-matrix of M®(u), and any principal sub-matrix of

a positive semidefinite matrix is necessarily positive semidefinite. Using Definition

or (B.10)), we can write the LMI M () = 0 explicitly as

Ho Hey cee Heyg
M(l)(l‘l/) _ ,ufh ,U2.el ce /'LelerN i 0. (B31)
L ,ueN MeN+e1 s /~L2eN

Applying the Schur Complement Lemma, this is equivalent to

H2eq ,uelJreN Hey
- : | fey - ey | =0 (B.32)

MeN—i-el SR ,UQeN ,ueN

270



Using the fact that po = 1 and expanding the second product, we obtain

H2e; -+ Heitey Ugl <o HeyHeg
T : -~ L = 0. (B.33)
fey+er -+ Hoeg Hegle --- Moy
Combining the two matrices into one, we obtain LMI (B.30)). O

B.0.5 Size of the SDPs

At this point, we have most of information necessary to compute the measures of
SDP size appearing in Table 3.1} The final critical piece of information is the formula
for choosing n, which determines the sizes of the matrices M%(u), M2 _,(u), and
MLy ().

Recall that in the construction of every SDP that appears in this paper, we are
setting to zero the time derivatives of all moments up through order m € N. We
specify this condition with the equation Apy; = 0, where py; is the vector of all
moments up through M = m+ ¢ — 1, and ¢ is the order of the highest-order reaction
in the system. Inspecting the definition of MO(p) given in Section [B.0.2, we see
that the highest-order moments appearing in this matrix are order 2n. We want to
ensure that the order M moments appear in this matrix, so that they are properly
constrained. In other words, we want to ensure that 2n > M. On the other hand,
we don’t want to choose n to be excessively large, because (as pointed out in Section
this results in large matrices. Both goals are satisfied by setting n = (%1

With this final piece of information, we can compute the various measures of size
for any of the SDPs described in the paper. For example, consider SDP for
calculating a bound on (X;)s for the Michaelis-Menten system with m = 2. For this
system, ¢ = 2. It follows that M =2+2—1 = 3 and that n = [%W = 2. As mentioned
in the previous paragraph, the matrix M?(u) includes moments up to order 2n = 4.

Inspecting all other constructs appearing in SDP ([3.30]), we see that no higher-order

moments appear. Thus, for this case, the highest-order moment that appears as a
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decision variable is order h = 4. The total number of decision variables is exactly the
number of moments up to order 4, which is d = (Ng,“l) = (2#) = 15. The equation
Apyr = 0 sets to zero the time derivatives of all moments up to order m. So, the
number of equations implied by Apy, = 01is | = (NE;Q) = (2'52> = 6. Finally, the
largest matrix appearing in an LMI is M2 (), with the number of rows and columns

an) _ (2+2

& ) ) = 6. The size of the other SDPs appearing in the paper

given by L = (

can be analyzed similarly.

B.0.6 Scaling

As noted in Section [3.3.5] one difficulty with using moments as decision variables in
SDPs is that the moments of a distribution often differ by orders of magnitude. This
can cause numerical difficulties for solvers which tend to treat all variables equally.
Fortunately, these difficulties can usually be alleviated by appropriately scaling the
decision variables. In this section we describe how to scale SDP . The procedure
for scaling the other SDPs that appear in the paper is similar.

The problem and scaling solution is well-illustrated by a system with two indepen-
dent molecular counts Z; and Z,. Suppose the steady-state probability distribution
for the system Py(-) is a Dirac distribution where all of the probability is concentrated

on the single point (#1,&2) = (3,2). Then, the moments of the system are given by

pp= 3 HPs(%) = 312", Vj = (ji,j2) €N (B.34)

ReEX

The numerical values for these moments increase exponentially with the sub-indices
J1 and jo, leading to moments of different orders of magnitude.

However, suppose we define the scaled variables
To. (B.35)

Then, for every point X in the set of reachable states X , there is a corresponding

272



scaled state x’ = D7!%, where D is the diagonal matrix

dy 3
dy 2

(B.36)

We will let X’ denote the set of these scaled reachable states. We can define a

probability distribution over X”:
P (x') = Py(Dx'), V¥x' e X' (B.37)
Furthermore, we can define the moments of this probability distribution,

pi= Y (KPP, VieN, (B.38)

x'eXx’!

and we see that
5 = > (x') Py(Dx'),

I
g
o
e/
<
3

:(;Y( JZA K Pu(R) (B.39)

for all multi-indices j € N2. That is, all the moments are equal to one. The fact
that they are all equal is attributable to the special (Dirac) structure of original
distribution Pg(+). More important than their equality is the fact that they are all of
the same order of magnitude. This similarity in order of magnitude is what we will
try to achieve for the moments appearing in SDP (3.30)).

To apply the scaling idea of the previous example to SDP ([3.30)), we need to move
to the more general case where there are N independent species. Let d = (dy, ..., dy)

be the diagonal elements of the matrix D € RN*N , where d; > 0 is the scaling
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coefficient associated with independent species i. As before, we have a probability
distribution P.(-) over a set of scaled reachable states A’ and the corresponding
scaled moments p'. Applying the same logic as in Equation , we can conclude
that the relationship between the scaled moments g’ and the original moments p is

given by
=i, VjeNV, (B.40)

We now review each part of SDP in turn, showing how each part can be
expressed in terms of the scaled moments p'. The objective function pe, is equal to
d® g, = diptg,. So that the objective function is a reasonable order of magnitude,
the factor of d; is pulled outside of the optimization, as shown in SDP below.
To express the constraint Apy, = 0 in terms of p’, we need to multiply each column
of the matrix A by the appropriate scaling factor dJ, where j is the multi-index
corresponding to the current column. Doing so, we obtain the scaled matrix A’ and
the equivalent equation A’p), = 0. The equation gy = 1 translates simply into
to = 1. All that remains is the LMIs. We can derive LMIs in terms of g’ in much the
same way that we derived LMIs in terms of p in Section [B.0.3] We simply use the
scaled states x’ and the probability distribution P.(-) instead of X and Py(-). This

derivation results in the following LMIs:

MO (p') =

0,
MY () =0, Vje{l,...,N},

(B.41)

N
akMg_l(u') — Z Bk,jdeZj—l(“/> > 0, Yk € {1, A ,L}
j=1

Essentially, the only change is that the moments p' have been substituted in place

of p, and a factor of d; has appeared in the third LMI. Bringing it all together, the
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resulting scaled SDP is

(B.42)
M () =0, Vje{l,...,N},

N
MO (1) = . Bryd M (W) = 0, Vke{l,...,L}.
j=1

We have shown how to incorporate scaling factors d into SDP (3.30). What we
haven’t explained is how to pick the scaling factors appropriately. There is no strict
rule. However, as a heuristic we suggest that the scaling factors be picked so that
d; = (x;)ss. Granted, we usually won’t know (z;)s for each independent species i a
priori (if we did, we wouldn’t need to solve SDP (3.30))), but an order of magnitude
estimate will suffice. This estimate could come from a variety of sources — for example,
solution of the deterministic rate law equations, experimental data, prior literature,
or a just a few kinetic monte carlo simulations. In our experience, using an over-
estimate of (z;)s for the scaling factor d; usually leads to more numerically stable
SDPs than using an under-estimate. Accordingly, for most of the examples in the
paper, for the scaling factor d;, we used a crude over-estimate of (x;)s implied by
the stoichiometry and initial condition, obtained through solving the following linear

program:

st. %X>0, (B.43)

The two constraints simply specify that the molecular counts of the independent and

dependent species must be nonnegative. (See Equation (4.5) and the surrounding
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discussion.) Of course, this method only works when the molecular count of species
1 is bounded above. This is guaranteed to be true only for reaction systems that
are closed with respect to mass. For open systems, we could employ a state-space
analysis as proposed by Gupta et al [29] to determine which species are bounded and
which are “free”. We could then apply the above LP to the bounded species. For
the free species, we must rely on one of the aforementioned alternative methods for

estimating (z;)gs.

B.0.7 LMIs to Exclude Non-integer States

In Section IV B, we stated that we could selectively add LMIs reflecting the inte-
grality requirement and thus obtain tighter bounds. We now demonstrate this idea
for the Reversible Dimerization system of Section IV B. Recall that there was a gap
in the bounds on (A)y (see Figure top plot). In particular, for ¢; = 0, we had
(AVE =0 and (A)Y = 1. We claimed that this gap was attributable to a nonphys-
ical distribution, where all of the probability is concentrated on the point z, = 1,
implying 4.5 molecules of B. The moments of this distribution p* = (1,1,1,...) are
feasible for SDP , because they satisfy the stationarity condition Ap* = 0, and
they satisfy the necessary conditions for the moments of any distribution supported

on the polyhedral set X', which for this reaction system reduces to

X:{:cAeRzongglo} (B.44)

(see Section [3.3.4)). However, from an analysis of the stoichiometry of this system, we
know that the state o = 1 is actually not possible. Furthermore, it is not possible
that z, takes any value in the open interval (0,2). In other words, the steady-state
probability distribution Py(-) has no support in the interval (0,2). This observation

implies an additional necessary condition on the true steady-state moments p:

M7, () — 2M5L,(p) = 0, (B.45)
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for n > 2. We can add this LMI as a constraint to SDP , further restricting the
feasible set, and, in particular, excluding the moments p*.

The derivation of LMI follows the same pattern as the derivation of the
LMIs in Section m, though the notation is simplified somewhat because N =1.

First, we construct an arbitrary polynomial
n—2 )
plza) =D pixl. (B.46)
7=0
Then, because Py(-) = 0 in the open interval (0,2), we have

Z za(rp — 2)p*(za) Ps(xp) > 0. (B.47)

$A€)€'

Expanding the squared polynomial and using the definitions of M2®',(g1) and M, (),

this becomes

P! (M () — 2M5 (k) p 2 0, (B.48)

where p is a vector of the coefficients of the polynomial p(-). The fact that these
coefficients were arbitrary implies LMI (B.45)).
Adding LMI (B.45) to SDP (3.30) we obtain

M () = 0, (B.49)
Mij—l(:u‘)ioa vj€{17"'7N}7

N

axMO_ () = 3 B M () = 0, Vke{l,...,L},
j=1

M7 () — 2M5L, (k) = 0.

Repeatedly solving this SDP with m = 2 as we did in Section IV B, we obtain the
bottom plot of Figure [3-2] Comparing the top and bottom plots of Figure [3-2] we
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Table B.2: Reaction rate constants for the Larger Example

| Rate Constant | Value (s) |
C1
&)
C3
Cq
Cs
Ce
Cr 1 x 104
Cg 1 x 104
Cy 1

C10 1

C11 1

C12 1 x 105
C13 1x 105
C14 1

—=| = = =] = =

U

Ss

see that, for low values of ¢y, the upper bound (A)g, is tighter in the bottom plot,

converging to zero as ca — 0.

B.0.8 Rate Constants for the Larger Example

The larger reaction system example shown in Figure [3-4] can also be represented as

C1 Co

Co €10

C3 C11
B<———2D H—>1I

Cy

cs C1 (B.50)
C=——E J——]

Ce C13

Cr C14

8

The rate constants for these reactions are given in Table [B.2]
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B.0.9 Relative Probabilities for the Schlogl System

In Section we plotted relative probabilities for the Schlogl System (3.34). We
now explain how these relative probabilities were obtained.

As explained in Section [3.8.3] the counts of species A and B are assumed constant,
so the only variable is the molecular count of species X. Accordingly, we will denote
the molecular counts of species A and B using the symbols A and B, respectively,
and we will denote the molecular count of X as simply x. Futhermore, for notational
simplicity, we will denote the steady-state probability distribution Py(+) as P(+). The
CME for this system at steady state is

(B.51)

where each row of this equation corresponds to one reaction. Rearranging to collect

the coefficients associated with P(z — 1) , P(z), and P(x + 1), we obtain

0=(ami(xr—1)+as(z—1)) Pz —1)
— (1(2) + () + a5(2) + as(x)) P(x) (B.52)
+ (ag(z+ 1)+ ag(x + 1)) P(x + 1), VxeN.

The propensity functions for the four reactions of the system are

a(z) = o @ (f) - M@. (B.53)

as(z) = @ . (B.54)

e Reaction 1:
e Reaction 2:

e Reaction 3:

a5(z) = c5 <B> B, (B.55)



e Reaction 4:

as(r) = ¢y (f) = cy. (B.56)

Substituting these propensity functions into the CME, we obtain

0= <01A<x ; 1> + 03B> P(x—1)
_ (clA@) + e (g) tesB o+ c4x> P(z) (B.57)

+ <02 (x ; 1) +eae+ 1)) P(x+1), VzeN,

where we adopt the convention that
<Z> ~0 (B.58)
j .

Now, we assume (reasonably) that P(—1) = 0. That is, there will never be —1

molecules of X. Then, we can simplify Equation (B.57)) for the special case of x = 0

if 1 < j.

to obtain

0 = —c3BP(0) + ¢4 P(1). (B.59)

If we fix the value of P(0) to some arbitrary (nonnegative) value, the above equation

fixes the value of P(1), For the special case of x = 1, Equation (B.57) gives
0 =c3BP(0) — (c3B + c4) P(1) + 2c4P(2). (B.60)

Since the values of P(0) and P(1) have been fixed, this equation fixes the value of
P(2). We can then use Equation to show that P(1) and P(2) fix the value
of P(3), and so on. The conclusion is this: once we fix a value of P(0), the entire
sequence { P(x)}2%, is fixed by Equation (B.57)). Moreover, because of the linearity of
Equation (B.57)), every element of the sequence { P(x)}52, is proportional to py. This
implies that P(0) # 0, because P(0) = 0 would imply that P(z) = 0 for all x € N,
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and Y oy P(x) =0 # 1. So P(0) > 0. This means that the relative probability ratio

= P(z) (B.61)

is well-defined for each x € N. Furthermore, if we divide Equation (B.57) by P(0),

0= <01A<x ; 1> + 03B> P(x—1)
—<qA@>+@@>+%B+%QP@) (B.62)

4«@Ggﬁ+@@+®P@+m Vz € N,

we obtain a system of equations that fixes the relative probability ratio P (x) for every
x € N. To see this, we just have to consider the equations for x = 0,1,2, ..., in turn,
much like we did before, using the fact that P(0) = 1. Doing so, we can calculate
the relative probability ratios P(1),..., P(N) for an arbitrarily large N € N. These
probability ratios can give us an accurate picture of the shape of the steady-state
probability distribution over the set xx = 0,1,..., N. In particular, we can see how
this distribution transitions from unimodal to bimodal and back to unimodal as ¢4

varies from 3 s™! to 4 s, See Figure
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Figure B-1: Relative probabilities for the Schlogl System over a range of parameter

values for ¢y. The values of the other parameters are as stated in Section(3.4.3
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B.0.10 Number of States in the Larger Example

In Section [3.4.4] we claimed that the number of states accessible to larger reaction
system shown in Figure [3-4] is 74,816,108,146. In this section, we explain how we
arrived at this number.

The calculation is easier to understand if we represent the reaction system as
shown in Figure B-2] which divides the reaction system into three subsystems. Recall

that we specified an initial condition of 100 molecules of A and 100 molecules of F.

Subsystem 2

Figure B-2: Alternative representation of Figure

First, from Figure [B-2| we see that the molecules of F essentially just enable the
conversion of E to G. Furthermore, since this reaction requires 1 molecule of F for
every molecule of E converted, and since we can have at most 100 molecules of E,
we can effectively forget about the F molecules, and treat the conversion as simply
E = G. The count of F molecules at any time is simply xr = 100 — z¢.

We can now focus on the 100 initial A molecules and consider how they might
distribute themselves among Subsystems 1, 2, and 3. Suppose that n € {0,...,100}
molecules of A have been converted to B and C molecules. Then, the problem of

counting the number of states accessible to the whole system reduces to three simpler
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sub-problems:

e How many states are accessible to Subsystem 1 given an initial count of 100 —n

molecules of A?

e How many states are accessible to Subsystem 2 given an initial count of n

molecules of B?

e How many states are accessible to Subsystem 3 given an initial count of n

molecules of C?

To answer the first question, we just have to consider how many ways the 100 —n
molecules can distribute themselves among the four different molecular “bins”, A,

H, I, and J. Using the classic “stars and bars” argument from combinatorics, we

100—n+4—1) _ (100—n+3)

see that the number of states accessible to Subsystem 1 is ( i 3

n+1

1 ) states accessible to

By the same argument, we can conclude that there are (
Subsystem 2 and (”;2) states accessible to Subsystem 3. For a given n, the state of
each subsystem is independent of the state of the other two. So, given n, the number
of states accessible to the whole reaction system is the product of these binomial
coefficients: (100_3"+3> ("Jlrl) (”;2> To calculate the total number of states, we just

have to sum over all possible values of n:

100 1 o 1 2
number of states = » ( 00 3n * 3) (n—ll— ) (n;L ) (B.63)
n=0

We computed this sum using a simple “for” loop in Matlab, obtaining 74,816,108,146.

B.0.11 Derivation of SDP (3.39)

In this section, we derive the SDP for the upper bound on the steady-state probability
that X, € [Tmin, Tmax] for independent species 7 € {1, ... ,N }. In this derivation, the
set of reachable states & € X such that Z; lies in the interval [Zmin, Tmax] Plays a

special a role. We will need to refer to this set often. So, for notational convenience,
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we identify it with the following symbol:

X, ={X € X2 € [Tmms Tmax]}- (B.64)

With this definition, we can construct the following optimization problem for calcu-

lating an upper bound on the probability that XZ € [Tmin, Tmax):

max = Pu(X)

ss )26)21'
s.t. > [Pk —8)a,(k — §,) — Py(X)a,(X)] =0, VXxeEX,
D Py(%) =1,
xeX

Py : X >R,

The variable in this optimization is a function P, which maps each reachable state
%X € X to a nonnegative number. The constraint Yseq Pes(X) = 1 ensures that
these nonnegative numbers must sum to one, and thus allows them to be interpreted
as probabilities. The first constraint is simply the CME in which the time
derivatives for all states X € X have been set to zero, specifying that Py(-) is a
steady-state distribution. The objective function is a sum over only those states
% € X that satisfy Z; € [Tmin, Tmax], giving the total probability associated with the
set X;. It is clear that the optimal value of this problem gives an upper bound on the
probability that X; € [T mins Tmax)-

The next step is to decompose Py(+) into two distributions @ : X — R, and
S X - R, such that

Py(X) = Q%)+ S(x), VxeX (B.66)

and

S(X)=0, Vxé¢ X, (B.67)
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This latter equation implies that the distribution S is supported only on X;. The
reason for this decomposition may not be clear yet, but will be later. Rewriting

Problem (B.65)) in terms of the two distributions Q(-) and S(-), we obtain

max = 3 Q%)+ Y §(%)

s.t. ; Q% — 8,)a, (X — §,) — Q(X)a,(X)]
R
T 2 [S(X = 8)ar (X —§,) — S(X)a,(X)] =0, V&keX, (B.68)
Y QE) + Z S(x) =1,

Problems and are equivalent in the sense that starting from a feasible
solution of either, we can construct a feasible solution for the other with the same
objective value. For example, if () and S are feasible for Problem , then Py, =
@ + S is feasible for Problem and has the same objective value. Going the
other way, if Py is feasible for Problem , then @) = P and S = 0 is feasible for
Problem . It follows that the two problems have the same optimal objective
value.

Taking this idea one step further, Problem is equivalent to the following op-
timization problem, which differs from Problem only in the objective function:
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R

s.t 2—21 QX —8,)a, (X —8,) — Q(X)a,(X)]
+ ; [S(kx —8,)ar (X —8,) — S(X)a,(X)] =0, V&keX, (B.69)
2 Q%) + Z S(x) =1,

Q: X >R, S:X—>R,,

S(x) =0, Vx¢AX,.
To see this equivalence, suppose that ) and S are feasible for Problem . With-
out loss of generality, we may assume that Q(%X) = 0 for all X € X;. Otherwise, we

could construct another feasible solution @ : X — R, and S : X — R, which gives

a greater objective value. In particular, we would let

- 0, if % € X;
O%) = (B.70)
Q(x), otherwise.

i QX))+ S(x), ifxed,
S(x) = (B.71)
0, otherwise.
Continuing with the assumption that Q(X) = 0 for all % € A;, and noting that

feasibility implies S(X) = 0 for all X ¢ X;, we see that the two objective functions are

equal:

YR+ Y SR =Y sx) =Y SK). (B.72)

XEX; XEX; XEX; xeX
This argument shows that the optimal value of Problem is greater than or equal
to the optimal value of Problem . To show the reverse inequality, suppose
that @ and S are feasible for Problem (B.68). Then, the functions Q(:) and S(-)
defined above are feasible for Problem (B.69) and have the same objective value.

This establishes the reverse inequality. The two inequalities together imply that the
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optimal values of Problems and are equal. Furthermore, since Problem
is equivalent to our original problem, Problem , the optimal value of
Problem (B.69) is also an upper bound on the probability that )2}- € [Tmin, Tmax)-
The next step is to recast Problem in terms of the moments of the two
distributions. Let the moments of the distribution Q(-) and S(-) be given by

y= Y ®QK), z=Y #9(%), VjeN. (B.73)

keX xeX

Then, we can rewrite Problem (B.69) as
max = zg
Q7S7y7z

s.t. Ay + Azy =0,

Yo + 20 = 1,
R R (B.74)

RQ:X—->R,, S:X—->R,,

S(x)=0, Vx¢4a,

y= Y ®QK), z=Y #9(%), VjeN

xeX XeX

Our list of decision variables now includes the functions Q(-), S(-) and their respective
moment sequences y, z. The last line of constraints enforces the relationships between
theses variables. The two preceding lines of constraints are exactly the same as those
appearing in Problem (B.69). The second line of constraints enforces that the total
probability is one, and, given our definition of the moments, is equivalent to the second
line of constraints appearing in Problem . The first line of constraints reflects
the steady state conditions of Problem . However, the two are not equivalent.
While the equation Ay; + Azy; = 0 species that the time derivatives of all moments
up through order m € N are equal to zero, the steady-state conditions in the first line
of constraints in Problem imply that the time derivatives of all moments are
equal to zero. Thus, Ay + Az, = 0 is a relaxation of the steady-state conditions,

with the extent of the relaxation depending on our choice of m. Lastly, the objective
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functions of Problems and are equivalent. Because of the relaxation
of the steady-state conditions, the optimal values of Problems and are
not necessarily equal. However, the former is guaranteed to be an upper bound on
the latter. This means that the optimal value of Problem is an upper bound
on the probability that X; e [Tmin, Tmax], just perhaps not the tightest upper bound.

The second-to-last step in the derivation of SDP is to add necessary con-
ditions on the moment sequences y and z as constraints. The first set of these

constraints are the LMIs (3.27)) - (3.29)), written for both y and z:
0, M;(z) =0,
M‘:Ljfl(y) tov Mfzjfl(z) iO? vj € {L"'aN}a

N
aM®_ (y) =3 B,MS (y) =0, Vke{l,... L}, (B.75)
j=1
N .
M8 (z) — 3 Bu,My 1 (z) =0, Vke{l,...,L}.
j=1

As explained in Section (3.3.4]), these are necessary conditions for the moments of any
distribution supported on the polyhedral set X' O X. The other necessary condition
is also an LMI and reflects the fact that S(X) =0 forall X ¢ X, = {x € X : 4; €

[xmina xmax]}:

—MQQi (Z) + (xmax + xmin)Mzi—Z(Z) - xmiﬂxmaXMg—2(Z) t 0. <B76)

n—2

The derivation of this LMI closely parallels those of LMI (B.45)) in Section [B.0.7]
and LMIs (3.27) - (3.29) in Section [B.0.3, The key fact is that the polynomial

—(Z; — Tmin)(Z; — Tmax) 1s nonnegative for all x € X; and negative for all X such
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that #; € [Tmin, Tmax). Adding these LMIs to Problem (B.74)), we obtain

max = Z2p
Q7S7y7z

s.t. Ay, + Azy =0,

y0+20:]-7

Y=Y %K), 5= XSEK), VjeN,
xex xed (B.77)

Mo(y) =0, M(z) >0
M7 (y) =0, Myi,(z)=0, Vje{l,... N}

N
aan—l(Y) - ZBk,]lel(Y) > 0, Vk € {]_, RN L},

j=1

N
axM®_(z) =3 B, MY ((z) =0, Vke{l,... L},

j=1

- Mi(i2<z) + (Tmax + Tmin) M 5(2) — mminxmang—Q(Z) = 0.

Since all of the LMIs we have added are necessary conditions for the moment

sequences y and z, they do not change the feasible set. This means that the optimal
value of Problem (B.77) is exactly the same as that of Problem (B.74]).
The final step in the derivation of SDP (3.39) is to remove all mentions of the
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distributions Q(-) and S(-) from the optimization problem

max 20

st. Ay +Azy =0, yo+20=1,
M (y) =0, Mp(z) =0

Mijfl(yv) t 07 M(:Ljfl(z) i 07 \V/j € {17 . 'aN}a

o (3.39)
axMO_ () = 3 Bi,MY(y) =0, Vke{l,... L},
7=1

N
ayM?_ (2) = B,MY (z) =0, Vke{l,... L},
=1
o Mi‘iQ(Z) + ($max + xmin>M?—2(Z) - xminxmaxM2,2<Z) > 0.

This is another relaxation, because the sequences y and z are no longer necessarily
moments of some distribution. This means that the optimal value of SDP is
an upper bound on the optimal value of Problem . Since the optimal value of
Problem was an upper bound on the probability that )2’1 € [Tmin, Tmax), the
optimal value of SDP ([3.39) is as well.
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Appendix C

Supplemental Material for Chapter
4

C.1 Introduction

This is a condensed version of the supplementary material published to accompany
the paper entitled “Dynamic Bounds on Stochastic Chemical Kinetic Systems Using
Semidefinite Programming” by Garrett R. Dowdy and Paul I. Barton.

C.2 Complex Eigenvalues

In Section[4.6] we stated that it was possible to derive augmented forms of the bound-
ing SDPs appearing in Chapter (4| that account for the imaginary components of

eigenvalues. In this section, we explain how those augmented SDPs are constructed.

C.2.1 Linear Equations

Previously, we derived the equation

T T
i (T) — T par(0) = (Ag — pl) /0 T (Dt + Ay /0 T (t)dt. (C.1)
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While we derived this equation assuming that p € R, it is equally valid for any p € C,
where C is the set of complex numbers. Substituting p = a + b into the equation, we

obtain

g (T)—e“ 0T 1 (0)
T ) T .
=(Ap— (a+ bi)I)/O @t I= ) () dt + AH/O e@HT=D 1y (1) dt

pr(T)—e" e pp(0)

T . T .
— (AL — (a + bi)T) /O A T=0T=0 1y (1Yt + Ay /0 =0T 1y (1),
(C.2)

Using Euler’s formula, this becomes

pr(T)—e™ (cos(bT) + i sin(bT)) a1, (0)
= (AL — (a+bi)I) /OT T (cos(b(T — t)) + isin(b(T — t)))pr (t)dt

T
Ay / AT (cos(b(T — ) + i sin(b(T — t))) e (t)dt
0
(C.3)
Next, through simple but tedious algebraic manipulations, each side of this equation

can then be separated into the real and imaginary parts:

(r(T) = e cos(bT)pur(0)) — ie™” sin(bT') a1, (0)
— (A — al) /O " 8T cos(B(T — 1)) g (1)t
+b /0 " T Sin(B(T — 1)) (t)dt
YAy /0 " eI cos(b(T — 1)) (1)t (C.4)
+ilA —aD) [ " o1 i (b(T — ) (1)t

T
—ib / T cos(b(T — £)) s (t)dt
0

T
+iAy / T sin(b(T — ) g (1) dt
0
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This equation holds if and only if the real part of the left-hand side equals the real part
of the right-hand side, and the imaginary part of the left-hand side equals the imag-

inary part of the right-hand side. So, it is equivalent to the following two equations:

pa(T) — e cos(bT ) (0) = (A —al) [ " eI cos(b(T — 1)) (t)dt
+b/ AT sin(0(T — t)) o (t)dt (C.5)

+ AH/ eIV cos(b(T — t)) oy (t)dt
0

—eLsin(bT)pr(0) = (AL — al) /T e T sin(b(T — t)) oy (t)dt
- b/ Vcos(D(T — t)) oy (t)dt (C.6)

+ Ay /0 T sin(b(T — ) s (1)t

Now, just as we defined the variables Z(Lp) and zg) as a shorthand representation

of the integrals appearing in (C.1]), we will similarly define shorthand names for the

integrals appearing in ((C.5)) and (C.6). In particular, defining

., )
Zj(acosb) _ / TV cos(b(T — t))p;(t)dt, Vj e NV,
0

. T v
Llasind) _ / T sin(b(T — t))py(t)dt, Vj € NY,
0

J

we can write the Equations (C.5]) and ((C.6) more concisely as
IJ/L(T) B eaT COS(bT)[J,L(O) (AL N I) (acosb) + b (asinb) + A (acosb) (08)

—eaTsin(bT)uL(O) (AL_ I) (asinbd) b (acosb) +AH I;Lsmb) (Cg)

Now for a sanity check. Since the above equations equations were derived assuming
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any values a,b € R, they should also hold in the special case when b = 0. In this case,

p = a+bi = ais just a real number, and we would expect Equations ((C.8)) and (C.9)

to reduce to Equation , which we derived assuming that p was real. Indeed, this
is true. Using the definitions given in Equation (C.7)), we see that Equations
reduces to Equation and reduces to the vacuously true statement 0 = 0.
This result shows that Equations and are a consistent generalization of
our previous work.

Of course, to use these necessary conditions as constraints in an optimization

problem, we need to state them in terms of the appropriate decision variable proxies:

fur(T) — e cos(bT) p (0) = (A — al)zi* Y + pz{*™ 1 Az (C.10)

—e"Tsin(bT) pr(0) = (Ap, — al)z\"5™Y — pzlocosd) 4 A zlosin?) (C.11)

C.2.2 Additional Constraints

As was the case with Equation (C.1)), Equations (C.10)) and (C.11)) are of limited

. - b ~ b
value unless we further constrain the values of zj(a ) and zj(a cosb)

Zero-Order Moments

The first set of these additional constraints is derived from the fact that uo(t) = 1

throughout time. Using this fact with Equation (C.7]) gives

(acosb) T a(T—t)
20 :/0 e cos(b(T — t))uo(t)dt,

T

- / 9T cos(b(T — t))dt, (C.12)
0

~ e (bsin(bT) + acos(bT)) — a

B a? + b? ’
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and T
z(()asinb) :/ c(T—t) sin(b(T — t)) puo(t)dt
0
T
:/ T sin(b(T — t))dt, (C.13)
0

e (asin(bT) — beos(bT)) + b
a? + b? '

Writing these equations for the proxy variables gives:

(acosty €T (bsin(bT) + acos(bT)) — a

~0 )+ | (C.14)
and
Zéasinb) _ eaT(a Sln(bT) — bCOS(bT)) + b (C]_5)

a? 4+ b2
LMI and Second-Order Cone Constraints

The second set of additional constraints will take the form of LMIs and second-order
cone constraints.

First, by the trigonometric identity, we have
sin?(b(T —t)) +cos*(b(T —t)) =1, ¥Vt € [0,T]. (C.16)
It follows trivially, that
sin?(b(T —t)) +cos*(b(T —t)) <1, Vt€0,T]. (C.17)

Now, pick an arbitrary j € NV, Multiplying both sides of the above inequality by

1§ (t) gives

13 () sin® (b(T — 1)) + pf (t) cos®(b(T' — t)) < i3 (t), Vt € [0, 7). (C.18)
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Taking the square root of both sides gives

\/ﬂ?(t) SiHQ(b(T . t)) + M?(t) COSZ(b(T _ t)) _ Mj(t) Sin(b<T — t)) |
pi(t) cos(b(T —t)) ,
(C.19)
< py (@)1,
= p(t).

for all ¢ € [0,T]. The last equality assumes that p;(¢) > 0. This will be true as long as
we choose the appropriate representation of our state space. It is true, in particular,
for our chosen representation in terms of independent species.

T—t

Multiplying both sides of the above inequality by e”~% and integrating from

t=0tot="T gives
r a(T—t) (a)
dt < /0 e p(t)dt = 2; (C.20)
2

Focusing on the left-hand side, we can use Jensen’s Inequality to obtain

[ oo | mOsme = ), () s - ) |||
0 pi(t) cos(b(T = 1)) ||, O L e (1) cos(b(T = 1)) ]|
. /T [ T 5 () sin(b(T — t)) ] "
o e T 5(t) cos(b(T — t)) 1,
| e T 0pye) sin(b(T — 1))t
L0 g0y cos(o(T — 1))t |||
Z'(asinb)
- Zj(acosb)
) i (C.21)

Combining this result with Inequality (C.20]), we have the following second-order cone
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(asind) _(acosb)
U

(a)

constraint involving the quantities z; , and z;

< 2% (C.22)

acosb

(a sin b)

~(asinb) ~(acosb)
Y

which, of course, can also be written for our proxy variables Z; , and %(a).
5(a)

Now, unless we constrain the value of Z;”, this inequality is of no use to us;

if %(a) can be made arbitrarily large, then Ej(asmb) and Z;

Fortunately, we already know exactly how to constrain zj( @)

b
(acosb) can take any value.

. It is subject to exactly the
same constraints that we derived earlier for Zj(p ), when we were considering exclusively

real values of p. First, we have the linear equalities,
fr(T) — eTpp(0) = (A, — aD)Z\” + Apzl?. (C.23)
Second, we have the LMIs implied by membership in the cone C,(c, 3),

7z e Cy(a, B) (C.24)

C.2.3 Bringing It All Together

To summarize, if you wish to use a complex p = a + bt in the bound calculation, we

need to include the following constraints in the optimization problem:

fur(T) — e cos(bT)p (0) = (A — al)zi*“? 4 pz{* ™ 1 A yzees?  (C.25)

—eTsin(bT)pup(0) = (Ap — aD)Z\ "™ — pzl* P 4 A yzlesm?) (C.26)

~(acosb) eaT(b Sln(bT) + CLCOS(bT)) —

ZO - Y

C.27
a? 4+ b2 ( )
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~(asin e (asin(bT) — beos(bT)) + b
snn _ ¢ (asnT) — boos4T) +b .
a*+0b
~(asinb) )
;;acosb) S 2j(a)7 VJ € NNS't‘ |J| S M (029)
3 2
fur(T) — T (0) = (Ap — pD)z” + A gz (C.30)
2 € Cy(a, B) (C.31)

As a reminder, the M appearing in Constraint ((C.29) is the order of the highest-order

moment appearing in Zg) (and pg).

C.2.4 Complex Conjugates

Now, recall that the values of p that we use are intended to estimate eigenvalues of
the infinitesimal generator matrix G. All of the elements of this matrix are real. This
implies that any complex eigenvalues occur in conjugate pairs. Thus, if we are using
p = a+ bt as an estimate of one of the eigenvalues, it seems that we should be using
p = a — bi also. However, one can show that if we write out Conditions -
for p = a+ bi, it is redundant to also write out these conditions for p = a — bi.

To see this, suppose we write out

fur(T) — T cos(bT)pr(0) = (Ap — al)zi* " — pzl®sm =) L A zlteos=0  (C.32)

T sin(bT)p(0) = (Ap — al)zi* ™™ ™ 4 pzlocos =) o A pzlesm =), (C.33)

_(acos—b) _ €T (bsin(bT) 4+ acos(bT)) —a
0 - )

C.34
a? + b2 ( )
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aT :
_(asin—b) _ €* (—asin(bT) + bcos(bT')) — b o
w0 B a* + b? ' (C.35)
~(asin —b) )
J(acos—b) S %(a)’ \V/j S NNS't‘ |.]| S M. (036)
J 2

to supplement Conditions (C.25]) - ((C.31)) as constraints in our optimization problem.
(Conditions ((C.30])- (C.31]) are not copied, as they have no dependence on the sign of b,

and are thus obviously redundant.) The question is: does the addition of Constraints

(C.32) - (C.36]) further constrain the set of feasible vectors fi(7)? The answer

is “no”, because if we have vectors fur(T), z(*°?, 2@ and z(@ which satisfy
Constraints - , we can trivially construct vectors z(¢¢*—%) and z(@sin —b)
which satisfy Constraints (C.32) - (C.36). We simply set z(@c—0 = gzlacosd) apq
zlasin—b) = _z(asinb) This means that the addition of Constraints - has
no effect on the set of feasible vectors fir (7). In other words, Constraints -
are redundant.

From another perspective, this conclusion is not surprising. If we start with

Conditions (C.25) - (C.31)), written for the true quantities (7)), z(@s?) zlasind),

(asind)

and z®, and we expand the definitions of z(¢¢*? and z into integral form, we

see that replacing b with —b yields an exactly equivalent set of conditions.
To summarize, if we write Conditions (C.25)) - (C.31)) for p = a + bi, we don’t
need to worry about also writing them for p = a — bt as the second set of conditions

is implied by the first.

C.2.5 An Augmented SDP

So suppose we wanted to construct an SDP for bounding a stochastic chemical kinetic
system using a set R containing both real and complex values of p. What does this
look like?

Suppose that there are |R| values of p, which can be writtenas R = {p1,...,pr|} =

{a1 4 byi, ... aqr| + brji}. For the reasons discussed in the previous section we do
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not want this set to contain any complex conjugate pairs. Let J = {1,...,|R|} and
let Jo = {j € J:b; # 0}. In other words, J¢ is the set of indices corresponding to
the complex values of p;.
Then, we can write the SDP for calculating an upper bound on the mean molecular
count of species ¢ as follows:
max e, (T
A(T), fie (T)
7% vieJ,
i(aj cos bj>7vje=](:7

2% b5 wie e
s.t. fo(T) =1,
p(T) € Co(a, B),
729 e Cy(a,B), VjeJ,
pr(T) — e pp(0) = (AL — ;)2 + Apal®) vje

T ifa; =0,
409 = ’ Vi€ J,

4T 1 .
£—— otherwise,
J

fr(T) — 7 cos(b;T)pr (0) =
(AL _ajI)i(Lajcosbj) +bji(Lajsinbj) +AHZngOSbj)’ \V/j c J(C,
— e sin(b;T)pr,(0) =

~(ajcosb;

(AL — ajI)i(Laj sinb;) — b]ZL ) + AHigj Sinbj), \V/] c J(C,

aTl :
~(acosb) e (b Sln(bT) + GCOS(bT)) —a i
- , € Je,
o a? + b2 J C
aTl :
_(asinb) _ €* (asin(bT) —bcos(bT)) + b i
- , € Je,
0 a? + b2 J C
2'((1] sinb;) )
ja cosb;) S ~j(aj)’ v-] = NNS't' |j| < M7 v] S J@.
] 2

(C.37)
Technically, this is not an SDP, because of the presence of the second order cone
constraints. However, each of these second order cone constraints can be written

equivalently as an LMI, so this technicality is of no consequence.
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C.3 The Absence of the Closure Problem

In Section [£.7] we observed that when our bounding method is applied to systems
which do not exhibit the closure problem, the bounds are often perfect. In this section,

we give some insight into why this is the case.

C.3.1 Theoretical Reasoning

When a system does not suffer from the closure problem, the Ay matrix appearing

in Equation (C.1)) is all zeros. This means that the associated constraint simplifies to

(1) = e (0) = (Ap — pD)zy”. (C.38)

Now, to simplify the discussion, let us assume that the matrix has A; € R%9 has
d distinct eigenvalues {Aq,...,\q}. It follows that A has d linearly independent

eigenvectors {vy,..., vy} C C% Furthermore, if we let V = [v...v,], then
A, = VAV (C.39)
where A = diag(\1, ..., Aq). It follows that
A, —pI=VAV ' —pVV I =V(A - p)V L (C.40)
Then, Equation becomes
fr(T) — e pp(0) = V(A — pI)V 2. (C.41)
Rearranging gives

fn(T) = V(A = p)V 2% 1 e#Tpy (0). (C.42)
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Now, suppose that we choose our values of p to be R = {1, ..., \q}. Then, enforcing

Equation (C.42)) for each p € R, we have
L (T) = VA =MDV 20" + M (0),

- —1~(A2) AT
2L(T) = V(A — XDV 1272 + e (0),
’ g (C.43)

B (T) = V(A = M) V120 4 2Ty (0),

The first set of these equations specifies that fir,(7") is contained in an affine subspace

spanned by the vectors {va, ..., vy}, with v; omitted:
A= {VA =MDV 'z + M p(0) sz € R (C.44)

Similarly, the second set of equations specifies that fi;(7T") is contained in an affine

subspace spanned by the vectors {vy,vs..., vy}, with vy omitted:
Ay = {V(A = 2DV 'z + ¥ py(0) : 2 € RY} (C.45)
Continuing in this way, we see that fi;(7") is contained in all affine subspaces

A= VA=AV Tz + AT (0) 2 € RY) (C.46)

J

)))))

-----

,,,,,

that there exists some (fir(T),z5", ..., 2%) € R4 satisfying Equation (C.43).
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This equation can be written equivalently in matrix-vector form:

_ | (T
I —V(A- M)V 0 . 0 NL(EI))
Z
I 0 V(A =MDV L 0 e
) . ) Zj
I 0 0 —V(A = M\I)V! o)
L - ZL d
S A ()
| e ur(0)
| T (0)
(C.47)

This system of equations is guaranteed to have a solution if the leftmost matrix (call
it Q € RT”*(@+d) has d? linearly independent columns (i.e., if it’s rank is d?). To

help us analyze its rank, we will pre-multiply by the invertible matrix

V—l
e R?, (C.48)
Vfl
and post-multiply by the invertible matrix
A\
e RT+ (C.49)

v

The resulting matrix, which has the same rank as Q, is

I —(A—\D) 0 0
I 0 (A=) . 0

_ ( . 2D (C.50)
1 0 0 o (A=A
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From the sparsity pattern of this matrix, it follows that no row can be expressed as
a linear combination of the others. It follows that each of the d? rows are linearly

independent. This implies that the rank of Q is d?, and we are done. O]

-----

Proof. First, some preliminaries. Let {r],...,r}} denote the rows of the matrix V=1,
so that
ry
=V (C.51)
ry
Since V™! is invertible, it follows that the vectors {ri,...,rq} C R? are linearly

independent. Furthermore, since V™'V = I, it follows that r]TV = e;-f for all j €
{1,...,d}. Finally, for all j € {1,...,d}, and for all x),x® € A; it follows that

the difference x — x® is orthogonal to r;. To see this consider

r?(x® — x)
=1} (VA = ADV 20 + M (0)) = (VA = DV 22 4 Mg (0))
=1 V(A = D)V (2D — 2®)
=e] (A —N\DV (2" — 2®)
= ()val(z(l) _ Z(Z))
=0

(C.52)

.....

From Equation (C.52), it follows that x — x’ is orthogonal to all r;, where j €
{1,...,d}. This can equivalently be written as V7!(x — x') = 0. Since V7! is

invertible, this implies that x — x’ = 0 or that x = x/, which is a contradiction. It

.....

is the unique point in Ve, . 4y Aj- n

)))))

Now, what does all this mean? If we include Equations (C.43) as constraints in
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SDP , we are restricting the set of feasible fi.,(T") vectors to at most one point
fr(T)*. As long as the other constraints (e.g., the LMIs) do not exclude gy, (T)*, it
will be the only feasible fi1,(T") vector for the problem. Since the objective function
depends only on fiy(7T), it then doesn’t matter whether we attempt to maximize
or minimize the objective function, the optimal value will simply be the objective
function evaluated at fiy,(7')*. This means that the upper and lower bounds that we
calculate, in theory, will be the same.

The astute reader might find it odd that, in the analysis above, we have chosen
our set R to match the eigenvalues of the matrix Ay, while in Section we iden-
tified the smallest-magnitude eigenvalues of the infinitesimal generator matrix G as
being important. This apparent disconnect is resolved by the observation that, in the
absence of the closure problem, there is a close connection between the eigenvalues of
the matrices G and those of A;. We are not able to state this connection with math-
ematical precision at present. However, we have noticed, for several such problems,

that the smallest magnitude eigenvalues of G are equal to those of Aj.

C.4 Bounds on Higher-Order Moments

In this section, we provide a brief demonstration of the bounding method’s ability
to calculate bounds on higher order moments. This demonstration is based on the

reaction system from Section namely:

We will consider species A and C as the independent species, and we will bound

3
c

the moments juo3)(t) = (z3(t)) and p0)(t) = (23 2¢(t)). This is done by solving a
minor modification of the SDP for bounding the mean molecular count of species i,
in which the objective function is changed to fi(3)(T") and fi(2,2)(7'), in turn. Solving
the maximization and minimization version of this modified SDP with m = 3 and

R = {0,—2,—2.4,—4.4} gives the bounds shown in Figures and below. For
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comparison, the actual trajectories of these moments were computed by direct solution

of the CME and plotted along with the bounds.

Moment Bounds

—O—Y(0,3) (t)U
—— 0.3 ()"
—— Y3 (t)

Figure C-1: Time-varying bounds on a third-order moment.

Moment Bounds

—0— Yo ()Y
—* Y22 (t)L
— Y22 (t)

Figure C-2: Time-varying bounds on a fourth-order moment.
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C.5 Proof of the Monotonicity of the Bounds with
Increasing m

In Section we asserted that “increasing the value of the parameter m leads to

monotonically tighter bounds”. We will now rigorously state and prove this claim.

Claim 11. Let (XAT»%I be the upper bound obtained on the mean molecular count
of independent species i obtained by solving SDP with a given set R and m =
my € N. Similarly, let <)A(Z(T)>gn2 be the upper bound obtained on the mean molecular
count of independent species © obtained by solving SDP with the same set R

A

and with m = my € N such that mg = my + 1. Then (X;(T))V > (X,(T))Y

mi m2”

Proof. Let SDP; denote the SDP solved to obtain <X1(T))%] The essential idea of
this proof is to show that for every feasible point of SDP, we can construct a feasible
point of SDP; that achieves the same objective value. This is enough to imply the
conclusion of our claim.

First, we know that SDPy must have at least one feasible point (f(T), (Z?)) er)-
By the design of SDPy, the true moment vector (pu(7), (z")),cr) associated with the
true time-varying probability distribution, P(-,t), t € [0, T] satisfies all the necessary
conditions which act as constraints. Thus, this point is feasible for SDPs.

Let (f1(T),(z”),er) be an arbitrary feasible point for SDP,. By the definition
of feasibility, the point (f(T'), (z2”),er) must satisfy all the constraints appearing in
SDP5. In particular, it must satisfy

fio(T) =1 (C.53)
p(T) € Cpy(, B) (C.54)
2P eC,,(a,8), YVpeR (C.55)
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(1) — e pr(0) = (AP — ph)zf + AP, vpeRr (C.56)

() T if p=0,

pT _ .
=1 otherwise

where the matrices A(LQ) and Ag) contain rows corresponding to all moments up to

order mo, and where

e[ ).

with ¢ having its usual definition as the maximum of the reaction orders in the
chemical system. As described in Section and Section [£.3.4] each vector fu(T)
and z#) for p € R contains only moments up to order 2n,. The objective value
associated with the feasible point (@t(T), (z)),er) is fie, (T).

Next, we want to show that we can use (ft(T), (z”),er) to construct a point
(f(T), (7)) jer) which is feasible for SDP; and has the same objective value of fi, (7).

To be feasible, it must satisfy

fo(T) = 1 (C.59)
(1) € Cp, (a, B) (C.60)
2P e C, (a,8), VpeER (C.61)
ir(T) — eTpr(0) = (AL — pl)2? + AY2Y, VpeRr (C.62)
) T it p=0,
3¢ = Vp € R, (C.63)
ePT 1 .
€ —  otherwise

where the matrices A(Ll) and Ag) contain rows corresponding to all moments up to
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order m,, and where

=[] =[], o

We have two cases to consider:

e Case 1: my+ g — 1 is even.

In this case, m; +q¢—1=(my—1)4+q¢—1=(my+q—1) — 1 is odd, and

nF{Mq:wa—ﬂ:{Wﬁﬂ—U-ﬂ:m (C.65)

2

It follows that (fu(T), (2%),er) = ((T), (2”) ,cr) has the appropriate dimen-
sion to be considered as a decision vector for SDP;. In fact, it is also feasi-

ble in that it satisfies Conditions (C.59) - (C.63)). Since ((T),(2"),er) =

((T), (27) ,,er) and ny = ny, the satisfaction of all constraints except Con-
dition is trivial. Condition (C.62)) is satisfied because Condition
enforces only a subset of the linear equations enforced by Condition ((C.56]) (i.e.,
the rows of the matrix [A(Ll)Ag)] are a subset of those of the matrix [A(LQ)Ag)]).
Finally, since fle,(T) = fie,(T), the objective value of (fu(T), (2(?),ez) in SDP;
is identical to the objective value of (f1(T), (")) exr) in SDPs.

e Case 2: my + g — 1 is odd.

In this case, m; +¢—1=(me—1)+q¢—1=(my+¢g—1) — 1 is even and

nﬁquzﬁw?—q:{wﬁw{ﬂ—ﬂ:m_l (C.66)

A decision vector (fu(T), (2”),cr) for SDP; can only contain those moments
up to order 2n; = 2(ny — 1) = 2ny — 2. So, let (&(T), (2”)),cr) be a truncation
of (i(T), (z¥)),er), in which only those moments up to order 2n; = 2ny — 2
appear. This (&(T), (2?)),er) is feasible for SDP;, though feasibility is a little
harder to show than it was for Case 1. Let us consider Conditions -
one at a time. First, since fio(T) = jio(T) and 2§ = z{”’, Conditions
and are satisfied trivially. To show that Condition is satisfied, we
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recall that @u(T) € Cy,(a, B) is equivalent to

My, (a(T)) = 0, (C.67)
My ((T)) =0, Vje{l,..., N}, (C.68)
M (W(T Zﬁkj My ((T)) =0, Vke{l,...,L}. (C.69)

The matrix MY (1(T)) = M}

TL21

(f(T)) is a principal submatrix of M (f(T)).
)

Thus, MY (f(T)) = 0 implies MY (fx(T')) = 0. Furthermore, since MY (f(T'))
contains only moments up to order 2ny, we have M2 (@(T)) = M2 (i(T)). It
follows that
MC, (4(T)) = 0 (c.70)
By essentially the same argument, we can conclude that
Mn1 1(’jl’<T>> = 07 vj S {17"-7N}7 (C71>
and
MY ( Zﬁkj O () =0, Vke{l,...,L}, (C.72)

as well. LMIs (C.70) - (C.72) together are equivalent to the statement that
p(T) € Cp, (a, B). Thus, we see that Condition ((C.60)) is satisfied. By the same
logic, we can show that Condition is satisfied. All that remains, then,
is to show the Condition is satisfied. As in our treatment of Case 1, we
again have that Condition enforces only a subset of the linear equations

enforced by Condition (C.56) (i.e., the rows of the matrix [A(LI)AS)] are a subset
of those of the matrix [Af)Ag)]). In this Case, however, we also have the

important fact that the elements of (f1(T), (%?)),cr) which don’t appear in
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(f(T), (2'”)) ,er) also do not appear in the linear equations of Conditon (C.62).
This is because the linear equations of Conditon (C.62)) are derived from the
expressions for the time derivatives of the moments up to order m;, which

involve only moments up to order

-1
m1+2q> = 2n;. (C.73)

m1+q—1:2<

Thus, Condition is satisfied, and we have shown that (&(7), (2"),cr)
is feasible for SDP;. Finally, since fie,(T') = fie,(T"), the objective value of
(f(T), (2) ,er) in SDP; is identical to the objective value of (f1(T), (2”),er)
in SDP,.

This completes the proof. n

While the above proof was concerned with the upper bound on the mean molecular
count of independent species i, specifically, these details are not essential to the

argument. The same basic argument can be used to show that
e lower bounds on mean molecular counts,
e bounds on mean molecular counts for dependent species, and
e upper bounds on variances

all vary monotonically with increasing m.
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Appendix D

Supplemental Material for Chapter

D.1 Introduction

This appendix contains material to supplement Chapter [5]

D.2 A Moment Enumeration Scheme

To implement the methods described in Chapter [5] it is necessary to be able to list
systematically all moments y; up to a specified order. In particular, this is necessary
for constructing the moment vector y, the matrices AS and A%, and the matrices
M?(y), M2 _,(y), and My (y). In Appendix , we showed how this could be done
in the context of the multi-indices j € N and the moments p. The generalization of
these ideas to the multi-indices j € N¥ and the moments y is straightforward. While
we defined the ordering relation “<gzq” for multi-indices j € NV , the generalization
to multi-indices of arbitrary dimension is straightforward. In particular, the ordering
relation and the above algorithms can also be applied to the multi-indices j € N

used to index the moments y.
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D.3 Definition of M?(y), M°_,(y), and M,” ,(y)

The definitions of the matrices M°(y), M?_(y), and M;’ ,(y) exactly parallel the
definitions of the matrices M9 (g), M9_, (), and M, ,(p) given in Appendix [B]
The only difference is that each multi-index is now an element of N¥ instead of NY.
k+R
k

Accordingly, a matrix whose subscript is k¥ € N (e.g., M2(y)) has ( ) rows and

columns, because that is the number of multi-indices j € N® up to order k.

D.4 Derivation of LMIs

While we do not explicitly derive any of the LMIs involving the moment vector y,
their derivations are directly analogous to those of the LMIs involving the moment
vector g, in Appendix [Bl We simply use y in place of p, Pe(-,t) in place of P(,1),

and different inequalities describing the support of the distribution.

D.5 Construction of the C matrix

This section describes the construction of the C matrix, which is used to transform

the time derivatives of the vector y(¢) into the time derivatives of the vector py(t).

D.5.1 Linear Mapping Between Moments

First, setting aside time derivatives, we show that the moments py (t) can be written

as a linear function of the moments y (¢). Picking an arbitrary multi-index j € NV ,
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we have

:u.] = Z )A(Jp(fg t)a

xeX

= Z)A(‘] Z Pg(E,t),

xeX  €€€(X)

= Z Z )A(jpg(é t)

ReX e€E(%)
) N (D.1)
=> > (xo—{—Se) Pe(e,t),
keX e€E(%)
R Jj
=) (xo + Se) Pe(€,t),
ecE
In
=Y H <x0n+25nr6r> Pe(e,t).
ecE€ n=1
Applying the multinomial formula, we have
N j g B .
=211 X < L )fcéz; L Gnrer)™ | Pelest),
ecEn=1 \|i|<jn Jn — ‘1’7Z17"'72R r—1 (D 2)

N .
jn A]n || alr t
eegnr:[l (m;n <jn— \iy,zl,...,¢R> <H ) ) - (€, 1)

The expression inside the outermost parentheses is a polynomial in € and can thus

be written as concisely as 3Zj;<;, ®n,j, i€, where

o= S (0 Jan(fs) 0

is easily computable. Substituting this expression back into Equation (D.2)), and

introducing distinct multi-indices i(n) € N for each n € {1,..., N}, we obtain

||
=

145

M
m
)
3
I
—_

( Z ¢n,jn,1€ ) Pg(ﬁ, t)a
i <jin

(D.4)

=

( Z Prijmsi(n )PS<€ t).
li(n

N<in

M
m
)
3
I
—_
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Finally, we exchange the order of the inner sum and product and simplify:

Sy ey (H%, )zag(et)

ecf i< [i(N)|<jy \n=
SOOI R | o PSR

€€ [i()|<j (N)|<j \n=1

L fiN)I<y D5)

— Z Z (H%Jm )Zel(1+ (N (6 t)

[@<ir  |i(WV)[<sg \=1 ecs
= > > (H Prjni(n ) i) (£)-

[@<in  Ji(W)[<sig \=1

The coefficients in the last expression can be calculated using N nested “for” loops.
Equation (D.5)) expresses p;(t) as a linear combination of moments {y }x<j. This
implies that we can express pr(t), all moments up to arbitrary order m, as a linear

combination of {yi}kj<m. This linear relationship can be expressed concisely as

pr(t) = Cy.(t). (D.6)

Let Cjx be the element of C in the row corresponding to j € N and the column
corresponding to k € N, Equation (D.5]) gives us a recipe for computing Cjy for all
k € NR. The coefficient corresponding to the multi-indices i(1), ..., i(N) contributes

to C (x)- Note that several combinations of the multi-indices i(1), ... Ji(NV)

1)+

may give the same summed multi-index i(1) 4 --- + i(N) = k. Thus, in general, it

will be necessary to add together several coefficients to compute Cj .

D.5.2 Linear Mapping Between Time Derivatives

We can obtain an expression for dpy /dt in terms of dyy, /dt by simply differentiating
both sides of Equation with respect to time:

dpr dyr
W(t) = Cﬁ(t). (D.7)
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D.5.3 Generalization

Note that we could also express moments of the full-dimensional distribution P(-, )
in terms of the moments y(¢). The derivation would be essentially the same as the
one we have provided above. One would just have to remove the “hats” wherever

they appear.

D.6 Construction of the A¢ matrix

To construct the A€ matrix, we need to be able to express the time derivative of an
arbitrary moment y; as a linear function of finitely many other moments. The first

step toward this goal is to expand the expression dy;/dt using the definition of y;

dyJ
t) i Pe (e, t
dt< dt <%‘;€ (e )>

(D.8)

The expression in parentheses can then be expanded using the alternative version of

the CME we introduced in Chapter

dyJ — Y (Z — e, ) (€—e,) — Pg(6,t)0€r(€)]> ,

eeé' r=1

- Z Z ej (P5(6 — €, t)O{r(G - e'r) - Pg(e, t>ar(€>> ) (Dg)

r= 1565
= z_: <§; éP:(e — e, t)a. (€ —e,) — z;eng(e,t)ar(e)> .

Next, we would like to replace each of the sums over £ with sums over Zf. For

the second sum, it is relatively easy to see that

S EPe(e,t)aq(e) = Y €Pe(e,t)a(e), (D.10)

ecE ecZR

because £ C Z, and for every € € Z® such that € ¢ £ we have Pe(e,t) = 0. The

argument for the first sum is a little more complicated, so we will formalize it as a
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claim with a proof.

Claim 12.
Y €Pc(e—e,t)a(e—e)= Y €P:(e—e.,t)a(e—e,), (D.11)
ecg ecZk

where the only change is in the set from which the index of summation is drawn.

Proof. First, since & C Z%, it follows that every term that appears on the left-hand
sum also appears in the right-hand sum.

All that remains then is to show that all of the extra terms appearing in the
right-hand sum evaluate to zero. In particular, we want to show that all the terms
corresponding to € € Z% such that € ¢ £ evaluate to zero.

Pick an arbitrary € € Z such that € ¢ £. Then, there are two cases to consider:

e Case l: e —e, ¢ €.
In this case, according to the definition of Pg(-,t), we have P:(e — e, t) = 0.
Thus, the term in the summation corresponding to € is zero.

e Case 2: e —e, € €&.

In this case, it is quite possible that Pg(€ — e,,t) > 0, so we will instead argue

that a,.(e — e,) = 0.

In Chapter 5| in the discussion surrounding the discussion of the propensity
functions, we observed that for any state x € X and any reaction p € {1,..., R}
such that x +s, ¢ X, we have a,(x) = 0. We will apply this general statement

to the particular state

X =Xo+ S(e—e,) =x%xo+ Se—s,. (D.12)

Since € — e, € &, it follows that x € X. Furthermore, since € ¢ £, we have

that xg + Se = x + s, ¢ X. From the general statement above, it follows that
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a,(x) = 0. Moreover, from the definition of «,(-), we have
a,(x) =a,(xo+S(e—e,)) = a,(e —e,). (D.13)
Thus we have a,(e —e,) = 0. It follows that the term in the summation

corresponding to € is zero.

We have seen, in both of the two possible cases, that the term in the summation
corresponding to € is zero. This was true for an arbitrary € € Z% such that € ¢ &.

Thus, it must be true for all € € Z" such that € ¢ £. This completes the proof. [

Using Equations (D.10]) and (D.11)), we can write

Z?(t) =2 ( Y EP(e—e,t)a(e—e)— Y €Pele t)ozr(e)> : (D.14)

r=1 \ecZR ecZi

Then, shifting the index of the first sum, we can rewrite this as

o}
&<
—~
~
N—
I
)=

ﬁ
Il
—

( Y €P(e—et)ale—e)— > eng(e,t)ozr(e)) :

e—e,cZk ecZR

I
i M=

1 (Z (e + ) Pele.thar(e) = 3 eng<e,t>ar<e>) ,

" ecrt (D.15)
— Z Z ((e+e.) — &) Pe(e, t)a(e),
= ZZ ((e+e) — &) Pe(e, t)as(e).
Writing the monomials explicitly as products, this becomes
dy; R R ' R
ditj(t) = ;Z; (1:[1(6,0 + 0rmp)’? — 1:[1(617) ) Pe(e,t)a(€),
5 " (D.16)
=23 | e ((er + 1) = (&)") Pe(e, t)n(e)
T
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Applying the binomial formula gives

=
—~
@)
)
SN—
o
k)

r=1lec& \ p=1 k=0
pFT
R R ‘ Jr
=22 | 1)
r=1lecf | p=1 k=1
pFT

(D.17)

Now, for each r € {1,..., R}, the function «,.(€) = a,(xo+Se€) will be a polynomial

with respect to € (see the definition of the propensity function given in Chapter

. Moreover, if reaction r involves a collision between ¢, € N molecules, then the

polynomial will be order ¢.. This polynomial can be written as

a,(€)

(D.18)

— i
= Z Qri€ ,

li|<gr

where the coefficients {a,;}/i<4 depend on xo and S. As we explain in a later section,

these coefficients can be expressed in terms of Stirling numbers of the first kind. For

now, though, suffice it to say that they can be computed.
Substituting this Equation (D.18)) into the last line of Equation (D.17)), we obtain
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R

i, ZZZCT)N%(Z&“G) 1)

r=1ecf k=1 li|<gr

- fj 3 Z S a4 (‘2 ) ke el P (e, 1), (D.19)

r=1ecf k=1 |i|<q,

R jr :
= Z Z Z Z ari (-Z) Ej_ker+ipg(e, t).

r=1ecf k=1 |i|<q,

Finally, rearranging, we obtain
(D.20)

which achieves our goal of expressing dy;/dt as a linear combination of finitely many
elements of y.

The matrix A can be constructed one row at a time, where each row corresponds
to some j such that |j| < m. (The multi-indices can be placed in “graded descending
order”, as described in Section [B.0.1]) The entire matrix is initialized with zeros.
Then, for each j, we iterate over three nested “for” loops, one for each of the finite
summations in the last line of Equation . For each value of r, k, and i, we
evaluate the coefficient ani@f) associated with the moment yj_e,+i. We then add
this coefficient to the current value in the element of A whose row is indexed by j and
whose column is indexed by j — ke, + i. It is important that we add the coefficient

to the current value and not overwrite it, because different indices r, k, and i in later

iterations might lead to a sum j — ke, + i which indexes the same column.

D.6.1 Computing the q,; Coefficients

This section explains how to compute the coefficients {a,;}ij<q, in the polynomial

) R )
> ari€’ = ai(€) = a,(xo + Se) H (“”04 R SWP). (D.21)

|i|S(I7‘ fyj’r
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The key algebraic fact that allows us to compute these coefficients is that
(n) = 2 s(n,z)m, (D.22)
where s(n, 1) is a Stirling number of the first kind, defined by the recurrence relation
s(n+1,i) = —ns(n,i) + s(n,i — 1), (D.23)

with the initial conditions

5(0,0) =1, (D.24)

and

s(n,0) = s(0,7) =0, (D.25)

if n > 0. See Wikipedia’s page of “Binomial Coefficients” for details.
Applying this formula to Equation (D.21]), we obtain

N Yj,r ) R f
Z CLr,iGi = Cp H Z w (l’o,j + Z Sj,pEp) . (D26)

i <qr j=1\f=0 Tir p=1

Applying the multinomial theorem we obtain

Vi, ) R
S e = I3 200 ( > (gt )it H“J’vﬂeﬂ)k")) ’

] 1
lil<gr j=1 \y=0 Vi k|<f p=1

= 50 f) f ol (e y | ok
fzo Vil (£f<f—|k|,k1,...,ka>%” (,E““” )6))

Vi, s(Vir, — il
£5 0wl ) (fler)e)

Vir!
=0 |k|<f 7T p=1
(D.27)

=

<
I
—

I [
P 9
—= =

<.
Il
-

Let us focus on the expression within the outermost set of parentheses. This is a

polynomial of order at most 7;,. Thus, there exist coefficients {b,jn}nj<+,, such
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that

Yi,r R
Z Z fy]’r’f ( P k,‘fl k‘R>$g;|k (H(S]p ) = Z brjn€™.

o= Vir p=1 In|<3.r
(D.28)

We can compute these coefficients by iterating over the finite sums on the left-hand
side of Equation (D.28)). Thus, moving forward, we will assume they are known. We
can then considerably simplify Equation (D.27) by writing things in terms of the

{brjn}ini <y,

Z ar € = ¢, H ( Z bnj’ne“) ) (D.29)

lil<q: J=1 \In|<vj,»
To exchange the order of the product and sum, we introduce a distinct multi-index

n®) for each j € {1,...,N}. We can then write things equivalently as

N .
Y ane =c ] ( > br,j,nme“(])) ,
In

li|<gr J=1 \InW) | <y,
N (7)
nlJ
=¢ > > b (D.30)
|n(1>|S'Yl,'r |n(N)|§’7N,Tj:1
N eH (N)
nM 4. 4n
ST SIS S | (R
[nM <y (M| <yy,» \J=1

The coefficients {a,;}}ij<q. can be computed by iterating over the finite sums in the

last line of Equation (D.30)).

D.7 Revisiting a Non-Pathological Example

As pointed out in Chapter 5] the bounds produced by the alternative formulation
of the bounding method, are not guaranteed to be strictly better than the bounds
produced by the original formulation. In particular, if the set X does not outer-
approximate the set X in the sense described in Chapter , then the bounds produced
by the two methods will be the same.

To demonstrate this, we revisit an example from one of our previous papers [15]
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Section IV]:
€1
A+B——C (D.31)

where ¢; = 1 s7! and the initial molecular counts are xog = (2 49, TBo, Tco) = (3,4,0).

The stoichiometry matrix for this system is a single column:
S=1|-1|, (D.32)

whose left null space is spanned by the rows of the matrix

101
B = . (D.33)
011

Thus, the invariant values are f = Bx = (3,4). Letting
10 N 1
B = and B = : (D.34)

and picking species C to be considered independent, the equation defining X simplifies

to

_ chO
X={zceR: : (D.35)

Now, inspecting Reaction System (D.31]) and the initial condition, we see that the

full dimensional reachable states of this system are

3 2 1
X = 4 1,131,12]1,]1 : (D.36)
0 1 2
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Treating species C as independent, the reduced states are
X =1{0,1,2,3}. (D.37)

In this case, we see that X is the convex hull of X. There is no % € N such
that X € X but X ¢ X. Accordingly, we would expect that the bounds produced by
the alternative formulation of the bounding method to match those produced by the
original formulation. This is, indeed, the case. In our previous paper [I5, Section
IV C], we calculated time-varying bounds on the mean of each species using the old
dynamic bounding formulation, with m = 3, R = {0, —2, —6}, and a range of ¢ values
from ¢t = 0 to t = 4. Repeating the analysis with the new formulation, we obtain the
time-varying mean bounds shown in Figure [D-1 Comparing this figure with the top
panel of Figure 3 in our previous paper [I5], Section IV C], we see that the bounds

are exactly the same.

—o—(A(t)Y
== (A()"
—o— (B(1))"
— (B(1))"
—o—(C(1))"
—(C(t)"
- (A@®)
- = (B(®))
——(C®)

Figure D-1: Time-varying bounds on the mean molecular counts of species A, B, and
C for Reaction System . These bounds were calculated by solving the dynamic
bounding SDP based on reaction extents (and its minimization counterpart) over a
range of ¢ values, using m = 3 and R = {0, —2, —6}. Compare with the top panel of
Figure 3 in our previous paper [15, Section IV C].
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